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This introduction treats the classical isoperimetric inequality in Euclidean space 
and contrasting rough inequalities in noncompact Riemannian manifolds. In Eu¬ 
clidean space the emphasis is on quantitative precision for very general domains, 
and in Riemannian manifolds the emphasis is on qualitative features of the 
inequality that provide insight into the coarse geometry at infinity of Riemannian 
manifolds. 

The treatment in Euclidean space features a number of proofs of the classical 
inequality in increasing generality, providing in the process a transition from the 
methods of classical differential geometry to those of modem geometric mea¬ 
sure theory; and the treatment in Riemannian manifolds features discretization 
techniques and applications to upper bounds of large time heat diffusion in 
Riemannian manifolds. 

The result is an introduction to the rich tapestry of ideas and techniques of 
isoperimetric inequalities, a subject that has beginnings in classical antiquity 
and that continues to inspire fresh ideas in geometry and analysis to this very 
day - and beyond. 
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Riemannian Geometry: A Modem Introduction. 

He has been teaching at the City College of The City University of New York 
since 1970, and he has been a member of the doctoral program of The City Uni¬ 
versity of New York since 1976. He is a member of the American Mathematical 
Society. 



CAMBRIDGE TRACTS IN MATHEMATICS 


General Editors 

B. BOLLOBAS, W. FULTON, A. KATOK, F. KIRWAN, 
P. SARNAK 


145 Isoperimetric Inequalities 




Isaac Chavel 

The City University of New York 


Isoperimetric Inequalities 

Differential Geometric and 
Analytic Perspectives 



Cambridge 

UNIVERSITY PRESS 



PUBLISHED BY THE PRESS SYNDICATE OF THE UNIVERSITY OF CAMBRIDGE 
The Pin Building, Trumpingtoo Street, Cambridge, United Kingdom 

CAMBRIDGE UNIVERSITY PRESS 

The Edinburgh Building, Cambridge CB2 2RU, UK 

40 West 20th Street, New York, NY 1001 1-4211, USA 

10 Stamford Road, Oakleigh, VIC 3166, Australia 

Ruiz de Alarcdn 13, 28014 Madrid, Spain 

Dock House, The Waterfront, Cape Town 8001, South Africa 

http://www.cambridge.org 

6 Cambridge University Press 2001 

This book is in copyright. Subject to statutory exception 
and to the provisions of relevant collective licensing agreements, 
no reproduction of any part may take place without 
the written permission of Cambridge University Press. 

First published 2001 

Printed in the United Stales of America 

Typeface Times 10/13 pc System 1&I$L2 e [tb] 

A catalog record for this book is available from the British Library. 

Library of Congress Cataloging in Publication Data 
Chavel, Isaac. 

Isoperimetric inequalities : differential geometric and analytic perspectives / Isaac Chavel. 

p. cm. - (Cambridge tracts in mathematics ; 143) 

Includes bibliographical references and index. 

ISBN 0-521-80267-9 

1. Geometry, Differential. 2. Isoperimetric inequalities. 3. Riemannian manifolds. 

I. Title. II. Series. 

QA641 .C45 2001 

5I6.3'6-dc21 2001016177 


ISBN 0 521 80267 9 haidback 


Contents 


Preface page ix 

I Introduction 1 

1.1 The Isoperimetric Problem 1 

1.2 The Isoperimetric Inequality in the Plane 4 

1.3 Preliminaries 13 

1.4 Bibliographic Notes 28 

II Differential Geometric Methods 30 

II. 1 The C 2 Uniqueness Theory 30 

11.2 The C 1 Isoperimetric Inequality 44 

11.3 Bibliographic Notes SI 

IU Minkowski Area and Perimeter 52 

III. 1 The HausdorfT Metric on Compacta 53 

111.2 Minkowski Area and Steiner Symmetrization 58 

111.3 Application: The Faber-Krahn Inequality 78 

111.4 Perimeter 81 

111.5 Bibliographic Notes 99 

IV HausdorfT Measure and Perimeter 100 

IV. 1 HausdorfT Measure 100 

IV.2 The Area Formula for Lipschitz Maps 110 

IV. 3 Bibliographic Notes 116 

V Isoperimetric Constants 117 

V. l Riemannian Geometric Preliminaries 118 

V.2 Isoperimetric Constants 127 

V.3 Discretizations and Isoperimetric Inequalities 139 

V.4 Bibliographic Notes 155 


vii 



Contents 


vm 

VI Analytic lsoperimetrk Inequalities 
V1.1 L 2 Sobolev Inequalities 
V1.2 The Compact Case 
VI3 Faber-Krahn Inequalities 

VI.4 The Federer-Fleming Theorem: The Discrete Case 
VI.5 Sobolev Inequalities and Discretizations 
VI.6 Bibliographic Notes 


vn 


Laplace and Heat Operators 

VII. 1 Self-adjoint Operators and Their Semigroups 

VII.2 The Laplacian 

VII.3 The Heat Equation and Its Kernels 

VII.4 The Action of the Heat Semigroup 

VII.5 Simplest Examples 

VII.6 Bibliographic Notes 


Vni Large Time Heat Diffusion 

VIII.l The Main Problem 

VUI.2 The Nash Approach 

VI1I.3 The Varopoulos Approach 

VU1.4 Coulhon’s Modified Sobolev Inequality 

Vni.5 The Denouement: Geometric Applications 

Vin.6 Epilogue: The Faber-Krahn Method 

VIII.7 Bibliographic Notes 


157 

157 

161 

165 

170 

174 

183 

185 

185 

192 

201 

216 

222 

224 

225 

226 
234 
236 
240 
243 
249 
253 


Bibliography 
Author Index 
Subject Index 


255 

263 

265 


Preface 


This book discusses two venues of the isoperimetric inequality: (i) the sharp 
inequality in Euclidean space, with characterization of equality, and (ii) isoperi¬ 
metric inequalities in Riemannian manifolds, where precise inequalities are un¬ 
available but rough inequalities nevertheless yield qualitative global geometric 
information about the manifolds. 

In Euclidean space, a variety of proofs are presented, each slightly more 
ambitious in its application to domains with irregular boundaries. One could 
easily go directly to the final definitive theorem and proof with little ado, but 
then one would miss the extraordinary wealth of approaches that exist to study 
the isoperimetric problem. An idea of the overwhelming variety of attack on this 
problem can be quickly gleaned from the fundamental treatise of Burago and 
Zalgaller (1988); and I have attempted on the one hand to capture some of that 
variety, and on the other hand to find a more leisurely studied approach that 
covers less material but with more detail. 

In Riemannian manifolds, the treatment is guided by two motifs: (a) the 
dichotomy between the local Euclidean character of all Riemannian manifolds 
and the global geometric properties of Riemannian manifolds, this dichotomy 
pervading the study of nearly all differential geometry, and (b) the discretiza¬ 
tion of Riemannian manifolds possessing bounded geometry (some version of 
local uniformity). The dichotomy between local and global is expressed, in our 
context here, as the study of properties of Riemannian manifolds that remain 
invariant under the replacement of a compact subset of the manifold with an¬ 
other of different geometry and topology, as long as the new one fits smoothly 
in the manifold across the boundary of the deletion of the original compact 
subset. Thus, we do not seek fine results, in that we study coarse robust invari¬ 
ants that highlight the “geometry at infinity” of the manifold. Our choice of 
isoperimetric constants will even be invariant with respect to the discretization 
of the Riemannian manifold. The robust character of these new isoperimetric 
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constants will then allow us to use this discretization to show how the geometry 
at infinity influences large time heat diffusion on Riemannian manifolds. 

Regrettably, there is hardly any discussion of isoperimetric inequalities on 
compact Rie mannian manifolds. That would fill a book - quite different from 
this one - all by itself. 

* * * 

A summary of the chapters goes as follows: 

Chapter I starts with posing the isoperimetric problem in Euclidean space 
and gives some elementary arguments toward its solution in the Euclidean plane. 
These arguments are essentially a warm-up. They are followed by a summary 
of background definitions and results to be used later in the book. Thus the 
discussion of the isoperimetric problem, proper, begins in Chapter II. 

Chapter II starts with uniqueness theory, under the assumption that the bound¬ 
ary of the solution domain is C 2 . We first show that, if a domain £2 with C 2 
boundary is a solution to the isoperimetric problem for domains with C 2 bound¬ 
aries, £2 must be an open disk. Then we strengthen the result a bit - we show 
that if a domain is but an extremal for isoperimetric problems, then it must be a 
disk. Then we consider the existence of a solution to the isoperimetric problem 
for domains with C 1 boundaries. We give M. Gromov’s argument that for such 
domains the disk constitutes a solution to the isoperimetric problem. But only if 
one restricts oneself to convex domains with C 1 boundaries does his argument 
imply that the disk is the unique solution. 

Chapter m is the heart of the first half of the book. It expands the isoperimet¬ 
ric problem in that it considers all compacta and assigns the Minkowski area 
to each compact subset of Euclidean space to describe the size of the boundary. 
In this setting, using the Blaschke selection theorem and Steiner symmetriza- 
tion, one shows that the closed disk constitutes a solution to the isoperimetric 
problem. Since the Minkowski area of a compact domain with C 1 boundary is 
the same as the differential geometric area of the boundary, the result extends 
the solution of the isoperimetric problem from the C 1 category to compacta. 
Moreover, one can use the traditional calculations to show that the disk is the 
unique solution to the isoperimetric problem in the C 1 category. But uniqueness 
in the more general collection of compacta is too difficult for such elementary 
arguments. 

Then, in Chapter III, we recapture Steiner’s original intuition that successive 
symmetrizations could be applied to any compact set to ultimately have it con¬ 
verge to a closed disk - in the topology of the Hausdorff metric on compact sets. 
We use this last argument to prove the isoperimetric inequality for compacta 
with finite perimeter. The perimeter, as a measure of the area of the boundary. 


seems to be an optimal general setting, since one can not only prove the isoperi¬ 
metric inequality for compacta with finite perimeter, but can also characterize 
the case of equality. 

In Chapter IV we introduce Hausdorff measure for subsets of Euclidean 
space and develop the story sufficiently far to prove that the perimeter of a 
Lipschitz domain in n -dimensional Euclidean space equals the (n — 1)- 
dimensional Hausdorff measure of its boundary. The proof involves the area 
formula, for which we include a proof. 

Chapter V begins a new view of isoperimetric inequalities, namely, rough 
inequalities in a Riemannian manifold. The goal of Chapters V-VIII is to show 
how these geometric isoperimetric inequalities influence the qualitative rate of 
decay, with respect to time, of heat diffusion in Riemannian manifolds. 

In Chapter V we summarize the basic notions and results concerning isoperi¬ 
metric inequalities in Riemannian manifolds, and in Chapter VI we give their 
implications for analytic Sobolev inequalities on Riemannian manifolds. Chap¬ 
ter V consists, almost entirely, of a summary of results from my Riemannian 
Geometry: A Modem Introduction, and I have included just those proofs that 
seemed to be important to the discussion here. The discussion of Sobolev in¬ 
equalities in Chapter VI has received extensive treatment in other books, but our 
interest is restricted to those inequalities required for subsequent applications. 
Moreover, we have also treated the relation of Sobolev inequalities on Rieman¬ 
nian manifolds and their discretizations, one to the other. To my knowledge, 
this has yet to be treated systematically in book form. 

Chapter VII introduces the Laplacian and the heat operator on Rie mannian 
manifolds and is devoted to setting the stage for the “main problem” in large 
time heat diffusion; its formulation and solution are presented in Chapter VIII. 
The book ends with an introduction to the new arguments of A. A. Grigor’yan, 
the full possibilities of which have only begun to be realized. 

* * * 

I have attempted to strike the right balance between merely summarizing back¬ 
ground material (of which there is quite a bit) and developing preparatory argu¬ 
ments in the text. Also, although I have summarized the necessary basic defi¬ 
nitions and results from Riemannian geometry at the beginning of Chapter V, 
I occasionally require some of that material in earlier chapters, and I use it as 
though the reader already knows it. This seems the lesser of two evils, the other 
evil being to disrupt the flow of the arguments in the first half of the book for 
an excursus that would have to be repeated in its proper context later. Most of 
that material is quite elementary and standard, so it should not cause any major 
problems. 
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In order to clarify somewhat the relation between material quoted and ma¬ 
terial presented with proofs, I have referred to every result that either is an 
exercise or that relies on a treatment outside this book as a proposition, and 
every result proven in the book as a theorem. This is admittedly quite artificial 
and obviously gives rise to some strange effects, in that the titles proposition 
and theorem are often (if not usually) used to indicate the relative significance 
of the results discussed. That is not the case here. 

There are bibliographic notes at the end of each chapter. They are intended 
to give the reader some guidance to the background material, and to give but 
an introduction to a definitive study of the literature. 

It is a pleasure to thank the many people with whom I have been associated 
in the study of geometry since I first came to the City College of CUNY in 
1970: first and foremost, Edgar A. Feldman and the other geometers of the City 
University of New York - J. Dodziuk, L. Karp, B. Randol, R. Sacksteder, and 
J. Veiling. Also, I have benefited through the years from the friendship and 
mathematics of I. Benjamini, M. van den Berg, P. Buser, E. B. Davies, J. Eels, 
D. Elworthy, A. A. Grigor’yan, E. Hsu, W. S. Kendall, F. Morgan, R. Osserman, 
M. Pinsky and D. Sullivan. But, as is well known, any mistakes herein are all 
mine. 

The isoperimetric problem has been a source of mathematical ideas and 
techniques since its formulation in classical antiquity, and it is still alive and 
well in its ability to both capture and nourish the mathematical imagination. 
This book only covers a small portion of the subject; nonetheless, I hope the 
presentation gives expression to some of its beauty and inspiration. 
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Introduction 


In this chapter we introduce the subject. We describe the classical isoperimet- 
ric problem in Euclidean space of all dimensions, and give some elementary 
arguments that work in the plane. Only one approach will carry over to higher 
dimensions, namely, the necessary condition established by classical calcu¬ 
lus of variations, that a domain with C 2 boundary provides a solution to the 
isoperimetric problem only if it is a disk. Then we give a recent proof of the 
isoperimetric inequality in the plane by P. Topping (which does not include a 
characterization of equality), and the classical argument of A. Hurwitz to prove 
the isoperimetric inequality using Fourier series. This is followed by a symme¬ 
try and convexity argument in the plane for very general boundaries that proves 
the isoperimetric inequality, //one assumes in advance that the isoperimetric 
functional D (-► L 2 (dD)/A(D) has a minimizes (So this is a weak version - 
if the isoperimetric problem has a solution, then the disk is also a solution.) 
Finally, we present the background necessary for what follows later in our 
general discussion, valid for all dimensions. The subsections of §1.3 include a 
proof of H. Rademacher’s theorem on the almost everywhere differentiability of 
Lipschitz functions, and a proof of the general co-area formula for C 1 mappings 
of Riemannian manifolds. We obtain the usual co-area formula, as well as an 
easy consequence: Cauchy’s formula for the area of the boundary of a convex 
subset of R" with C 1 boundary. 

LI The Isoperimetric Problem 

Given any bounded domain on the real line (that is, an open interval), the 
discrete measure of its boundary (the endpoints of the interval) is 2. And given 
any bounded open subset of the line, the discrete measure of its boundary is 
greater than or equal to 2, with equality if and only if the open set consists of one 
open interval. This is the statement of the isoperimetric inequality on the line. 
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/. 1 The Isoperimetric Problem 


3 


In the plane, one has three common formulations of the isoperimetric 

problem: 

1. Consider all bounded domains in R 2 with fixed given perimeter, length of 
the boundary (that is, all domains under consideration are isoperimetric). 
Find the domain that contains the greatest area. The answer, of course, will 
be the disk. Note that the specific value of the perimeter in question is of no 
interest, because all domains of perimeter L\ are mapped by a similarity of 
R 2 to all domains with perimeter L 2 for any given values of L u L 2 , and the 
image under the similarity of an area maximizer for L i is an area maximizer 
for L 2 . 

2. One insists on a common area of all bounded domains under consideration, 
and asks how to minimize the perimeter. 

3. Lastly, one expresses the problem as an analytic inequality, namely, since we 
know exactly the values of the area of the disk and the length of its boundary, 
the isoperimetric problem is then expressed as proving the isoperimetric 
inequality 

( 1 . 1 . 1 ) L 2 >4jtA, 


where A denotes the area of the domain under consideration, and L denotes 
the length of its boundary. The inequality is extremely convenient, in that it 
remains invariant under similarities of R 2 , and one has equality if the domain 
is a disk. One wishes to show that the inequality is always true, with equality 
if and only if the domain is a disk. 


One can consider the above for any R", n > 2. The proposed analytic isoperi¬ 
metric inequality then becomes 

A(3£2) > A(S"-‘) 

v 11 - 2 ) V(O) 1 - 1 /" - Vf®") 1 - 1 /" ’ 

where 0 is any bounded domain in R" and 3£2 its boundary, V denotes n- 
measure and A denotes (n - l)-measure, B" is the unit disk in R", and S n_l 
the unit sphere in R". We let a>„ denote the n-dimensional volume of B" and 
c„_i the (n — l)-dimensional surface area of S n_I . It is standard that 


2 Ji n/2 Cb_ i 

aU) C - 1 = IW2>' = 

where r(x) denotes the classical gamma function; and (1.1.2) now reads as 


(1.1.4) 


/t(3£2) 

V(O) 1 -'/" 


> nut 0 


I In 


One wants to prove the inequality and to show that equality is achieved if and 
only if 0 is an n-disk. Note that for n = 2 we took in (1.1.4) the square root of 
(1.1.1). 

Remark 1.1.1 Throughout the book, domain will refer to a connected open 
set. In general, we consider the isoperimetric problem for relatively compact 
domains when we are working in the differential geometric setting (Chapters I, 
II, V-VIII). Therefore, the disks that realize the solution in R n are open. In 
Chapters III and IV, where we work in a more general setting, the isoperimetric 
problem is considered for compacta. In that setting the disks that realize the 
solution in R n are closed. 

Remark 1.1.2 We have restricted the isoperimetric problem to domains in R n ; 
but if we could solve this problem, then the isoperimetric problem for open 
sets consisting of finitely many bounded domains would easily follow from the 
solution for single domains. Indeed, assume one has the inequality (1.1.2) for 
domains in R R . If 


£2 = £2j U £2 2 U • • •, 

where each £2 ; is a relatively compact domain in R n such that 

cin,ncin* = 0 v;#* 

(cl denotes the closure), then Minkowski’s inequality implies 

V(G) , ' ,/ " < E v(«;) 1_,/n < E * W 

j ■ j 

d.i.5) = _L-Apn). 

nutn 1 '" 

So the inequality extends to the union of domains. Note that equality implies 
that £2 is a domain. 

Remark 1.13 Note that for any domain £2 in R", its volume is then-dimensional 
Lebesgue measure, and if 3£2 is C 1 then the area of 3£2 is given by the standard 
differential geometric surface area of a smooth hypersurface in R". However, if 
3 £2 is not smooth, then one must propose an area functional defined on a collec¬ 
tion of domains such that the area functional will give a working definition of the 
area of the boundaries of the domains. Besides a number of natural properties 
[see the discussions in Burago and Zalgaller (1988)], one requires that the new 
definition agree with the differential geometric one when applied to a domain 
with smooth boundary. Then, with this new collection of domains and definition 
of the area of their boundaries, one wishes to prove the isoperimeric inequality. 
Also, one wishes to characterize the case of equality in each of these settings. 
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Remark 1.1.4 As soon as one expands the problem to the model spaces of 
constant sectional curvature, that is, to spheres and hyperbolic spaces, one has 
no self-similarities of the Riemannian spaces in question. And if the disks on 
the right hand side of (1.1.2) are to have radius r, then the right hand side of the 
inequality in (1.1.2) is no longer independent of the value of r . Nonetheless, one 
still has the isoperimetric inequality in the sense that all domains in question 
with the same n-volume have the (n — l)-area of their boundaries minimized 
by disks. For n = 2, the analytic formulation reads as follows: If M = M 2 , 
the model space with constant curvature k, then the isoperimetric inequality 
becomes 

(1.1.6) L 2 > An A -kA 2 , 

with equality if and only if the domain in question is a disk. Of course, one can 
still consider the isoperimetric problem, whether or not it is to be expressed as 
an inequality, in the first or second formulation above. 

Similarly, one can extend the isoperimetric problem and associated inequali¬ 
ties to surfaces, or, more generally, to Riemannian manifolds. We shall consider 
such inequalities in Chapter V. 

Remark 1.1.5 Finally, one can consider a Bonnesen inequality. In R 2 , such an 
inequality is of the form 

L 2 - An A > B > 0, 

where B is a nonnegative geometric quantity associated with the domain that 
vanishes if and only if the domain is a disk. 

12 The Isoperimetric Inequality in the Plane 

For any C 2 path a> : (a, /J) -» R 2 in the plane, the velocity vector field of to is 
given by its derivative of, and acceleration vector field by o>". We assume that 
co is an immersion, that is, a/ never vanishes. The infinitesimal element of arc 
length ds is given by 

ds = \(o'(t)\dt. 

Given any to e (a, fl), the arc length function of a) based at to is given by 
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T(f) = —— 

Ia/(0I 

denote the unit tangent vector field along <o. 


the rotation of R 2 by n/2 radians, and 

N = tT 

the oriented unit normal vector field along <a. Then one defines the curvature k 
of<wby 


( 1 . 2 . 1 ) 


dT 

— = kN 
ds 


(indeed, since T is a unit vector field, its derivative must be perpendicular to 
itself). Then the formula for the curvature, relative to the original path, is given 
by 


One can easily show that 

( 1 . 2 . 2 ) 


dT „ d'-id 

‘ = *- N “ W 


dti _ 
* = -* T - 


The equations (1.2.1) and (1.2.2) are referred to as the Frenet formulae. 

One can prove, from (1.2.1), that if the curvature tc is constant, then <o is an arc 
on a circle (if not the complete circle). 


1.2.1 Uniqueness for Smooth Boundaries 
As a warm-up, we give the argument from classical calculus of variations. Given 
the area A, let D vary over relatively compact domains in the plane of area A, 
with C 1 boundary, and suppose the domain O, 30 € C 2 , realizes the minimal 
boundary length among all such domains D. We claim that O is a disk. 

Proof Since O is relatively compact in R 2 , there exists a simply connected 
domain Oo such that 

O = Oo\ {finite disjoint union of closed topological disks). 

We claim that since O is a minimizer, then Oo = O. If not, we may add the 
topological disks to O, which will increase the area of the domain and decrease 
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the length of the boundary, and therefore £3 will not be a minimizer. Thus 
£2 0 = £2, and is bounded by an imbedded circle. 

Let T : S 1 -» R 2 e C 2 be the imbedding of the boundary of £2. We always 
assume that the path T is oriented so that v = -N at all points of T, where u 
is the unit normal exterior vector field along 3 £2. 

One then considers a 1-parameter family : S 1 -*■ R 2 of imbeddings 

v : (-e 0 , eo) x S 1 -*■ R 2 , 
such that the variation function v(e, t) given by 

v(e, t) = I\(r) = T(f) + r)i/(r), *(0, r) = 0, 



1.2 The Isoperimetric Inequality in the Plane 
For the domain £2 f determined by f% we have, for sufficiently small e, 


A(£2<) - A(£2) 


-M 


[tf> + o(l)]ds. 


Therefore, if A(£2 ( ) = A(£2) for all e, then 

j 4>ds — 0. 

Now let L(() denote the length of 1%. Since T has the shortest length, we have 
L'( 0) = 0. Therefore, because 

L(e)= f I — I dt=[ IT'IU +€K</>+o{e)}dt= f fl +eic</> + o(e)}ds, 
Js'\3t\ Js' Jr 


we have 


0 = L'(0) = J k<P ds, J <f>ds= 0 


for any such variation of T. 

Similarly, given any <f> e C 1 such that f r <j>ds = 0, there exists a variation 
v of T such that A(£2<) = A(£2) for all e, and L'(0) = / r K<pds. Then, by 
assumption, we have 

J ic<j>ds=0 V0 e C 1 : ^ 4>ds = 0. 

To show that this implies that k is constant, we argue as follows: Given any 
ifr : S 1 -> R in C 1 , set 


L yjrds j J ds . 

Then / r <j>ds = 0, which implies 

0 “ l ‘ (*-l L *' 4 = / r (‘ - l L 4 '*• 

where L denotes the length of r. Since yjr is arbitrary C 1 , a standard argument 
then implies that 


(1.2.3) 


-if 

L Jr 


k ds = 0, 


that is, the curvature k is constant. Then, as mentioned, (1.2.1) implies that T 
is a circle. 
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1.2.2 Quick Proof Using Complex Variables 

Theorem 1.2.1 (Isoperimetric Inequality in R 2 ) Let SI be a relatively com¬ 
pact domain, with boundary 9ft e C 1 consisting of one component. Then 

L\d ft) > 47r/i(ft). 

Proof We denote any element of the plane as the complex number 

z = x + iy, 

and the area measure as an oriented volume element; so 
dA= dx A dy = ^dz A dz. 


47M(ft) 


= Jj 2nidz Adz 

= ff dzAdzf -p- 
JJa Jaa s - z 

= f 

Jaa J Ja ? — z 

= ( T 1 * 

Jaa Jaa s — z 


< z/(9ft), 

- the second equality follows from the fact that the winding number of 9ft 
about any point z € ft is 1; the last equality follows from Green’s theorem - 
which implies the claim. ■ 

1.2.3 The Method of Fourier Series 

Lemma 1.2.1 (Wirtinger’s Inequality) If f is a C 1 , L-periodic Junction on 
R, and 


f L f(t)dt=0, 

Jo 

\f'\ 2 (t)dt > \f\\t)dt, 


with equality if and only if there exist constants a -1 and «i such that 
m^a-ie-^'^+aie 2 "^ 1 -. 
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Proof This is an exercise from Fourier series. The function fit) admits a 
Fourier expansion 

fit)** Y a k e 2 * ik,IL with a k = y ( L fiOe-^'^dt. 
ktfoo LJo 

Similarly, we have 

fit)** Y b k e 2 * ik, ' L with b k = \ [ L fiOe-^'^dt. 
ktfoo L Jo 

The continuity of / implies ho = 0, and the hypothesis implies ao = 0. Inte¬ 
gration by parts implies 

bk = ^a k V |*| > 1 . 

Parseval’s inequality then implies 

T |/'| 2 dt = Ly \b k \ 2 = 

Jo k *0 L k#> 

^ k *0 

-Sf**; 

which implies the inequality. One has equality if and only if a k = 0 for all 
1*1 >1- ■ 

Theorem 1.2.2 (Isoperimetric Inequality in R 2 ) If SI is a relatively compact 
domain in R 2 , with C 1 boundary consisting of one component, then 

Z- 2 (9ft) > 47r/l(ft), 

with equality if and only if SI is a disk. 

Proof If necessary, we translate ft to guarantee 

f xds = 0, x = ix l ,x 2 ). 

Jaa 

Let x = jt'ei -I- x 2 e 2 be the vector field on R 2 with base point x = (x 1 , x 2 ). 

One now uses the 2-dimensional divergence theorem, namely, for any vector 
field x *-* £(x) e R 2 with support containing cl ft, one has 

if di \£dA= f /ds, 

JJa Jaa 


(1.2.4) 
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(, - 25> IIM~^) dA= S-, a pdx+Qd ^ 


by choosing 


P = -H\ G = *‘, 


For the left hand side of (1.2.5) one has 

30 _ dP _ d$' df 2 
3x dy ~ dx' + dx 2 =div ^- 

For the right hand side of (1.2.5) one has 

Pdx + Qdy = -% 2 dx' + t- l dx 2 = $-{dx 2 n - dx 1 ^} 

= $-{-t(dx)] = S.vds. 

th^r m pUes " fieW X ’ WC ^ ^ =2 ° n ^ ^ ^ divCrgence 

2/1(0)= f divxdA = f x-uds, 

J n Jaa 

which implies 

2/t(£2) = f x-vds 
Jaa 

< f |x| ds 
Jaa 

s i L^rn^r 

= £ l/2 (9£2) |y* |x| 2 </sj 

- the first inequality is the vector Cauchy^Schwarz inequality, and the second 
inequality is the integral Cauchy-Schwarz inequality. 

Parametrize 9 £2 with respect to arc length. Note that 


M 2 = (*‘) 2 + ( jt 2 ) 2 , 


I—1 2 =(—) 2 +(^Y 

1*1 \ds ) + \ds ) 


1.2 The Isoperimetric Inequality in the Plane > f 

along 9 £2; so Wirtinger’s inequality, applied to each coordinate function 
jr 2 (s), implies 


2/1(0) < Z.'/ 2 (9£2)|jf |x| 2 rfjJ 


L 2 (9£2) 
2 n 


which is the desired inequality. The case of equality follows easily. 


1.2.4 A Symmetry-and-Convexity Argument 
Theorem 1.23 Consider the isoperimetric problem for all relatively comp 1 ^ 
domains in R 2 with piecewise C 1 boundaries, and assume the isoperimel rt< 
problem in R 2 has at least one solution, that is, there is a domain £2 realiz‘d 
the minimum of the isoperimetric Junctional 


D 


L 2 {dD) 
A(D ) ' 


Then the open 2-disk also minimizes the isoperimetric functional. 


Remark 1.2.1 Thus, we are only proving a weak result, namely, the analjT 11 ' 
isoperimetric inequality (1.1.1) is valid if the isoperimetric functional ha s ^ 
minimizer. 

Although the arguments from complex variables and from Fourier ser^ ? 
given above are also valid when the boundaries are only piecewise C 1 , here ^ 
proof requires that the variational problem be defined over the extended cl a?? 
of domains. 


Proof Let £2 be a minimizer. Pick a line n that divides £2 into two open s et? 
£2 1 , £22 of equal area. Then 

Z-(3£2 n cl £2i) = Z-(9£2nd£2 2 ). 

If not, and Z-(3 £2 fl cl £2 1 ) < Z.(9 £2 n cl £2 2 ), then one could replace £2 by P ' 
consisting of £2i union its reflection in n, which would imply that £2 is nc* ^ 
minimizer, which is a contradiction. So we may replace £2 by a domain £2’ 
is symmetric with respect to the line n. 
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Figure 1.2.1: The line through the origin intersecting 3ft. 

By carrying out this argument successively, one may assume that there exists 
a coordinate system in R 2 such that ft is symmetric with respect to the two 
coordinate axes. This implies that every line through the origin divides ft into 
two open sets of equal area and, therefore (by the above argument), equal 
bounding length. 

Next, we may assume cl ft is convex. If not, we may replace it by its convex 
hull, which increases the area and decreases the bounding length. Since the 
origin is in ft, we may think of 3 ft as the image of a piecwise C 1 map defined 
on the unit circle S 1 in R 2 . 

Let vv 0 € 3 ft have a tangent line, not equal to the line from the origin through 
wo- (See Figure 1.2.1.) We claim that the line from the origin to wo must intersect 
3 ft perpendicular to the tangent line at h> 0 . If not, it will be possible to carry out 
the construction ft i-^ ft* described in the first paragraph above so that cl ft* 
is nonconvex, which is a contradiction. 

Therefore, ft is convex with every point of differentiablity of 3ft having its 
tangent line orthogonal to the position vector. Let 0 denote the local coordinate 
on S 1 , x the position vector on 3 ft, and n the position vector on S 1 . Then 

x = rn 

at all points of differentiability of 3 ft, which implies 

3x dr dn 

— = —n + r—. 

30 30 30 

Because n is perpendicular to the tangent space, we conclude that r is differen¬ 
tiable, with dr/30 = 0, at all points of differentiability of dft, which implies r 
is locally constant on the C 1 arcs of dft. Thus dft consists of a finite number of 


circular arcs connected by segments of lines that (the lines, not the segments) 
pass through the origin. The convexity of ft implies dft is a circle. ■ 

Remark 1.2.2 In higher dimensions one has to be careful about the convexity. 
For example, it is not true that passing to the convex hull of a domain decreases 
its isoperimetric quotient. Pick a standard imbedded solid torus in R 3 , where 
the circle in the xy-plane has radius 1, and the rotated circle perpendicular to 
the Ary-plane has radius f <?£ 1. Then its isoperimetric quotient is asymptotic 
to const.€~ 1/3 as € | 0. On the other hand, the convex hull has isoperimetric 
quotient asymptotic to const.€~ 2/3 as € 4- 0. 

13 Preliminaries 

We describe here most of the background required for the rest of these notes. 
The Riemannian geometric background is discussed in Chapter V. 

Notation Let X be any space, A a subset of X. We let X A denote the indicator 
(or characteristic) function of A, that is, X A {x) = 1 for x e A, and X A (x) = 0 
for a: e X \ A. The cardinality of A is denoted by card A. 

Notation In any topological space X we let supp / denote the support of a 
function / on X . We denote continuous functions of compact support by C c (X). 
When the target is some vector space V, we write C c (X; V). 

Notation Whenever discussing a measure space (X, 971, d p), we let || || p denote 
the associated L p norm. (In general, the a -algebra QDT is fixed, so we rarely 
mention it.) If there is doubt as to which space or measure is intended, then 
we also indicate our choice in the subscript: || || PiX or || || pipL , as required. In 
general we write || || = || H 2 . We also indicate the L 2 inner product by ( , ). 
Unless otherwise indicated, these are spaces of real-valued functions. 

Proposition 1.3.1 If the sequence (/ y ) converges to f in L p (p) for some p e 
[1, + 00 ], then (fj)has a subsequence that converges pointwise to f a.e.-[dp]. 

Proposition 1-3.2 Let X be a complete, separable metric space, Y a Hausdorjf 
space, f : X —y Y a continuous map, and p a measure on Y such that every 
closed subset of Y is p-measurable. Then f (B) is p-measurable for every Borel 
subset B of X. 
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Proposition UJ (Cavalieri’s Principle) Let v be a measure on Borel sets in 
[0, oo), <f> its indefinite integral, given by 

4>(t) = v([0, r)) < +oo V t > 0, 


(£2, £, p) a measure space, and f a nonnegative Y,-measurable function on 
£2. Then 


4>(f(x))dp(x) = / p([f > t})dv(t). 


or equivalently. 


f /■/<*) f 

/ dp(x) I dv(t) = / dv(t ) I l {f>t] dp. 

Ja Jo Jo Ja 

In particular, ifdv(t) = pt p ~ l dt, p > 0, then we have (see Figure 1.3.1) 

(1.3.1) f f F dp = p [ t p ~ l dt [ l [f>t] dp. 

Ja Jo Ja 


Thus, if p = 1 and p = S x then 


f(x)= f l {f>n (x)dt. 
Jo 


Notation Let (X, d) be a metric space. For any subset A in X , let 

int A denote the interior of A, 

ext A = int(X \ A) denote the exterior of A, 

cl A or the traditional A denote the closure of A, 
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3 A denote the boundary of A, 
diam A denote the diameter of A, 

[A] ( = {* € X : d(x. A) < e] denote the f-thickening of A. 

For any x e X and r > 0, let B(x; r) denote the open metric disk and D(jc; r) 
the closed metric disk in X, with center x and radius r. We denote the metric 
sphere bounding B(x; r) by S(x; r). 

We consider n-dimensional Euclidean space R", n > 1, where we denote 
arbitrary points by x = (x 1 ,..., x"), y = (y 1 ...., y"),... e R". The inner 
product is denoted by x, y i-+ x-y. The length of an element x is given by 
I*| = y/x7x, and the distance between x and y is given by d(x, y) = |jc — y|. 

In R\ we write B"(jt;r) for B(x;r) and D"(x;r) for D(x\r). We omit the 
superscript n when the context is sufficiently clear. We also write S" -1 (x;r) 
for 5(x; r), and drop the superscript when no problem will caused by doing so. 
When x is the origin o we write 

B^r) = B"(o;r), ©"(r) = HTfo-.r), S" -1 ^) = S"“'(o;r); 

and 

B" = B"(o; 1), ny = ny(o; l), S" -1 = S"-‘(o; 1). 

Definition Let (X, 971) be a measure space. Then an R*-valued measure A on 
(X, 971) is a map A : 971 -*■ R* such that 

00 

A (E) = j ) (which converges) 

7=i 

forall partitions {£;} of E, forallE e 971. (A partition {Ej } of E is a countable 
family of subsets in 971 that are pairwise disjoint, and whose union is E.) 

If A is an R l -valued measure on X, then its total variation measure, |A|, is 
defined by 

|A|(E) = sup £] |A(E,)|, 

7=1 

where the supremum is taken over all partitions of E. 

One knows that | A|(A) < +oo. 

Definition An Revalued measure A is said to be absolutely continuous with 
respect to a positive measure p on ( X, 971), A <£ p, if A(£) = 0 whenever 
li(E) = 0. 
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Proposition 13.4 (Radon-Nikodym Theorem) If \<g. p, then there exists 
an R k -valuedfunction $ in L l (p), that is, f x |d>| dp < +oo, such that 

A(E) = j &dp 


for all measurable E. 

Also, there exists a measurable map v : X —* S* -1 such that 


d\ = ud\\\. 

Finally, let p be a positive measure, $: X -> R k in L l (p), and set 

X(E) = jjdp. 


Then 


\xm = f \e\dp. 


Definition Let A be a locally compact Hausdorff topological space, and p a 
positive Borel measure on X, that is, its <r-algebra contains ®, all Borel subsets 
of X. We say that p is locally finite if p(K) is finite for all compact K; a 
measurable E is outer regular if 

p(E) = inf{/x(V): E C V, V open}; 

a measurable E is inner regular if 

p(E) = sup{/i(A): K c E, K compact}; 

the measure p is regular if every measurable E is both inner and outer reg¬ 
ular. The measure p is a Radon measure if it is locally finite and regular. An 
Revalued measure A is an Revalued Radon measure if its total variation mea¬ 
sure | A| is a Radon measure. 


Proposition 133 (Riesz Representation Theorem) Let X be a locally com¬ 
pact Hausdorff space, and $ a bounded linear functional on C c (X\ R*) (relative 
to the sup norm). Then there exists a unique R* -valued Radon measure X on X 
such that 



for all £ : X -* R k in C c (A;R k ). Moreover, 


11*11 = |A|(X). 
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In R", we denote the standardLebesgue measure by dv„(x). When considering 
a domain £3 in R" with C 1 boundary d£2, we denote the Lebesgue measure on 
£2 by dV, and the standard surface area measure on 3 £2 by dA. For the special 
case of B" we denote the surface area measure on S" _l by dp n _ x . Recall that 
we use the notation 



When n = 2, we replace dA by dL, and dV by dA. 

When discussing an arbitrary ^-dimensional submanifold of an n -dimensional 
Riemannian manifold, we use dV k to denote the ^-dimensional Riemannian 
measure on the submanifold. 

When discussing changes of coordinates on R", we refer to the new coordi¬ 
nates as Euclidean coordinates if they are obtained from the standard coordinate 
system by a Euclidean transformation. 


Proposition 13.6 (Lebesgue Density Theorem) For f e £. 1 (R' 1 ) we have 


ita-Lf 

r|0 (jJ a r n J B( 


l/(*)-/to)l<*v,(jr) = 0 


for almost all xo € R". 

In particular, for every measurable E in R" with positive measure, we have 

v„(E n B(jc;r)) , 


for almost all x e E. 


Notation A multi-index a is given by o = (oi. a„), where a Jt j = 

1,..., n, is a nonnegative integer, |o| = oi H-1- a„. For the multi-index 

a, D a denotes the differentiation 

Definition We define a mollifier on R" to be a function j : R" -*■ [0, oo) € 
C^°(B") satisfying 

J j(*)dv„(x) = 1. 

We define, for all € in (0, I), 


7c(*) = €~ n j(xf€)-. 



18 


Introduction 


1.3 Preliminaries 


19 


and for any locally L l function / on R", that is, / we define 

(7c * /)(*) = j My - x)f(y)d\ n (y) = j My)f C* + y)dv H (y)- 

Proposition 13.7 

(a) Ifu e LJ*. then supp j ( *u = [suppuj ( . 

(b) If u € C°, then j ( * u -*■ u uniformly on compact subsets of R" as € i 0. 

(c) If u e then j ( *u e C°°, and 

(D“(y ( *u)X*) = (—1)’“' j (£>“7cKy - x)u(y)dv„(y) 
for any multi-index a. Moreover, if u e C k , then for all |a| < k one has 
£> a (j( * «) = h * (£>"«). 


by integration by parts. 

(d) Ifue L p , then (i) j ( *ue L p , (ii) ||/ ( *u|| p < \\u\\ p forall pel 1, oo], 
and (iii) ||/' ( * u - u\\ p -v 0 for all p e [1, oo), as e i 0. 

Remark L3.1 If j(x) = j(—x) for all x e R", then 

(1-3.2) j (j f * f)g d\„ = J f(j ( *g)d\„ 

for all /, g e Z-'(R"). We shall henceforth assume the symmetry of all molli- 
fiers, so (1.3.2) will always apply. 

Notation Let F : £2 -*■ R* e C 1 , where £2 is open in R". For each x € £2, we 
denote the associated Jacobian linear transformation of F by 7p( x). 

Definition Let F : £2 -► R* € C 1 , where £2 is open in R". A point x e £2 is 
called a critical point of F if its associated Jacobian linear transformation Jf(x) 
has rank < k. 

A point y e R* is a critical value if there exists at least one point in its 
preimage which is a critical point. The complement in R* of all critical values 
of F consists of the regular values of F. (This includes points not in the image 
of F.) 

Proposition 1.3.8 (Sard’s Theorem) Let F : £2 -v R* e C l , where £2 is open 
in R", i > max{n — k, 0}. Let A denote the critical points of F. Then 
v*(F(/t)) = 0. 


Remark 13.2 The cases where we invoke Sard’s theorem usually have k = n, 
in which case i > 1, or k = 1, in which case t > n. 


Definition Consider the differential operator 


L« = £ <*'*(*) 

7.*=i 


d 2 u 

dxidx k 


+ £>'(*) 
7=1 


du 

dxi 


defined on some domain D in R". We say that L is elliptic at x if there exists a 
positive number p(x) such that 


ft 


E 


a jl (x)pjpn 


- Mx) ^2 Pj 2 

7=1 


for all p = (pi,.... p „) e R". We say L is elliptic on D if L is elliptic at every 
point of D. We say L is uniformly elliptic on D if L is elliptic on D and there 
is a positive constant /xo such that fi(x) > no for all x e D. 


Proposition 13.9 (Strong Maximum Principle) Let L be uniformly elliptic 
on the domain D in R", with uniformly bounded coefficients a Jk (x), b^{x), and 
assume u : D -*■ R e C 2 satisfies the differential inequality 

Lu > 0 

on all of D. Ifu attains a maximum at a point of D, then u is constant on D. 

Furthermore, assume (i) 3 D e C 1 , (ii) u : D —v R e C 2 (D) n C°(D), 
(iii) u < M on all of D, (iv) u = M at some point w e 3D, and (v) the ex¬ 
terior normal derivative du/dv is defined at w. Then 

3 u 

— > 0 at w, 

unless u = M on all of D. 

We remind the reader that du /du at w is defined to be the limit of (grad u)(x)-u, 
x e D, as x approaches w along the line through w with direction u. 


1.3.1 Lipschitz Functions 

Definition A Lipschitz function on the metric space ( X , d) is a function u on 
X for which there exists a nonnegative number K such that 

(1.3.3) 


|u(zi) - u(z 2 )| < Kd(z i, z;) V zi, Z 2 e X. 
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The Lipschitz constant Lip u is the smallest positive K for which (1.3.3) is valid 
for all z\, Z 2 e X. 

Theorem 1.3.1 Let (X,d) be a metric space, A C X,and f : A -*■ R Lipschitz. 
Then there exists g : X -*■ R Lipschitz such that g\ A = /. 



*Oi) - g(x 2 ) = sup inf f(yi) + Ld{x u y,) - f(y 2 ) - Ld(x 2 , > 2 ) 

< sup L{d(x 1 , y 2 ) - d(x 2 , > 2 )) 

yieA 

< Ld(x u x 2 ). 


Theorem 13.2 (Rademacher Theorem) If f : R" -*■ R" is Lipschitz, then 
f is differentiable a.e.-[d\ m ]. 

Proof We may assume n = 1. We may also assume that we know the theorem 
for m = 1 (since Lipschitz implies / is an absolutely continuous function of 
one real variable). 

Fix £ e S" _l , and let (D ? f)(x) denote the directional derivative of / at 
x e R" in the direction £ (should it exist). Also, let 

= {x e R" : (D ( /)( x) does not exist). 

Then Vi(fl f n [x + f£ : t e R}) = 0 for all x (we know the theorem for n = 1). 
Therefore (by Fubini’s theorem), v„(flf) = 0 for every £ e S" -1 . In particular, 
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by successively picking £ = e,.e„ (the natural basis of R"), the gradient 

vector field grad / exists almost everywhere. 

Next we wish to show that, for each £, 

( I3 - 4 ) l D s /)(*) = £-(grad /)( x) 

for almost every x. Indeed, given any 0 € C~(R") we have (by change of 
variables) 

f /(» +*j)-/(*) .,.. x M __j «x)-Mx-tt) ^ 


<p(x)dv„(x) 


4>(x)-4>(x -r£) 


flx)dv n (x). 


which implies (using dominated convergence) 


= - J(£-grad^)/ 

-/?(*'£)• 




= j ^(£-grad /), 

which implies (1.3.4). 

Finally, let {£„} be a countable dense set in S' 1-1 , 

= l*: grad/, £>{./ exist &D^f = £„-grad /}, 

00 

*=n *- 

a=l 

Then v„(R"\A) = 0. We now show that / is differentiable on A. For x € A, 
y = x + f£ e R", we have 

/O') - fix) - (y - x)-(grad f)(x) = fix + r£) - f(x) - f£-(grad /)(*) 

= /(* + »$) - fix + r£ a ) + fix + r£ a ) 
-fix) - r£o-(grad /)(jc) 

+ ^a-^Hgrad/Xx), 

which implies 

I/O) - /(*) - (y - -r)-(grad /)(x)| < 2L|£ - £ a ||y - jr| + oi\y - jt|). 
which implies the theorem. g 
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Theorem IJJ Let u be a Lipschitz function on R" with compact support. 
Subject u to mollification by j f as above. Then 

||y ( *u- u||p 0, ||grad *u- gradu|| p 0 

for all p e [1. oo) as f 4, 0. 


Proof Since u is Lipschitz, the restriction of u to any line is absolutely con¬ 
tinuous; and thus all partial derivatives exist almost everywhere on R", and are 
bounded with compact support. Thus, each partial derivative is an element of 
L p for all p € [1, oo]. Also, the absolute continuity along lines and the com¬ 
pactness of the support of u imply the fundamental theorem of calculus for each 
partial derivative, which implies 

fork = 1. n. Then we may use the argument of Proposition 1.3.7(c) to show 


*") = '<* 


du 

dx k 


One easily obtains the conclusion of the theorem. 


Example L3.1 Let AT be a convex subset of R" with nonempty interior. (See 
§1.3.3 below.) If/f / R", then K is contained in a half-space H. Let n = dH, 
and p : R" -*■ n the orthogonal projection. Introduce Euclidean coordinates in 
R" so that n = {*" = 0}. Define, for w = (x 1 .x" _l ) e p(K), 

f{w) = inf {y : (w,y) e AT}. 

Then the graph of x" = /(w) is the “lower” part of the bounding hypersurface 
of K, and / is a convex function, that is, 

f(ku + (1 - A.)v) < A./(u) + (1 - A.)/(v) V u, v e p(K), A. € [0, 1], 

Given u, v e int p(K), let t u v denote the line in n through u, v, and set 

F = f\t u .v, (a, b ) = int (p(K) n l u . v )- 

Then one checks that 

Fit) - F( r) 


t - r 


(r>r) 
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is increasing with respect to both t and r, which implies the right and left hand 
derivatives of /, F' + and F'_ respectively, exist everywhere, and 

<sup{|F;(A)|,|F:(fl)|} 

for all a < A < r < t < B < b, which implies F is locally Lipschitz on (a, b). 
By Rademacher’s theorem, the boundary of K is a.e.-[n, dv„_ i] differentiable. 

Remark 133 We recall for the reader the basic definition of Sobolev spaces. 
Let £2 be open in R". (The definitions that follow are also the ones that are used 
when £2 denotes an open subset of a Riemannian manifold.) By the Meyers- 
Serrin theorem one has two equivalent characterizations of the Sobolev space 
IV 1,1 (£2). 

First one considers the collection H of C°° functions / on £2 for which both 
/, grad / € L l . Then one endows H with the pre-Banach norm 

ll/lli.t = ll/lli + llgrad/||, 

and completes H, with respect to the norm || ||i,i, to the Banach space W u (£2). 

The second characterization goes as follows: We say that / e Z.'(£2) has a 
weak L l -derivative if there exists an L 1 (£2)-vector field £ such that 

/ fdi\rfdv„ = - I i-ijdv„ 

Jt i Jn 

for all compactly supported C°° vector fields ij on £2. The vector field £, should 
it exist, must be unique, and we denote it by $ = Grad /. Let f) be the Banach 
space (it is indeed a Banach space) consisting of functions f e L l possessing 
weak L 1 -derivatives, with the norm || || A given by 

ll/lla = ll/lli + l|Grad/||,, / e fj. 

Then, by the Meyers-Serrin theorem, Sj = W u (£2). 

Clearly, all L'(£2) Lipschitz functions with L 1 (£2derivatives are elements 
of IV I>, (£2). 

Notation We let f) c (£2) denote the completion of C£°(£2) in f)(£2). 

1.3.2 Co-area Formula for Smooth Mappings 

In this section, we use the method of moving frames. One can find treatments 
of the method in the standard texts. 

Let M m , N n be C r , r > 1, Riemannian manifolds, m > n, and Q : M -* N a 
C map from M to N. We want to give an effective calculation of the volume 


F(t) - F(r) 
t - r 
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disortion of the map, namely, of 

J*(x) = v/det 4>,o(«I>,)* d j, 

where <J>, denotes the associated Jacobian linear map of tangent spaces of Af to 
those of N, and ( y® denotes the adjoint map. (When Af and N are Euclidean 
spaces, we use the notation 7$ for 4>,.) 

Let {«*}, A = 1,.... m, be an orthonormal moving frame on Af with dual 
co-frame {<w A }, and {£,}, j = 1,..., n, an orthonormal moving frame on N 
with dual co-frame {0-' }. It is well known that the local volume forms on Af 
and N are given by af A • • • A of and 0 1 a • • • A 0", respectively. 

There exist functions a 1 \ on Af such that 

4>’0-* = y 'a* ao> a , 
a 

where <J>* denotes the pullback of differential forms on N to Af, associated 
with the map 4>. If at some x e Af we have dimker 4>,| x > m — n (that is, x is 
a critical point of 4>), then 

4>*(0‘ A -• • A0") = O. 

If at some x e Af we have dim ker 4>,| X = m - n (that is, x is a regular point 
of 4>), then <J> is a submersion on a neighborhood of x, and we may pick 
e„+i,..., e m to be tangent to the fibers of the local fbration about x associated 
with the submersion, which implies e \,..., e„ is orthogonal to the fbration. 
We therefore have 


cr J a =0, 7=1. 


o =n + 1, 


which implies 


which implies 


w = ^w, 


4>*(0 1 A • • • A 0 ") = (det cr J k)o > 1 A • • • aw". 


One can easily check that 


det (a-'*) = det 4>,|(ker 4*,) -1 


Therefore, since 


f 0, rank <J>, < n, 

* X |det(4>,|(ker<I>,)- L )|, rank4>, = n 
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(as one verifes rather easily), we have 

(1.3.5) J*<0 X - - Aar = ±4>’(0 I A • • • A0") A (W" +I A • • • A 0) m , 

depending on whether det (<r^) is positive or negative, which implies 

Theorem 13.4 (Co-area Formula for Smooth Mappings) Let Af , N be C r 
Riemannian manifolds, with m = dim Af > dim N — n, r > m - n, and let 
<t> : M ^ N e C r . Then for any measurable function / : Af -> R that is ev¬ 
erywhere nonnegative or is in Z.‘(Af), one has 

(1.3.6) ( fJ*dV m = [ dV n (y) [ (f\*- l [y])dV n - n . 

JM Jn 7*-'(y] 

Proof We have, from (1.3.5), 

( fJ*dV n = f dV n (y) f (/|4>-‘[y]) dV m - n , 

JM Jregv»l ♦cAT 74>-'[y] 

where regval 4> denotes the set of regular values of <J> in N. Since the map 4> 
is C r , the critical values of 4> constitute, at most, a set of measure 0 in AT (by 
Sard’s theorem - it is also valid for manifolds), which implies (1.3.6). ■ 

Corollary L3.1 (Co-area Formula for Smooth Functions) Let Af" be a 
C m Riemannian manifold, and let 4> : Af -> R e C". Then for any measur¬ 
able function / : Af — > R that is everywhere nonnegative or is in L'(Af), one 
has 

(1-3.7) f /|grad 4>| dV = f d\\(y) f (/|4>-'[y])dA, 

JM 7r 7*-'[y] 

where grad <J> denotes the Riemannian gradient vector field of 4> on Af (see 

mi* 


Corollary 133 Let Af * 1 be a hypersurface in R* given by the graph of a C 1 
function <j>: G —* R, where G is open in R* _l ; so Af is given by 

x k =4>(x l .x*-'), (*'.x*-‘)eG. 


Then the surface area element on Af, dA, is given by 


(1.3.8) 


dA = J 1 + |grad t _, 0| 2 dv*_i, 


where grad t _, denotes the gradient of functions on R* -1 . 
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Proof Let H be a hyperplane in R*, with normal vector i/; R* 1 the hyperplane 
{** = 0} in R*, with normal vector £; and p\H-> R* -1 the projection. Then 

(1.3.9) J P = \v£\- 

Then apply (1.3.6) with / = 1/ J p , and calculate. ■ 

Corollary 133 If ft CC R" is a domain with C 1 boundary, u the exterior unit 
normal vector field along 3£2, and, for a given £ € S' 1 p £ : 3£2 — ► £ I s 
projection, then 

(1.3.10) f |i/ w *£| dA(w) = f card(3£2np £ _1 [y])dv._i(y). 

Jaa Jt 1 

Proof Apply (1.3.6), with / = 1. ® 

Corollary 1.3.4 If Si CC R" is a domain with C 1 boundary, and for every 
£ 6 S" -1 , p( : dS2 -*■ $ ± denotes the projection, then 

(1.3.11) A(3£2)=—^— f dn n _ t (S) f card(annp £ “ , [y])<fv fl _i(y). 

2u>n-l J S"-‘ Ji^ 

Proof Integrate (1.3.10) over £ e S" -1 . Then 

f dn n _i(0 f card(annp £ “ , (y])rfv fl _i(y) 

J s *- 1 J t A 

= f dUn-i (£) f \Vw-t\dA(w) 

JS'-> Jaa 

= f dA(w) [ \u-i\dn n _i(() 

Jaa Jsr-' 

= 2A(3S2)c,-2 / cos 6 sin" 2 ddd 
Jo 

= 2-^-A(3£2) 
n — 1 

= 2u> n -iA(3£2), 

which implies the corollary. ® 

Corollary 13J (Cauchy’s Formula) If SI is convex, 3£2 e C 1 , then 

A(3£2) = —/ v fl _i(p £ (S2))^ fl _i(0- 

<*>„-! J s*- 1 


1.3 Preliminaries 
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Proof If £2 is convex, then card (3£2 n p £ ‘[y]) = 2 for almost-[dv B _i($ x )] 
all y € p £ (3£2) = p £ (£2), £ e S" -1 , which implies the claim. ■ 

Corollary L3.6 If Si is convex, 3 £2 e C 1 , and £2 0 is open containing £2, 3£2o e 
C\ then 

A(3£2) < A(3£2o). 

1.3.3 Some Geometric Preliminaries 

Theorem L3.5 Suppose K is compact in R", with the property that, for any 
£ e S' 1-1 , K is symmetric with respect to some hyperplane perpendicular to (. 
Then the boundary of K consists of a union of concentric (n — 1 )-spheres. 

Proof Pick new Euclidean coordinates in R" so that K is symmetric with 
respect to reflection in each of the coordinate planes. Then K is symmetric 
with respect to the origin. Since any direction has an orthogonal hypeiplane of 
symmetry for K, and since K is already symmetric with respect to the origin, 
then K must be symmetric with respect to any plane through the origin. Since 
any half-line from the origin to 3 K can be taken to any other by a reflection in 
a hypeiplane through the origin, each connected component of dK must be an 
(n — l)-sphere centered at the origin. ■ 

We recall just a few notions about convex sets in R". 

Definition A set A in R" is convex if x, y e A implies that Ax + (1 - A.)y e A 
for all A. e (0,1), that is, for any x and y in A the closed line segment [x, y] in 
R” joining them is contained in A. 

Definition A convex linear combination of elements x\,... ,Xk e R" is the 
linear combination 

k 

Y, k J x J' 

j =1 

where the coefficients satisfy 

k 

£A.y = l, A.;>0Vy. 

;«i 

One checks that if A is convex then any convex linear combination of elements 
of A is a point in A. 
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Definition Given A C R", define the convex hull of A, conv A, to be the smallest 
convex set containing A. 

Proposition L3.10 Given A, then conv A is given by the collection of all finite 
convex linear combinations of elements of A. 

If A is compact then conv A is compact. 

If A is bounded, then conv A is bounded and diam conv A = diam A. 

If S is convex then S is convex. 

If S is convex compact then S = conv 3 5. 

IfCis convex with nonempty interior, then int C is homeomorphic to R". 

Definition Let A, B be subsets of R n , and H a hyperplane. We say A and 
B are separated by H if A and B lie in different closed half-spaces deter¬ 
mined by H. If neither A nor B intersects H, we say H strictly separates A 
and B. 

Definition Let A be a subset of R", H a hyperplane, x € A. We say H is a 
supporting hyperplane of A at x if x e H and H separates {*} and A. Note that 
x g 3A. 

Proposition 13.11 Let A be closed, with nonempty interior. Then A is convex 
if and only if every x g 3 A has a supporting hyperplane. Furthermore, if A is 
closed convex, then A is the intersection of all closed half-spaces containing A. 

L4 Bibliographic Notes 

§1.1 For surveys of the isoperimetric inequality in Euclidean space, replete with his¬ 
torical remarks and references, see Blaschke (19S6), Hadwiger (1957), Osserman (1978), 
Talenti (1993), and the more recent book by Burago and Zalgaller (1988). For further 
remarks, including some discussion of experimental proofs of the isoperimetric inequal¬ 
ity [one of which goes back to Courant and Robbins (1941)], see Dierkes, Hildebrandt, 
KUrster, and Wohlrab (1992, pp. 420-423). 

On the issue of the proof of the isoperimetric inequality for general boundaries, the 
following paragraph of Osserman (1978, p. 1188) is worth repeating: 

First, a general remark. If we start with a relatively smooth boundary, adding “wiggles’* 
to it will have very little effect on the volume enclosed, but will greatly increase the 
surface area. Thus, one has the somewhat ironic situation that the more irregular the 
boundary, the stronger will be the isoperimetric inequality, but the harder it is to prove. 
The fact is, the isoperimetric inequality holds in the greatest generality imaginable, but 
one needs suitable definitions even to state it. 


1.4 Bibliographic Notes 
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The first unified solution of the isoperimetric problem in the model spaces of constant 
sectional curvature (that is. Euclidean, spherical, and hyperbolic spaces) was given by 
Schmidt (1948, 1949). In Chavel (1994) we gave separate proofs in each of the cases, 
to highlight a variety of methods. The Euclidean argument given there will be given 
in Theorem II.2.2 below. The isoperimetric argument for the sphere there is a new 
Riemannian theoretic argument by Gromov (1986), and the hyperbolic space argu¬ 
ment follows the symmetrization argument in Figiel, Lindenstrauss, and Milman (1977). 
Different symmetrization arguments will be developed here later. 

The study of isoperimetric inequalities on surfaces is alive and well. See the discus¬ 
sions in Osserman (1978,1979). More recent results can be found (just to give a sample) 
in Adams and Morgan (1999), Benjamini and Cao (1996), Howards, Hutchings, and 
Morgan (1999), and Topping (1997,1999). Extensive discussion of Bonnessen inequali¬ 
ties can be found in Osserman (1979). 

§1.2 The complex variables proof follows Topping (1997) (the proof was inspired by 
F. H61ein). The Fourier series argument was first carried out by Hurwitz (1901). The 
name “Wirtinger’s inequality” is apparently a misnomer. See the historical remarks in 
the previous surveys. 

Theorem 1.2.3 is from Howards, Hutchings, and Morgan (1999). Blaschke (1956, 
p. 1), in discussing the idea, refers back to Steiner (1881, p. 193ff.). 

The example of Remark 1.2.2 was supplied by an anonymous reader, to whom I extend 
my thanks. 

Another line of reasoning was initiated by M. Gage (1984), wherein he proved that 
if a convex curve in the Euclidean plane is deformed along its inward normal at a rate 
proportional to its curvature at that point, then the isoperimetric ratio L 2 /A decreases to 
the limit 4 jt, and the convex curves become asymptotically circular - provided that the 
shrinking curves do not develop singularities such as comers. The subject has developed 
quite extensively since then (including the discussion whether the singularities exist), 
both for surfaces and for higher dimensions, and one can find a partially updated bibli¬ 
ography in Gage (1991). Recent results, with applications to geometric inequalities, can 
found in Topping (1998). Also, see Chou and Zho (scheduled to appear in 2001). 

§13 For background in analysis, we generally follow Rudin (1966). More recent 
books that are helpful here are Lieb and Loss (1996) and Ziemer (1989). Proposition 
t.3.2 is from Federer (1969, p. 69 ff.) 

For treatments of Sard’s theorem, see Hirsch (1976) and Narasimhan (1968). For the 
ng maxunum principle, see Gilbarg and Trodinger (1977) and Protter and 
(1977) f( 984) ' F ° r S ° b0lcv spaces ’ Adams < 1975 ) and G‘lbarg and Trudinger 

,“** and co ' area form ulae of geometric measure theory are discussed in 
in thfr' * treatiSe (1969) ' 11 SCemed he ‘P ful t0 P rovide general co-area formula 
valiirH f Categ0ry in ordcr to see how much ‘1 contains, beyond the usual case of real- 
„ “ 8 I U ° nS - Wc present the f °™ula ^ Lipschitz mappings of R- R\ 
~n, in $ .2 below. The method of moving frames is discussed in Chavel (1994). 

■em andulr i " troductor y material on convexity (including the Hahn-Banach theo- 

leomeatrvn formula f ° r of ^daries) in Berger’s two-volume work on 

seometry (1987, Chapters 11,12). 
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Differential Geometric Methods 


In this chapter we present the differential geometric arguments. By their very 
nature, they presuppose a certain smoothness of the boundary. Our method will 
be to start with assuming that the boundary of the domain in which we are 
interested is C 2 , and then weaken the assumption to just C 1 . We extend the 
isoperimetric inequality to more general domains in the next chapter. 

We use classical arguments to show that if a domain provides a solution to 
the C 2 isoperimetric problem, then the domain is a disk. Then we strengthen the 
result a bit, to show that if the domain is just an extremal of the isoperimetric 
functional, then it must be a disk (see the definitions below). More specifically, 
we first introduce the standard local calculations of the differential geometry of 
hypersurfaces in Euclidean space, and the first variations of volume and area of 
domains and their boundaries under a 1-parameter family of diffeomorphisms. 
Then we give Almgren’s characterization of the solution to the isoperimetric 
problem, followed by Alexandrov’s characterization of an extremal for the 
isoperimetric functional. 

Thus, the C 2 theory yields a characterization of the minimum (should it 
exist) in its category. To prove the isoperimetric inequality for domains with C 1 
boundary, we present a proof based on Stokes’s theorem, following M. Gromov. 
The only drawback of the method is that, to characterize equality, one requires 
that the domain be also assumed to be convex. We solve this latter problem with 
Steiner symmetrization in the next chapter. 


II. 1 The C 2 Uniqueness Theory 

Riemannian divergence, etc.) relative to specific choices of local coordinates, 
standard arguments establish the invariance of these geometric quantities rela¬ 
tive to changes of coordinates. 


Assume T is given locally by the C 1 mapping x : G —► R" of everywhere 
maximal rank, where G is an open subset of R" -1 . Sox = x(u); and the vectors 

3x/3.... 3x/3«" _1 

are linearly independent and span the tangent space to T at every x(u). We let 
n(u) denote a choice of continuous normal unit vector field along T. When con¬ 
sidering a hypersurface T which is the boundary of a domain in R n , the choice 
for n will always be the exterior normal unit vector field - unless otherwise 
indicated. 

The Riemannian metric of T (that is, the first fundamental form) is given 
locally by the positive definite matrix G(u), where 

(II.!.!) G = (*!*)• g i k = ]£]"B k ’ j ’ k=l . 

We also use the notation 

G" 1 = (g jk ), g = det G. 

The associated surface area on T is given locally by 
dA = y/gdu l • ■du n ~ l . 


Definition Let ft be a bounded domain in R n , with C k boundary, k > 1. We 
say that ft is a solution to the C* isoperimetric problem if, for any domain D 
with C k boundary and volume equal to that of ft, we have A(3D) > A(3ft). 

Let ft be a bounded domain in R n , with C k boundary. We say that ft is a 
C k extremal of the isoperimetric functional if, for any 1-parameter family of 
C k diffeomorphisms <t>, : R" -»■ R" satisfying V(d>,(ft)) = V(ft) for all t, we 
have 


-A(<b,(3ft)) 

at 


= 0 . 


(sQ 


II.1 The C 2 Uniqueness Theory 
II.I.I The Variation of Volume and Area 
We first review the local calculations of classical differential geometry per¬ 
taining to an (n - l)-dimensional regular hypersurface T in R". Although 
we present the definitions of geometric quantities (such as the curvatures. 


Assume that T is a C 2 hypersurface in R" (so the Riemannian metric is C 1 ). 
For any tangent vector field 


K 3 Ui 
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along f, we have its Riemannian divergence (see §VII.2.1) given by 




3 WJg) 


with an attendent intrinsic Riemannian divergence theorem for (n - 1)- 
dimensional domains in T with C l (n — 2)-dimensional boundaries; namely, 
given an (n — l)-domain A CC T with C 1 boundary 3A, and unit normal ex¬ 
terior (r-tangent) vector field u along 3 A, then 

(II.1.2) [ div r CdV„_, = [ C 'VdV n . 2 . 

J A Jd A 

The second fundamental form of T in R n is given locally by 

d 2 x 

(n.1.3) B = (bj k ), hjlc = ' n > 7, 1. 


3 2 x 3 / 3x \ 

Jk ~ 8uJdu k ’ n ~ duJ \ 3«* ) ~ 


3n 3x _ 3n 3x 
duJ 3 m * 3 uJ 3 m * ’ 


that is, 


(II. 1.4) 


3n 3x 
Jk ~ - 3m7*3m*’ 


If £ = (Lj k ) denotes the matrix of the C-self-adjoint linear transformation 
associated with B , then 

C = G~ i B. 

The mean curvature H of V in R" is the trace of C, that is, the trace of B relative 
to G, given by 

H = tr G~ l B, 

and the Gauss-Kronecker curvature K of V in R" is the determinant of £, that 
is, the determinant of B relative to G, given by 

K = det G _1 B. 


We may think of n as a map that associates with every point x g r its normal 
vector n e S" _l - commonly referred to as the Gauss map 0 : T —► S" _l . The 
Jacobian linear transformation 0. of the Gauss map is then determined by 

3x 3n 

dui duJ 



Proof First, 




which implies 
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For the derivative of v /det (h]d, set H — (h }k ), H~ l = ( h jk ); then 

VdelH = ^ j VdeiH )‘ det H ■ H ~'' ^ ^ 

= l -Vd^HTh^ 

2 jX 31 

= Vd AJ '*rr*F7?- 

f\ui r\t 


that is, 
(II. 1.8) 


j-Vdet H = %/deTw V 
dr " 3«* dnr dr 


Set r = 0; then rj(«) = (3y/3r)(«, 0). Write 


E / 

” 53 + * n 


along f. Then (II. 1.8) implies, for r = 0, 


T^Vdet W = VdetC 
3r rr* 3«* dn-' 


To calculate in more detail, one has 


3r? _ yl ( dr) ( 3x 


d>T dx * d 2 x 1 30 3 n 

3w' 3 k* ^ 3k'3k* I 3m-/ 


which implies, since n is perpendicular to 3x/3k* for all k = 1,..., n — 1, 

V g J k —.^L 

^ 3 u k 3 ui 


Y - ' 3x [ 3>j* 3x , 3 2 x | 3n \ 

\Sl 3u13ut + n3ut3uj 1 + j 

= y g * g JJL +y gj*„t*L.-£L- +y * g j*ll. 15 . 

4 -. + 4 ^« *• a u * a u ra u y + 4 ^ ^ a„* a„/ 


E dq 2 V~* i ^ /.__idG\ v~* ^ 


= y. J_3(^yg) + y yt jx Jn 
y VI yj* 3«* 3«^ 


= div r rj r - 0//. 
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Therefore, 

^A(< I>,(r)) = f {div r if - Hrj'n] dA. 

at t =o Jr 

Then the intrinsic Riemannian divergence theorem (II. 1.2) implies (since T is 
closed, with no boundary) the second equality (II. 1.7). ■ 


11.1.2 Uniqueness of a Solution to the C 2 Isoperimetric Problem 

Let £2 be a bounded domain in R", with C 2 boundary T. Recall that the nor¬ 
mal unit vector along T is outward. Thus, if £2 were convex, then the second 
fundamental form B would be negative semidefinite. 

Theorem II. 1-2 Assume that £2 is a solution to the C 2 isoperimetric problem, 
with volume of £2 equal that of the unit n-disk in R". Then the mean curvature 
H of T satisfies 

-H <n- 1 

on all of f. 


Proof Consider the isoperimetric functional 


J(D) = 


A(3D) 

V(£))l —1/« 1 


where D varies over bounded domains in R" possessing C 2 boundary. Let 
d>, denote a 1-parameter family of diffeomorphisms of R", with associated 
time-dependent vector field X = X(x, t) (as in the proof of Theorem II. 1.1), 
£(■*) = X(x, 0), rf = £|r. Then direct calculation implies, by (II.1.6), (II. 1.7), 
and the fact that £2 is an extremal of the isoperimetric functional. 


°= -7(<1>,(£2)) 


i HT, " iA + G " 0 1 ” 


which implies 


(II i 9 ) / Hn-ndA _ n- 1 A(D 

/ rfndA n V(£2) 

(both integrals are over f). But since V(£2) = and £2 is a solution of the 
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isoperimetric problem, then A(D < c._ lt which implies by (1.1.3), 


(II. 1.10) 


/ Hrj-ndA 
f r/-n dA 


<n- 1 


(both integrals are over T). 

For any u>o e T, let tf> be a nonnegative C°° function compactly supported 
on a neighborhood of wq in R", and choose 


X(x, t) = 


(so this particular vector field is time-independent). Then by picking with 
sufficiently small support about w a one obtains from (II. 1.10) that -H(w 0 ) < 
n — 1 , which is the claim of the theorem. ■ 


Remark II.1.1 The argument of the last paragraph, applied to (II. 1.9), implies 
that H = const., namely H = (n — l)A(T)/n V(£2). 


Theorem 11.13 Assume £2 is a bounded domain in R", with C 2 boundary T, 
and n the exterior normal unit vectorfield along T. Assume the mean curvature 
H of T satisfies 

— H<n — 1 


along all of T. Then 

A(D > Cn-u 

with equality if and only «/£2 is an n-disk. 


Proof Start with £2 = £2 U T, and let C denote the convex hull of £2, E = 3 C 
the boundary of C. 

Letu; g £\(£ n T), n a supporting hyperplane of C at to. (See Figure II. 1.1.) 
Then there exists an x g n D (£ n T) (if not, then C would not be the smallest 
convex set containing £2), which implies (a) n is the tangent hyperplane to T 
at x, and (b) the line segment wjc is contained in II. These two imply that n is 
the unique supporting hyperplane to C at every point of wx, except possibly at 
w. If n were not the unique supporting hyperplane of C at w, then E would 
have a conical singularity at w, which would imply that C is not the minimal 
convex set containing £ 2 . Therefore, every point of E has a unique supporting 
hyperplane, that is, E is everywhere differentiable. 
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Figure II. 1.1: The supporting hyperplane at x. 


Since £ is convex, everywhere differentiable, then every point of £ has a 
unique exterior unit normal vector, and the Gauss map 

0 : £ —► S" -1 

that takes every point of w e £ to its exterior unit normal vector n(iu) is well 
defined. The Gauss map is onto; furthermore, the Gauss map restricted to 
£\(£ n T) adds no new points to the image in S" -1 that are not already in 
the image of £ n T, namely, 

0(£\(£nr))c®(Enr). 


Therefore, to calculate the image of the area of the Gauss map, that is, the area 
of S" -1 , we restrict the integral to £ fl I\ 

In a coordinate system on T, as described in the calculations above, the 
Jacobian transformation of 0, 0», is given in local coordinates by the linear 
transformation described by — G~ l B [see (11.1.5)]. For points of £ n r we 
have —B positive semidefinite, which implies, by the arithmetic-geometric 
mean inequality, 


Cb_i = / det (-G~ l B)dA 
Jznr 

<f 

Jznr l n — 1 J 

Jzn r \t ~ 1 / 

< A(£nr) 


dA 


< A(D, 


which implies the inequality. 

If we have equality, then £ = r. Also, we have equality in the arithmetic- 
geometric mean inequality, which implies all points are umbilics (that is, G~ l B 
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is a scalar matrix at every point of T), which implies -G l B is the identity. 
Therefore (II. 1.4) implies there exists a constant vector b such that 

n = x — b 


on all of f. Thus 


|x-b| = |n| = 1, 


which implies f is a unit sphere. 


II.1.3 Uniqueness of an Extremal of the C 2 Isoperimetric Functional 

Theorem II.1.4 Let SI be a bounded domain in R", with C 2 boundary, that 
is an extremal of the C 2 isoperimetric functional. Then 9f2 has constant mean 
curvature. 


Proof Use the notation of Theorem II. 1.1, and set 

<t> = r}-n. 

If £2 is an extremal for the isoperimetric functional then, for any choice of 
vector field X for which 

V(4>,(£2)) = const. V t, 



We now write the equation for H as a second order elliptic quasilinear partial 
differential operator of divergence form. We assume the hypersurface T is given 
in nonparametric form, that is, the equation is described by 

x n =<l>(x' .x"- 1 ), 4>eC 2 , 
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over some domain inR" -1 . So, in the parametric language, 

x j =u j , 7 = 1 .n- 1 , x"= 0 («‘.“"“*)• 


3x 30 . , -grad w _,0 + e n 

3^7 ~ tj + dul tn ' J .” ’ yi + |grad._,0p 


3 u J~ tj+ duJ n ' J . yi + |grad n _j0|^ 

(where grad,., denotes the gradient in R""'), from which one calculates the 
metric tensor 

30 30 

8}k = &jk + 3^7 3^* ’ 


which we write as 


Note that 


which implies 


30 30 

G = l + A, A Jk - ^7 3 tt * • 


A 2 = |grad n _|| 2 A, 


G 1 = / - 


1 + |grad„_,| 2 ' 


<J> = v /l + |grad„_ 1 | 2 , S Jk - 
Then for the second fundamental form we have 


duidu k 


3 2 x 3 2 0 . „ 

so B = 4> _1 S. Then // = trG _1 B implies 

H = 4> _1 tr({/ - 4> _2 A}S). 

In what follows in this section (only), we substitute the notation V for grad„ _ i 
Suppose we are given two fixed hypersurfaces 

jt" = d>{x\...,x n ~ l ), 0 € C 2 , xT =0(jr',...,x"- 1 ), 0 e C 2 , 

over some domain in R" -1 . Set 

<p = y/l +|V0| 2 , ♦ = y/1 + IV0I 2 , 

and let //*, //* denote the mean curvatures associated with 0,0, respective!) 
Similarly, we use the notations G$ and G*, A# and A*, <S* andS*, to indicat 
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the quantities on each of the surfaces. Then direct calculation implies 

Hi-H+ = 4>-'tr(/ - <!>-%) +(<J>-' - 'I/-')tr(/ - <!>-%) S* 

- ♦-'(♦" 2 - 4> -2 ) trA*S* - ♦- 1 4>- 2 tr(A f - A+'lSf. 


|V0| 2 - |V0| 2 = V(0 - 0>V(0 + 0), 


which implies 


eh -1 - = - 


V(0 + 0) 

sb 2 * 2 ^ + ♦) 


•V(0 - 0) 


, , V(0 + 0) 


tr(A* - A*)^ = ^ (3j03*0 - 3>03*0)5y* 

;.*= i 

n—1 

= X! K3y0 - 3y0)3*05;t + 3y0(3*0 - 3*0)5y*} 

j.k=l 

= V(0 + 0)5-V(0 - 0), 

where V(0 + 0) is written as a row vector. 

Therefore there exist a vector field B on R" -1 such that 

H+ - H+ = .4(0 - 0) + B*V(0 - 0), 

where the operator A is given by 


Aw — 4> *tr(/ — 4> 2 A^)S w 


We immediately have 


Lemma II.l.l Consider the hypersurfaces in R" “ 1 determined by the functions 
0 and 0, define A and B as above, and assume the two hypersurfaces have 
identical mean curvature. Consider the second order linear elliptic differential 
operator on R" -1 given by 

L w — Aw + B-Vu;. 

Then the function w = 0 — 0 satisfies the second order linear equation 


Lid = 0. 
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Theorem II.1.5 Let SI be a bounded domain in R", with C 2 boundary T, and 
assume V has constant mean curvature. Then SI is an n-disk in R". 

Proof Set a: = ft = ft u r. 

Fix any unit vector £ g S' 1-1 , and pick Euclidean coordinates in R n so that 

inf x" = 0 

X€K 

(where x n is the nth coordinate of jc). Then there exists w a g T n {R" _1 x {0}} 
with tangent plane of T at w a equal to R" -1 x (0). 

For each real a let n o denote the hyperplane 

n„ = R"- 1 X {a}, 

and set 

K- = K n {x n < a}, K+ = K n {x n > a}, 
r; = rn{x"<a}, r+ = rn{r"> a}. 

Let 

rfl K a = reflection of K~ in n o , 
rfl = reflection of r~ in n o . 

(See Figure II. 1.2.) Then for sufficiently small a > 0, r~ has a nonparametric 
representation over n a , and 

rfl K~ c K+. 

Set 


P = sup {a 0 : rfl K a C K+ V a < a 0 }. 



Figure II. 1.2: The reflection in n„. 
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Figure II. 1.3: Possibility (a). 

Then one has two possibilities: 

(a) There exists u>i g rfl TJ n in which case rfl rj and are tangent at 
u> ( . (See Figure II. 1.3.) 

(b) There exists u >2 € T n such that the tangent hyperplane to r at tt >2 is 
perpendicular to . (See Figure H. 1.4.) 

In either case (a) or (b) one may introduce Euclidean coordinates y = 

(y 1 . y n ) in R" about w - which is either uii or tt >2 as the case may be - 

so that and rfl TJ are described by 



Figure II. 1.4: Possibility (b). 
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satisfying 

4 >( w) = ^(W) = 0, V0(w) = V^r(w) = 0. 

[so W = (w, 0)]. Thus, the hyperplane y n = 0 is the tangent plane of the two 
hypersurfaces at w. In case (a) we have tf> and if/ defined on some open set 
U c R" -1 about w, with 

4>>i// on U, 0(w) — ^(w). 

The strong maximum principle (Proposition 1.3.9), applied to Lemma II. 1.1, 
then implies <p = ijf on a neighborhood of w, and therefore on all of U. Thus 
K is symmetric with respect to n^. Similarly, in case (b) we have 0 and \jr 
defined on an open set U in R" -1 with w g dU, and 

_ _ 3 d> dil/ 

on U, 0(W) = ^(w), -— = -— , 

ovu w ovy g? 

where vu denotes the exterior normal (with respect to U) unit vector at w. 
Again, the strong maximum principle implies 0 = x// on all of U. Thus K is, 
again, symmetric with respect to n^. 

We conclude that given any £ g S" _l , then K is symmetric with respect to 
some hyperplane perpendicular to (. But then Theorem I.3.S implies dK is a 
finite union of concentric spheres. Since the mean curvature is constant on all 
of f, one concludes that K is a closed disk. ■ 


II.2 The C 1 Isoperimetric Inequality 

We first establish the equivalence of the geometric isoperimetric inequality on 
R" to an analytic L 1 -Sobolev inequality. 



where / varies over C“(R"). 


11.2 The C 1 Isoperimetric Inequality 45 

Theorem II.2.1 (The Federer-Fleming Theorem) The isoperimetric and 
Sobolev constants are equal, that is. 


(II.2.1) 


3 = 6. 


Proof Let £2 be any bounded domain in R n with C 1 boundary. For sufficiently 
small ( > 0 consider the function 

1 , x g £2, 

/«(*) = l-(l/e)d(x, 3£2), x g R" \ £2, d(x, 3£2) < €, 

0, x g R" \ £2, d(x, 3£2) > (. 

Then f ( is Lipschitz for every €, and (by Theorem 1.3.3) we may approximate 
f ( by functions 4> ( j g C“(R") for which 

Mtj ~ -*■ 0, ||grad0 t ,y - grad/ t ||, -► 0 

as j oo. One has 

_ ||grad/ t ||, 


H/tlU/(»i—i) 


One checks that 


lim f \f ( \ n,{n - l) dV = V(£2). 

<1° Jr. 


Igrad/, 


Hi* 


xgR"\£2, d{x, 3£2) < e, 
otherwise, 


which implies 


lim / Igrad f ( \dV = lim 


V({x £ £2 : d(x, 3£2) < €)) 


= A(3£2). 


s<1 . Ilgrad/;||i _ A(3£2) 

V(£2)'-'/« 


for all such £2, from which we conclude 

6 < 3. 

It remains to prove the opposite inequality, that is, 
(n.2.2) j |grad/|dV > 3 | jf |/|"/<- , >rfvJ 
for all / g C c °°(R"). 
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Lemma II.2.1 Given any 0 e Cf > (R n ), then 

(II.2.3) Igrad |0| | = |grad0| 

almost everywhere on R". 


Proof On the open set {0 > 0} wehave|0| = 0 , and on the open set {0 < 0}we 
have |0| = -0, and (II.2.3) is certainly valid. Also, {0 = 0} n {grad0 ± 0} is 
an (n — l)-submanifoldof R", which implies v „({0 = 0} n {grad 0 ^ 0}) = 0. 

It remains to consider what happens when 0 = 0 and grad 0 = 0. Set, for 
any e > 0 , 


/0 2 + e 2 . 


Then 0 f —> |0| as e 10, and grad 0 f -*■ ±grad 0 as f 10 when 0 ©(depend¬ 
ing on whether 0 is positive or negative at the point in question). When 0 = 0, 
then grad0 C = 0; therefore grad 0 f —> grad0 when 0 = 0 and grad0 = 0. In¬ 
tegration by parts implies grad 0 f converges to the weak derivative of | 0 | in 
W 11 , which is grad | 0 |. ■ 


Proof of (II.2.2) Given / g Cf^R"), let 


n<o = ix : i/i&o > /), va) = vcnco). 

Then the co-area formula (Corollary 1.3.1) implies 

f \gndf\dV = [°° A(\f\~ l [t])dt >3 rV(t) l ~V n dt, 
J R" JO Jo 

and, by Cavalieri’s principle (Proposition 1.3.3), 

f |/r /( "-')dV = —^— / t' /(n ~ n V(t)dt. 

Jr• n — 1 Jo 

So to prove (II.2.2) it suffices to show 

f°° f n f°° | 1—l/n 

(II.2.4) J V(t)'~ i/n dt > \-—^J r 1/ <"- 1) V(r)£fr J 
To establish (II.2.4) set 

F(j) = j V{t) l ~ Um dt, G(s)= jf f 1/(B_1) V(r)drJ 


F(0) = G(0); 
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second, since V(j) is a decreasing function of j, we have 

G\s) = ^ { j‘ r 1 /( " _,) V(r)dr J _,/ "s 1 /*"-'*V(j) 

< ,/n {J -l/ ”j ,/< "- ,) v , (j) , - ,/ '* 

= vco 1 - 1 /" 

= F’(S). 

Then (II.2.4) follows immediately. ■ 

Theorem II.2.2 (Isoperimetric Inequality for C 1 Surface Area) Let SI be a 
bounded domain in R", with C 1 boundary 3G. Then 

(II.2.5) > n(o„ i/n = A(Sn l) 

V(fl) 1 - 1 /" - " V(B«)<-i/«‘ 

Proof By the Federer-Fleming theorem (Theorem II.2.1), it suffices to show 
that 

( n - 2 - 6 ) f Igrad/I dV > nu;„ 1/ "||/|| n/ ( n _ I) 

for all / g C~(R"). 

Set C = [0, 1 ]", the unit n-cube in R". To prove (II.2.6) we first consider, for 
any nonnegative function p g C^R"), the maps u J : R" -► [0, oo) defined by 

u j (x) = f d$ J f fi(x l . x J ~\?' +1 ,.... S m )d& +1 ■ ■ d$ n , 

J-oo Jr-/ 

7 = 1. n, and the function r) : R" -► C defined by 

sb£*' L m *' .. ■ d( '- 

Then 17 = (rj 1 . r) n ) maps R" onto C, and 


3 r\J u J 


n J =r, J (x l .*>), ^y = — 

dxJ u> 


[where we set u" +i (jc) = p(x)l which implies 

det J„(x) = ]~[ ^-( x) = p(x)dx J p.(x), 

where Jr} (x) denotes the Jacobian linear transformation of 77 at x. 
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The best way to appreciate the mapping is to interpret it when ft is a bounded 
domain in R" with C 1 boundary, and (i = In, the indicator function of the 
domain ft [despite the fact that, in this case, p £ C^R")]. Then 

«'(*) = v fl (ft) 

,, x v„(ftn{£ eR" <*'}) 

” M = -- ■ 


U 2 (x) = WftnteeR" = *'}), 

2 = V-Uftntf eR" :$' =**, ? <* 2 }) 

r,{X) v^ftntf e R" :*'=*■}) 

and, more generally. 


u*(x) = v„_, + i(ft n « : f 1 = x‘, .... = jc>-‘}), 

j(x) = v-y +1 (nn(^ =x>. <xl}) 

v„_ ;+1 (ft n {£:£>= jc>,... ,*>-' = 


(See Figure n.2.1.) 

If ft is convex, then rj € C‘(ft) n C°(ft), and Jrj(x) extends to a continuous 
matrix function on ft. A special case is ft = B n , in which case we denote 17 
corresponding to T& by 4>. Then 4>|B ' 1 : B" —> C is a diffeomorphism, with 

det U — a;* -1 . 

We return to the general p € Cj(R"), set 

C = 4> _i oj7 : R" -> B", 



Figure II.2.1: When /1 = Z^a. 
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and think of C as a vector field on R" with |CI < 1, as well as a ma pping Q f R" 
onto B". Then 


(11-2.7) 


l*(x)dx u> H p(x) = det J^(x) < 1 (*) 


by the arithmetic-geometric mean inequality. 

To apply the above, given any nonnegative f e C£°, consider 


p, = /' l/( " _1) — /*i) _ fn 1 /"' 


Then (II.2.7) implies 


fx(x) = f(x)p(x) l/n 

< |nw, I/ "r l jjf /ij (/divC)(x) 

ll/lln/tn-l ) 1 ^- 0 fJ . „„ 

=- —i~n -/C - grad /<}(*), 


which implies 


(11.28) ll/ll,,,,.,, v*f<dV tend f\dV. 

which implies (II. 2 . 6 ) for / > 0 . 

Forarbitrary/ e C l c , let (;,) be a mollifieron R" and set F ( = j ( * |/|.Then 
(II. 2 . 8 ) implies 

ll^lln/(«-i) <—^ 7 |gradF < |dV. 

J R» 

Let e 4- 0 ; then, by Lemma II. 2 . 1 , 

/„ to*m\dV = ^ jf_ \v*f\iV. . 

To consider the case of equality in (II.2.5), we consider, more closely, what 
happens when p — I a , for the bounded domain ft with C 1 boundary. But we 
mus^ assume t ^ iat fi w convex to guarantee that the mapping { e C‘(ft) n 
C (ft), and to guarantee that J((x) extends to a continuous matrix function 
on ft. First, we repeat the argument for the inequality. For all x e ft, (II.2.7) 
implies 


(11.2.9) 


V(ft)>/« 
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which implies, by the standard divergence theorem. 


(II.2.10) V(£2) < 


V(n) [/ " f 
nw,'/" Jin 


/ C -vdAZ-^rj-AOQ), 
J»n nu> H l ' n 


which is the original version of the isoperimetric inequality. 

If we have equality, then we have equality in (II.2.7) and (II.2.9) - which 
implies 


(II.2.11) 


3£i _ 

3 x> ~ V(£2) 


, j = \,...,n. 


on all of £2; and we have equality in (II.2.10) - which implies 


(II.2.12) 


l 

- u " 

1 “ V(O) 


on all of 3£2. For convenience we assume V(£2) = so u ;*/ V(£2) = 1. 

From(II.2.11) we conclude, since ^ = < j (jc 1 ,..., x>), that 

$ s = x j + a ; (x',..., x J ~ l ) 

for all j = 1. n (for j = 1, a 1 = const.). On the boundary of £2 we have 

(since C|3£2 : 3£2 ^ S"- 1 ) 

i =l 




From (n.2.12) we conclude that there exists a constant k (depending at most 
on the point of the boundary of £2) such that 

k=j +1 

for all j = 1. n. From the case j = n we have k = 1 for all f ± 0, which 

implies 

l 3a* 

> £* — =0 
i—i * ArJ 


for all points of 3£2 for which f^ 0. 
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Fix* 1 ,.. .,x n ~ 2 . Then 


which implies that the locus [x T = const. r : t = 1, ...,n - 2} n 3£2isacircle. 
Thus the intersection of any 2-plane with 3 £2 is a translate of a circle on the 
sphere. Thus the intersection of £2 with any 2-plane is a 2-disk of radius less 
than or equal to 1. 

Now the map ( takes £2 onto B". Therefore there must exist at least one 2- 
plane for which its intersection with £2 is a 2-disk of radius equal to 1. Pick two 
antipodal points m i and m 2 on the boundary of this 2-disk of radius equal to 1. 
Then for any 2-plane through m 1 and m 2 the intersection of this new 2-plane 
with £2 is a 2-disk; since this new 2-disk contains m\ and m 2 , it must also have 
radius equal to 1. We conclude that for every 2-plane through mi and m 2 the 
intersection of the 2-plane with £2 is a 2-disk with radius equal to 1. But then £2 
itself is an n-disk of radius equal to 1 and center at the midpoint of m 1 and m 2 . 

II-3 Bibliographic Notes 

§11.1.1 The calculations of this section are classical, and one can find the necessary 
background in the standard books. Nowadays, it is not fashionable to do the calculations 
in local coordinates, but for a hypersurface in R" they are still extremely useful. 

§11.1.2 The paper of F. Almgren (1986), on which this section is based, is far more 
ambitious than the result presented here. In fact, our formulation constitituted only 
the heuristic for his results. Almgren starts with a (* - 1 )-dimensional submanifold T 
(not necessarily a hypersurface) of R", k <n, and then seeks a /(-submanifold £2 with 
boundary T that minimizes ^-dimensional measure among all /(-submanifolds bounded 
by T. For the pair (£2, T), he then proves the 1-dimensional isoperimetric inequality. 
The first version of this theorem (the isoperimetric inequality for minimal surfaces) goes 
back to Carleman (1921). But Carleman’s theorem assumes the existence of the minimal 
surface, and that it is topologically a disk. Here, the existence must be proven as well. 
Since it is known that one cannot expect (in sufficiently high dimensions) an everywhere 
smooth area-minimizing submanifold £2 spanning T, one must broaden the competition 
of submanifolds £2 to more general geometric objects. But then one can include more 
general T. We also note that methods are sufficiently powerful to yield characterization 
of equality in the isoperimetric inequality, namely, it is realized if and only if T is a 
(k ~ l)-sphere bounding a l-disk £2. 

§11.1.3 Our proof of Alexandrov’s theorem (Theorem II. 1.5) follows his original 
(1962). A subsequent analytic proof was given by Reilly (1977). A more recent proof 
was given in Ros (1988); see the presentation in Oprea (1997), Chapter 4. Earlier results 
can be found in Liebmann (1900) and Hopf (1950). 

§11.2 Federer-Fleming theorem was first proven independently in Federer and 
Fleming (1960) and Maz’ya (1960); and the isoperimetric inequality for C 1 surface 
area is from Gromov (1986), based on an idea of Knothe (1957). 
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In this chapter, we take some first steps in geometric measure theory, namely, we 
consider general compact sets, irrespective of the smoothness of their bound¬ 
aries; and our prime method for proving the isoperimetric inequality for them 
(after we give suitable definitions of the area of the boundary) is by Steiner 
symmetrization. The symmetrization argument has great appeal to geometric 
intuition (although its first presentation by Steiner was incomplete), so we work 
with it in some detail. There are many other symmetrization schemes (see the 
bibliographic notes at the end of the chapter); but Steiner symmetrization lends 
itself, especially in the case of Minkowski area, to very simple arguments for 
the isoperimetric inequality. Moreover, we are able, in the case of C 1 2 boundary, 
to stay within the arguments of Minkowski area and Steiner symmetrization to 
characterize the disk as the only case of equality. The argument of this last char¬ 
acterization seems to be new, albeit unnecessary - because we shall characterize 
equality in the more general setting of finite perimeter. However, it is a useful 
preparation for the general argument Also, the C 1 isoperimetric inequality suf¬ 
fices to prove the Faber-Krahn inequality (§111.3 below) with characterization 
of equality. 

There are two types of possible definitions of areas of the boundary dK of 
an arbitrary compact set K: 

1. The area of 3 A' views d/if as asubset of R n without, necessarily, any reference 
to K. Two examples are the (n - 1 )-dimensional Riemannian measure of a 
C 1 hypersurface of R", and the (n — 1 )-dimensional Hausdorff measure of 
any arbitrary subset F of R" (to be considered below in Chapter IV). In each 
example, the two definitions are simply applied to dK. 

2. The second type of definition of area is a functional defined on the collection 
of compact subsets of R n , which assigns to each compact subset a num¬ 
ber meant to describe the area of its boundary. The examples we consider 


III. I The Hausdorff Metric on Compacta 

below are Minkowski area and perimeter. Our most general formulation 
of the isoperimetric inequality for compact sets uses perimeter instead of 
Minkowski area; and we are able, in the category of finite perimeter, to char¬ 
acterize the case of equality. So, for us, this will be the optimal solution to 
the isoperimetric problem. 

Practical differences between Minkowski area and perimeter include the 
following: 

1. The perimeter functional is lower semicontinuous with respect to conver¬ 
gence of indicator functions in L l , whereas no such semicontinuity exists, 
in general, for the Minkowski area functional with respect to Hausdorff con¬ 
vergence of compact sets. Nevertheless, one does have a restricted version 
of lower semicontinuity for Minkowski area (see the end of the proof of 
Theorem IU.2.8 below). 

2. It is possible for a compact subset of R" to have n-dimensional Lebesgue 
measure equal to 0 but its boundary to have positive Minkowski area, which 
is not the case with perimeter. 

3. Minkowski area has no natural localization for a relative neighborhood in the 
boundary (but see a partial attempt in the proof of Theorem III.2.4), whereas 
perimeter does. 

4. Finally, the isoperimetric inequality for perimeter is sharper than the isoperi¬ 
metric inequality for Minkowski area. 

We note that a third example of the first type of area is the (n - \)-dimensional 
integral geometric area IGA n ~ x {F) of a subset F of R", given by Corollary 
1.3.4, 

/GA"“‘(F)= f 9 d Pn-i (Ojf ± card(Fnp~‘[y])dv n _i(y), 

where denotes projection onto the hyperplane But we do not go into any 

details here. 

I1L1 The Hausdorff Metric on Compacta 

Definition Let (X, d) be a metric space. For any compact subset K of X, define 
the circumradius of K, r(K), by 

r(K) = inf {p > 0: K c D(x; p) for some x e X}. 

Notation (Recall.) D{x\p) denotes the closed n-disk in R" of radius p, and 
centered at x. 
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Notation (Recall.) Let (X, d) be a metric space. For any subset A in X, and 
c > 0, [Al, denotes the e-thickening of A, defined by 

[A], = {x € X :d(x, A) < c}. 

Remark IH.1.1 If A c [B] r and B c [C] t , then A c [C],+«. Also, if K is 
compact, then 

k =n [x],. 

«>o 

Definition Let X denote the collection of compact subsets of X. Given E and 
F in X, define their Hausdorff distance , 8(E, F ), by 

8(E, F) = inf{c >0:£c[F]«, F C [£]«}. 

One checks that (£, F) t-r 8(E , F) satisfies the axioms of a metric space. 

Lemma m.1.1 Let X bean arbitrary metric space. Then the functions 
K r(K), K »-► diam K 

are continuous on X. 

If p is a positive measure on X that is finite on compact subsets, then 

K p(K) 

is upper semicontinuous on X, that is, 

limsup p(Ej) < /i(lim Ej) 
for any convergent sequence ( Ej) in X. 

Proof If c > 0, and E, F e X satisfy S(£, F) < c, then, for any x e X and 
R > 0 for which we have E c D( x\ R), we must also have F c D( x; R + c). 
This implies 

r(F) < r(E) +c. 

By switching the roles of E and F, we obtain 

|r(£)-r(F)| <c, 

which implies the claim for the circumradius. 

Similarly, if E, F e X, and E C [F]«, then 

diam E < diam [F]* < diam F + 2e. 

One easily has that 8(E , F) < c implies |diam E — diam F| < 2e. 


lll.l The Hausdorff Metric on Compacta 

If Ej -*■ E, then, given any c > 0, we have Ej c [£]< for sufficiently large 
j, which implies fi(Ej) < /i([F]«) for sufficiently large j, which implies 

limsup^(Fy) < p([E] ( ) 

for all c > 0, which implies the claim. ■ 

Theorem IU.1.1 (Blasehke Selection Theorem) Assume that ( X, d) has the 
property that closed and bounded subsets are compact. Then X, the space of 
compact subsets of X, is complete. Furthermore, if X is compact then X is 
compact. 

Proof Let (Ej) be a Cauchy sequence in X. Then consider 

OO 00 

F = n cl U £ - 

;=i 

We claim that Ej converges to £ in the Hausdorff metric. 

The Cauchy hypothesis implies that 


i>j 

is bounded for each j, which implies that 

ci |J £' 

>>i 

is compact for each j, which implies that £ is nonempty compact. 
Given c > 0, there exists N e > 0 such that 


8(Ej,Ej) <c V i, j > N ( , 


which implies 

cl 1J £, (![£,]< Vj > N ( , 
‘>j 

which implies 


£c[£ ; ] t V y > N ( . 


To prove that 


Ej C [£], 


Vj>N ( , 
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we argue as follows. If x € Ej, then x e [£;]* for all i > j, which implies 

jc € |J [£:,!, = U v *-'- 
i>* Ui* J« 

which implies that for each k > j there exists y k e Ui>* E < such that y k ) < 

c. Since (>*) is a bounded sequence, it has a subsequence converging to some 
point jc 0 . Since y t € U,>* E < for a111 ^ k > we have *o € cl (J/>* E < for aH 
k > j, which implies x 0 e E, and d(x, *o) < c, which implies 

* e [£]«. 

Therefore X is complete. 

Assume X is compact. Let (£;) be a sequence in X, all Ej pairwise distinct. 
Given c > 0, there exists a cover of X by open metric disks i = 

1,..., M . Then there exists at least one subset 

{X(|, . . • , Xi t | ^ {jCi, . . . , Xu } 

for which the cardinality 



Then, for each such E s we have 

i 

E s C (J B (■*/»'•«) c 

Set £,;<) = E, i, the original sequence. Assume one has the subsequence (Ej- N ) 
of (£ f ). Pick the subsequence (£ i: *+i) of (£ f; *) by applying the above argument 
to (£,■;*) with c = 1 /(N + 1). Set 

(n+I t 

Gn+1 = u *(*«*+.; »/(* + !))• j 

*=i j 

Then 1 

£,;*+! C G n+ i C [Ei;tf+ih/(tf+i). 


which implies 


2 

&(.Ei; N+ 1, G*+i) < N + j , 
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which implies 

HEf,N+ i, E j;N+ 1) < — 4 - 
N + 1 

for all i, j. Set F N = E N , N . Then 

&( f n, E N’) < . -, 

mm {IV, N'} 

which implies (F*) is a Cauchy sequence, which, by completeness, has a 
limit. H 


Let (X, d) be a metric space such that closed and bounded subsets of X are 
compact. Then for each compact K c X there exists jc 0 e X such that K c 
D(xo; r(K)), where r(K) denotes the circumradius of K. We refer to this closed 
metric disk as a circumdisk of K, and denote it by D K . In Euclidean space R", 
D k is unique. 

Lemma III.1.2 Assume also that p, is a positive measure on X, and that 
( X . d, fi) is homogeneous with respect to the metric and measure, that is, for 
every x, y € X there exists a bisection <p: X —*■ X, preserving the distance d 
and the measure p, and taking x to y. 

Given K € X, define 

M(X) = {F e X: /z(F) = p(K), fi([F] ( ) < MIKM Vc > 0}. 

Then there exists E e M(AT) such that 

r(E) — min r(F). 

FeM<*) 

Similarly, given K e X, define 

N(X) = {F e X: p.(F) > fi(K), diam F < diam K}. 

Then there exists E' e N(AT) such that 

r(E') = min r(F). 

FeH(K) 

Proof Because we wish to minimize r(F) in both statements of the lemma, 
it suffices to consider only those F e X for which r(F) < r(K). Furthermore, 
because of the homogeneity of the metric and measure, it suffices to consider 
only those F contained in D K , a circumdisk of K. Let 

H = {F e X:F c D K }. 

"Then we already know that H is compact. 
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In the first statement of the lemma, we let 

Mo(A-) = HnM(A-). 


a = inf r(F) = inf r(F). 

FeM(K) FeMo(K) 

There exists a sequence (F ; ) in Mo(X) with r(Fj) -> a as j -*■ oo. Since 
Mo(tf) C H, there exists a convergent subsequence £*-»■£,£ e H. By the 
continuity of F r(F), we have r(E) = or. Therefore, it suffices to show 
E € M(X). 

Since p{E k ) = p(K) for all k, we have p(K) < p(E). Given any c > 0, 
there exists J > 0 such that j > J implies 


E C [£;]*, 


which implies 


[£]* C [£,]<+* 

for all h > 0, which implies 

fi([E ] A ) < fidEjl+H) < MIKUh)- 

Thus, 

M([£]*) < Wa) 

for all c, h > 0. First let c -*■ 0 and then h -*■ 0. One then has £ € M(K), 
which implies the first claim. 

In the second statement of the lemma, we let 

N 0 (K) = H n N (AT). 


B = inf r(F) = inf r(F). 

^ FmK) F<eNo(K) 

Since H is compact, and N(K) is closed, we conclude that N 0 (F) is compact, 
and the second claim follows from the continuity of the functions F r(F) 
and F -*■ diam F. ® 


III.2 Minkowski Area and Steiner Symmetrization 
Definition Given a compact subset K of R", we define its Minkowski area 
Mink (A") by 

Mink (K) = liminf-r-• 

v h 
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Remark III.2.1 Note that K >-*■ Mink(F) is a functional defined on the col¬ 
lection of compacts sets K — not on the boundary of K. 

Remark III.2.2 When n = 1, then 

(111.2.1) Mink(/if) = 2 + 2(card (components of R \ K] — 2). 

In particular, the Minkowski area of a point x 0 is 2, at the same time that 

vi({* 0 }) = 0. 

Remark III.2J When K is the closure of a domain S2 in R", withC 1 boundary 
312, then it is a standard exercise in differential geometry that 

(111.2.2) Mink ( K ) = A(312), 

where A denotes the standard Riemannian (n - l)-dimensional area. 

Definition Let X = R", X the collection of compact subsets of R" with 
Hausdorff metric, and n a hyperplane in R". 

For every x e R", let l x denote the line in R" through x that is perpendicular 
to n. For every compact subset K of R" define the Steiner symmetrization of 
K with respect to n, stn K, by 

st n K = (J [w] x l w , 
wen 

where l w denotes the closed interval in R, 

I w = Owl a w = ^v,(m K). 

So v,(/ w ) = v,(r D K). (See Figure ni.2.1.) 

1 • One verifies that stn K is compact if K is compact. 

2. Also, since 

(III.2.3) y„(K)= f v t (i w n K)dy„_i(w), 

J n 

we have 

(I11 ' 2 4 ) v„(st n K) = y„{K) 

for all K € X. 

3- If t is a translation of R", then st r(n) (AT) = T (st n ( K )). 

Lemma ffl.2.1 Let K e X, and assume K ^ D K . that is, K is not equal to 
its circumdisk. Then there exist a finite number of Steiner symmetrizations in 
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Figure in.2.1: Steiner symmetrization. 


hyperplanes n i,... n* such that 

r(stn, o-• o stn 4 K) < r(K). 

Proof The proof of the lemma rests on the following fact: Given a closed 
n-disk Din R\ with boundary (n - l)-sphere S. Let o denote the center of D, 
and n a hyperplane through o. For x e D, let {xi, * 2 } = t x C\S. Then given 
c > 0, there exists 5 = 5(c; FI) > 0 such that 

D \ st n (D \ B(jc; c)) D B s (xy ; 8) U B s (x 2 -, 8), 

where B s denotes the spherical cap in 5 with indicated center and radius. (See 
Figure m.2.2.) That is, if we remove a disk in D of radius c centered at x, 
then after we Steiner symmetrize we are missing spherical caps in S of radius 
5 and centered at xy and x 2 . If x € S, then 8 can be chosen independent of the 
plane fl. 



K 

Figure m.2.2: Steiner symmetrization for disk with hole. 
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We now prove the lemma. We are given that K ^ D K . Let S denote the 
boundary sphere of D K . We may assume that K n S ± S. For if not, there 
exists a disk in the interior of D K , and in the complement of K. Then any 
symmetrization st with respect to a plane through the origin o of D K will 
produce spherical neighborhoods in S contained in D*\ st K. 

So we assume Kns^S. Since D K \ K is relatively open, it suffices to 
produce a finite number of planes n,,.... n* for which 

(st n , o-.-ostn* *)ns = 0. 

Given x e S\K, there exists e > 0 such that the spherical cap B s (x\e) c 
S\K. Then the compactness of K n S implies there exist a finite number 

of points xy . x k in K D S such that the (relatively) open spherical caps 

{B s (Xj\e) — cover K D S, that is, 

k 

U B s (Xj;f) D SD K. 
t =1 

For each j, consider the hyperplane fl; bisecting the chord xxj . Then this choice 
of fly, j 1 ,... i k will satisfy (III.2.5), which implies the lemma. ■ 


Theorem UI.2.1 (Isodlametric Inequality) For any K eXwe have 


Vn(K) < U>„ 


diam K 


Thus, the disk minimizes the diameter of a compact set of given volume. 


Proof We first show that given any F e X, we have 

(1II.2.6) diam stn p < Hiam F t 

for any hyperplane n in R". 

Pick Euclidean coordinates in R" where n is identified by x" = 0, and write 
as R" 1 x R with R"~‘ = 11, and R = where o is the origin of R\ Let 
(w, a) and (v, /?) maximize distance in st n F, that is. 


d((w, a), (v, 0)) = diam st n F, 
where w, v e R"->, «, p € R. Because 


d((w, a), (v, P)) = y/\w-v\ 2 +(a-P)>, 


we must have both cases 



a = -or. 


P =o v and a = o w . 
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Let 

-$ w = min l w n F, r\ w = max i w n F, 

-f v = min t' n F, r\ v = max V n F. 

Then 


*lw+$w >2\<*U fk+Sv>2\fi\' 

which implies 

tlw+$w + *h+& >2{|o| + l^|}. 

so at least one of r\ w + or r) v + must be >|o| + \fl\, which implies 
(III.2.6). 

To finish the proof, given K, we consider the compact set E' in N(AT) that 
minimizes the circumradius (Lemma III. 1.2). We claim that Dp — E , that 
is, E' is a disk. If not, then Steiner symmetrizations preserve N(/0 [that is, 
F e N(/0 implies st n F e N(/0 V n], and there exist a finite number of them 
whose composition lowers the circumradius (Lemma III.2.1), which contradicts 
the definition of E'. But 2 r(E') < diam K, which implies 

J" > w* {/•(£')}" = v„(E') > v n (K), 

which implies the theorem. ® 


III.2.1 The lsoperimetric Inequality for Minkowski Area 

Theorem III.2.2 (Brunn-Minkowski Inequality) Given K e X, let D de¬ 
note the closed n-disk of the same measure as K, that is, v„(Z>) = v„(K). Then 

v„([D],) < v^aATJ^) 

for all ( > 0. 

Proof First note that, by (III.2.1), the theorem is true if n = 1. 

For general n > 1, we take the same approach as in the proof of the isodia- 
metric inequality, namely, we first show that 

(ffl.2.7) v„([stn F] ( ) < v n ([F] t ) 

for all F e X, c > 0, and all hyperplanes fl in R". 
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Pick Euclidean coordinates in R" so that n = R" -1 x {0} - so we identify n 
with R"~‘, let o be the origin of R" , and (° = R, as in the proof of Theo¬ 
rem III.2.1. Let q : R" -*■ R denote projection onto the jt"-axis= 1°. For any 
w € n, let r w : R" -> R" denote the translation by w. To help avoid confusion, 
weletD(H';c) = ]D n - 1 (H';c)denotetheclosed(n - l)-disk in n centered at w 
and with radius e. Given w e n, and F e X, then 

(111.2.8) f n[ fj. = U ■.(n(CnF)]c q=f ). 

[We have written the formula in this manner to emphasize that we project 
r n F onto the x"-axis to obtain q(l v n F), carry out the 1-dimensional 
v/e 2 - |v - w| 2 -thickening in the x" -axis, and then translate out to the line i w .] 
To prove (III.2.8) just note that (w, a) € [FJ, if and only if there exists (v, /?) e 
F such t hat |h> — y| 2 + —a) 2 < € 2 , which is true if and only if d R i (a, q(l v n 

F)) < V« 2 - |w - v| 2 , which is the claim. Therefore 

n in.) > v, («. (t«<r n 

= v,(rn[st n Fl,), 

where l v is the 1-dimensional symmetrization of m F (to pass from the 
second to the third line we use the 1-dimensional isoperimetric inequality), 
that is, 

(II, - 2 - 9 > Vitf’*’ n [stn FU < v,(r n [F],) 

Then (III.2.3) and (IU.2.9) imply (IU.2.7). 

To finish the proof, given K, we consider the compact set E in M(/0 which 
minimizes the circumradius (Lemma III. 1.2). We claim that D E = E, that is, 
E is a disk - not, then Steiner symmetrizations preserve M(/0, and there 
exist a finite number of them whose composition lowers the circumradius 
(Lemma m. 2 . 1), which contradicts the definition of E. ■ 

Theorem HI.23 (Isoperimetric Inequality for Minkowski Area) if K is a 

compact subset of R", then Steiner symmetrization of K does not increase its 
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Minkowski area, that is, 

(ffl.2.10) Mink (st n K) < Mink ( K) 

for any hyperplane n. 

Furthermore, if the closed n-disk B"(/?) has the same measure as K, then 
(ffl.2.11) A(S" _, (*)) = Mink(B"(/?)) < Mink(A"). 

If K is the closure of an open subset ft in R" with C 1 boundary 3 £2, then 
(ffl.2.12) A(S" -1 (/?)) < A(3£2), 


which is expressed analytically as 

_ MW 


(m. 2 . 13 ) 




Proof Indeed, Theorem III.2.2 implies 

^(©"(K +h)) - v„(0"(K)) _ v„([D"(/?)] a ) - v„(B"(/?)) 
h h 

< ^([*1,,) - y n (K) 

h 


for all h > 0, which implies the claim. 


The problem with this approach is that while it quickly and elementarily gives 
the isoperimetric inequality, it cannot characterize the case of equality - unless 
one can sharpen the Brunn-Minkowski inequality to include an error term that 
persists to the limit, as h -*■ 0, and that vanishes if and only if K is a disk. In 
what follows, we shall give a variant of this argument. 


Theorem III.2.4 Assume £2 has C 1 boundary, K = Q compact. One has equal¬ 
ity in (ffl.2.12) [equivalently, (111.2.13)] if and only if £2 is a disk. 


Proof First note that we have the theorem for n = 1. 

One might wish to apply Steiner symmerization directly to prove 

A(3st n £2) < A(3£2), 

and then characterize the case of equality. But one does not know in advance that 
if £2 has C 1 boundary, Steiner symmetrization will preserve this smoothness. 
(One can easily construct counterexamples. See Figure ffl.2.1.) Yet, there are 
obvious examples where some smoothness is preserved. We show that this is 
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always true, and the smoothness that is preserved has enough information to 
provide the characterization of equality in (ffl.2.12) we are seeking. 

Namely, we first give a local analogue of (ffl.2.7). Let n be a hyperplane in 
R”, and coordinatize R" as in the proof of Theorem ffl.2.1. For z e R" -1 and 
e > 0, let (as above) D(z; O denote the closed (n - l)-disk in R" _1 centered at 
z with radius c, and let C(z;c) denote the solid n-cylinder in R” over D(z;c), 
that is, 

C(z;c) = D(z;€) x R. 

For z e R" -1 , c > 0, and compact K in R", we have 

V(AT fl C(z;c)) = f v,(r n K)dv„.i(w) = V(st n AT nC(z;c)), 
JDizx) 

We define a "localized” Minkowski area Mink n** by 

■ AJ.0 h 

(See Figure ffl.2.3.) Then (ffl.2.9) implies 

(III.2.14) V ([st n K] h nC(z;c)) < V ([f]»nC(z; ( )) , 



Figure III.2.3: n C(z;«). 
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which implies 

(m. 2 . 15 ) Mink n^stn K) < Mink n^*), 

Return to K equal to the closure of £2 with C 1 boundary 3£2. Let 

p:R" -► R"- 1 , 

denote the projection map. Fix z e R" _l and c > 0, and assume that D(z;e) 
consists of regular values of the projection of 3 £2, p|3£2. Let v denote the 
exterior unit normal vector field along 3 £2, and 

E k = {v € R": v = u +ru u , u e 3finC(z;f), t e [0, /*]}, 

that is, Ei, is the curved slab of thickness h determined by starting out at points 
u € 3£2 sitting over D(z; f) and going out h units in the direction u u . 

Lemma III. 2^ We have the differential geometric estimate 

(m.2.16) |V({[*]» \«}nc(«€))- V([£»])| = 0(h 2 ) 

ash 10. In particular, 

Mink n ;j ;< (#f) = A(3£2 n C(z;c)). 

Proof (See Figure III.2.4.) Let T = 3£2 n 3C(z;c). Then r is a compact C 1 
(n — 2)-dimensional submanifold of R", with fiber at w € T in the normal bun¬ 
dle of T, spanned by u w (the unit normal exterior vector field along 3 £2) and n w 
[the unit normal exterior vector field along 3C(z; c)]. The linear independence 
of u w and it* is guaranteed by the assumption that p is regular on all of D(z; €). 
For each w e T, let 

6 W = Z(i 1 h,, i/ w ) e (0,7r) and ♦ = inf sin 8 W . 

wer 

For any r > 0, [T],, the tubular neighborhood of T of radius r, satisfies 

V([r] r ) = 0(r 2 ) 

as r i 0, since T has codimension 2. For any a > 1, an application of Taylor’s 
formula shows that the symmetric difference {([AT] fc \ K) n C(z;c)} A E h of 
{[/Ha \ A"} O C(z;c) and E h satisfies 

[l[K} h \ tf}nC(z;c)} A E h C [fU/* 


as h i 0, which implies (III.2.16). 
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Figure m.2.4: £*. 


Lemma III.23 Assume that D(z; c) consists of regular values of the projection 
of 3£2, p|3£2. Let 

« i ( h ') < Pi(w) < < a k (w) < fa(w) 

be C 1 junctions on D(z; c) such that 

k 

l w nK = \J[aj(w),f}j(w)] 
i =l 

for all w e D(z;c). Define 

1 * 

■Mw) = - £ Pj(w) - ctj(w). 

: _ « 


r n stn K = [-^(w), .4 (h-)] 

for all w e D(z;e), and 

(ni.2.17) A(3(st n £2)nC(z;c)) < A(3£2 n C(z;c)) 

with equality if and only ifk - l, and Sin C(z; c) is symmetric, up to transla- 
don, with respect to the hyperplane n. 
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Proof Note that w >->• *4(w) is C 1 , and 

Mink n:z;t(stn K) = A(3st n ft H C(z; c)), 
by Lemma III.2.2. To compare the boundary areas, we have 

A(3ft n C(z; €))=/’ I T, yi + |grad B _ 1 -« ) p 
+ y/l + lgrad B _ 1 £,| 2 J dv„_i 

where grad n _[ay is the (n — l)-vector(8a ; /8w[,... 3a ; /3w„_i), and the same 
for grad n _,/3 ; , j = 1.k, and 

A(3(st n n)nC(z;e)) = 2 f J 1 + |grad n _,v4| 2 dv n _i. 

JD(z;0 T 

Two applications of the triangle inequality imply 


(IH.2.18) 


'l 2 + |grad„_, - « ; | 2 + ^l 2 + |grad„_ 1 /3 / | 2 
> Jl 2 + |grad n _,^y -«;| 2 


£ yj 22 + lgrad„-i^ -«;l 2 > (2k) 2 + £ grad,.,^ - a, 

;=1 \ ;=1 

= v /(2k) 2 +2 2 |gnid n _ 1< 4| 2 . 

Therefore 

(in.2.19) 2 f Jk 2 + |grad n _,v4| 2 dv„_, < A(3ft n C(z;e)), 

•/D(z;0 

which implies (1II.2.17). We have equality in (III.2.17) if and only if k = 1, and 
the vectors (grad n _, — ai(vv), 1) and (grad n _,^[(w), 1) are linearly dependent. 
Hence (since their last coordinate is equal), 

a,(w) = —Pi(w) + const. 

on all of D(z; e), which implies £2 D C(z; e) is symmetric, up to a translation, 
with respect to the hyperplane n. ■ 


Conclusion of the Proof of Theorem m.2.4. Sard’s theorem (Proposition 
1.3.8) implies that z is a regular value of p\BSl for almost all z € p(d£2). Given 
such a z e p(dQ), there exists e > 0 such that D(z;0 consists only of regular 
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values, for which (HI.2.17) follows, with its characterization of the case of 
equality. 

If we have equality in (III.2.12), then Steiner symmetrization does not strictly 
decrease the Minkowski area of the boundary. In particular, we have equality in 
(III.2.15) for any hyperplane II, z e II, and e > 0. Therefore, we have equality 
in (III.2.17) for all regular values of p\dQ. Therefore, by continuity, and by 
applying the argument to every possible hyperplane n, we have that every line 
in R n that intersects II does so in a segment, that is, ft is convex. Furthermore, 
ft is symmetric, up to a translation, with respect to any hyperplane n. By the 
convexity of ft and Theorem 1.3.5, AT is a disk. ■ 

III.2.2 Sequences of Steiner Symmetrizations 

Our proof of the isoperimetric inequality used the fact that Steiner symmetriza¬ 
tion did not increase Minkowski area, while it preserved volume. The minimiz¬ 
ing property of the disk then required an existence argument, using the Blaschke 
theorem. A more intuitive approach to the minimizing property of the disk is 
to expect that the more symmetric a compact set, the “closer” it should be to 
realizing the minimum Minkowski area for fixed given volume. In this section 
we begin carrying out this approach, namely, we show that starting with any 
compact subset K of the plane, we may apply to it a sequence of rotations and 
Steiner symmetrizations so that it will converge, in the Hausdorff metric, to a 
closed disk. One can then use induction (on the dimension) to prove a similar 
result for higher dimensions. 

So we see the Minkowski area decreasing, hopefully, toward the area of the 
disk. Note that Minkowski area is not necessarily lower semicontinuous, so we 
cannot (on general principles) pass to the limit to conclude that the area of the 
disk is less than or equal to all those in the sequence. But we shall be able to 
prove this result for our particular sequence. We postpone the characterization 
of equality to the discussion of perimeter. 

Definition A Borel-measurable function /: R n —► C vanishes at infinity if 
v„(|/| > 0 < +oo Vt > 0. 

Definition Let A be a Borel subset of R", v„(A) < + 00 . We let A* denote the 
Schwarz symmetrization of A, that is. A* is the open disk in R" with the same 
volume as A. 

Also, define the symmetric decreasing rearrangement of the function X\,T\, 
by 


r A z=x A - . 



70 Minkowski Area and Perimeter 



Figure III.2.5: Symmetric decreasing reaarangement. 


For any Borel-measurable /: R" —► C that vanishes at infinity, define the 
symmetric decreasing rearrangement of /, /*, by 

/*(*)= f Iu/\>,)*(x)dt. 

Jo 

(See Figure III.2.5.) 

Then we have the following facts (recall Cavalieri’s principle (Theorem 1.3.3)): 
1 . /* > 0 . 

2 . f* is spherically symmetric, that is, |x| = |y| implies /*(x) = /*(y). 

3. f* is lower semicontinuous (since A* is open), which implies that /* is 
measurable. 

4. (/* > /} = (|/| > f}* for every t > 0 ; of course, the two sets have the same 
volume. 

5. If <I>: R + -► R + is increasing, then 

(*°I/D* = <Do /*. 

6 . One has 

j 4> 0 \f\dv n = J jof'dv n 

for any <j> = — fa such that each <pj, j = 1 , 2 , is increasing and at least 

oneof<£io|/| or 02 o|/| is in L'fR"). 

7. We always have 

ii/ii, = \\n\ P v P > i. 

8 . If/<g then/* <g*. 

Theorem m.2^ If /, g are nonnegative on R", both vanishing at infinity, then 
j fgdv n < j f*g* d\ n . 


(III.2.20) 
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If f — f* and strictly decreasing, then we have equality in (IH.2.20) if and 
only if g = g* a.e. 

Proof By Cavalieri’s principle (Theorem 1.3.3), we want to show 

^00 /»00 p 

I ds j dt j %[f>rdVn 

Jo Jo J R" 

< f ds f dt f J[f >t *J[g >s *dv n ; 

Jo Jo J R« 


it suffices to show that 


(III.2.21) 




1 A 1 B dv n < / T.TLdVn, 


for all A, B of finite volume. Assume v„(A) < v„(B). Then A* c B*, which 
implies that the right hand side of (HI.2.21) is equal to v„(A*) = v„(A) > 
v„(A D B), which is the left hand side of (III.2.21). This proves (III.2.20). 
Now assume equality in (III.2.20), / = /* strictly decreasing. Then 


J dVn — J fj-[g’>s) dv n 


for almost all s. It suffices to show that 


^(*>•*1 — -£{ g ’>*)' 

which would then imply g = g*. Well, since / is spherically symmetric and 
strictly decreasing, there exists a continuous function r — p(t) such that 


* n (/o(r)) = (/>/} Vr > 0, 


which implies 


:= / %> 


t}1c dv n 


is continuous for any measurable C. For any given s, pick C = (g > s}. Then 
Fc(0 < F C ’(t) for all t, by the original inequality (III.2.20), and / Fc(t)dt = 
/ F c -(t)dt , by assumption. This implies (by continuity) that Fc(f) = Fc-(f) 
for all t, which implies 

v«({/ > /} 0 C) = v„({/ > t} n C*) = min (v„(/ > t), v„(C*)}. 

Butthisimplies,foreveryf,thatifC*contains(/ > f}thenCcontains(/ > r}, 
and if {/ > r) contains C* then (/ > t] contains C. Therefore C = C*, up to 
measure zero, which implies (g > s} is a disk up to measure zero, for every s. 
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Corollary UI.2.1 For f and g in L 2 we have 

\\r-g*h<\\f-gh. 

A generalization of Corollary m.2.1 goes as follows: 

Theorem III.2.6 Let J : R -»• [0, oo) be convex, 7(0) = 0; and let f.gbe 
nonnegative, vanishing at infinity. Then 

(m.2.22) j 7o(/* -g')dv n < J J°(f-g)dv„. 

If J is strictly convex, f = f* strictly decreasing, then equality in (HI.2.22) 
implies g = g* a.e. 


Proof Write J = 7+ + 7_, where 


7+(f) = 


0, t < 0, 

7(f), t > 0, 


7 ( 0 =( y(,) ’ 

' 10, t > 0. 


Then 7 + and 7_ are convex. 

Consider J + , and its right hand derivative; then 


i = f J+'< 
Jo 


( s)ds , 


which implies 


f/M 

J+°(f~g)(x)= I J+(f(x)-s)ds 
JgW 

= f J+(f(x) - syr ls < s] (x)ds, 
Jo 


which implies 


f J+o(f - g)(x)dv n (x) = f ds f J+(f(x) - s)l[g< S ](x)dv„(x) 
Jttr Jo 7r» 

< f ds f 7 + '(/*(x) - s)l {g '< t] (x)dv n (x) 

Jo J R" 

= [ J+'o(f - g*)(x)d\ n (x) 

7r« 
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(the second line follows from Theorem III.2.5). The same argument applies to 
7_, which implies the inequality. 

Now assume 7 is strictly convex, / = /* strictly decreasing, and equality 
in (III.2.22). Then we have equality, separately, for 7 + and 7_, which implies 

J J+ (f ~ s )J-[g<s) = J J+ (f ~ s )J-[g'<s) dVn 

a.e.-[ds], which implies, by equality in (111.2.20), that g = g* a.e. ■ 

Corollary m.2.2 For all p > 1 we have 

(in.2.23) ur-*i,<ii/-*ii„. 

Corollary HI.2 3 Let S denote Steiner symmetrization with respect to some 
hyperplane n in R", and Sf the Steiner symmetrization of any function f, 
defined by 

Sf(x)= f ls[\f\ >t \(x)dt. 

Jo 

Then 

(III.2.24) \\Sf — <Sg||p < ||/ — g\\ p 

for all fig eL p , p> 1. 

Proof Use the 1 -dimensional Corollary m.2.2 with Fubini’s theorem. ■ 

Theorem III.2.7 (Helly Selection Theorem) Given a uniformly bounded col¬ 
lection <I> of increasing functions on [a, b\, there exists a sequence in <I> that 
converges for every x e [a, b\. 

Proof Let rj, ri,... be an enumeration of the rationals in [a, b\. Then there 
exists a sequence <f>\j in d> such that the sequence of numbers <t>ij(ri) converges, 
which, in turn, has a convergent subsequence and so on. The sequence 

<bk.k converges, as & —► oo, for all rationals in [a, b\ to a function <p defined on 
the rationals. Extend <f> to the irrationals by 

4>(x) = lim <p(r), 
r 

where r varies over rationals < x. So <p is continuous from the left, and 
increasing. 
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We show that <p k .k( x o) -*■ <P( x o) for every xo at which <p is continuous. Pick 
pi < xo < Pit Pj rational. Then 

4>k.k( x o) — = (&,*(•*o) — 4>k,k(Pl)) + i<l>k.k(Pl) ~ <£(Pi)} 

+ Mpi) - </>(*<>)}. 

This implies 

l&.i(*o) - <0(*o)l < \*Pk.k(.Pi) ~ 4>k.k(Pt)\ + W>*.*(/Oi) ~ </>(Pi)l 
+ l<£(/Oi)-<K*o)l, 

from which one has the claim. So <f>k,k( x ) -*■ <t>( x ) at points of continuity of <f>. 

Since <f> is increasing, its points of discontinuity are countable. But one can 
use the above diagonal argument to obtain the convergence on these points of 
discontinuity of <f>. ■ 

Theorem III.2.8 (Isoperimetric Inequality for Minkowski Length in R 2 ) 

Let F be a compact subset of the plane R 2 . Let st x denote Steiner symmetrization 
with respect to the x-axis, sty Steiner symmetrization with respect to the y-axis, 
a an irrational multiple of2n, and R a the rotation of R 2 by a radians. Finally, 
set 

T = st y st x R a . 

Then a subsequence T ik F of T’ F converges to the Schwarz symmetrization 
of F, F*, in the Hausdorff metric topology. 

Also, T’ F —► F* in L p , as j -*■ oo, that is, 

\\l T i.F ~ ZfA\ p -► o as j -* 00 , V p > 1. 

Finally, 

(111.2.25) Mink(F’) < Mink(F). 

Proof Note that (HI.2.23) and (HI.2.24) imply 

(111.2.26) \\T-f-T-g\\ p < \\f-g\\ P . 

Certainly, there is a closed disk Do such that F, and all T J ■ F, are contained 
in Do. By Blaschke’s selection theorem, one has a subsequence T ik -F -*■ D, 
where D is a compact subset of Do- We want to show that D is a disk. 

Set F jt = T Ji F. First note that, because stySt^ st x F jk = F Jk for all j k , we 
have 

Sty st x D = D. 


(Although it is not obvious that Steiner symmetrization is continuous in the 
Hausdorff metric - both Steiner and Schwarz symmetrization are continuous 
in L p - it is nevertheless true that if Kj -*■ K in the Hausdorff metric, and 
Kj is Steiner-symmetric with respect to some line for all j, then K is Steiner- 
symmetric with respect to that line.) 

Next we show that 

(111.2.27) R^D = D a.e.-[dv 2 ]. 

Proof: Fix any quadrant Q of R 2 . Then Q H Fj k is described by a graph satisfy¬ 
ing the hypotheses of the Helly selection theorem (except that the functions are 
decreasing), which implies there exists a subsequence - still denoted by j k - 
for which the graph of F jk converges to the graph of D. Lebesgue’s dominated 
convergence theorem then implies 

(111.2.28) \\l Fh - I D lip -► 0 as * -»• oo, 

for all p > 1. Let g be any spherically symmetric strictly decreasing function, 
such as 

g(x, y) = (x, y) 6 R 2 . 

Then T 1 - g — g and (III.2.26) imply ||g - 1t‘ f\\ I limit (we drop the sub¬ 
script p for now). Since ||g -2>J| ->• \\g - Toll, one has ||g -Irj.fH -»• 
II# — 2 d II- Also, 

l|2(g — 2 d)II = II# — 2"7-dII = lint II# —T t .F ik II = II# — IdII = II# — ^oll 
(the last equality follows from the spherical symmetry of g), and 

Il2(g - J D )I| = list* Sty (R a g - Tr. d )\\ = IIst x sty(g - Jr„d)II, 
which implies 

IIstx sty(g - Tr.d)\\ = II# - IR'DW, 

which implies, by equality in (IH.2.22) (since g is spherically symmetric strictly 
decreasing) that 

sty st x R a D = R a D a.e.-[</v 2 ]. 

In particular, R a D, in addition to D, is symmetric with respect to the x- and 
y-axes. Let H x denote reflection in the x-axis. Then 

R a D = H x R a D = R^H X D = R- a D, 

which implies (III.2.27). 
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Now set 

fi(9) = || Id — 1r,dW\ 

then fi(6) = 0 on a dense subset of [0, 2n). We show that 6 fi(6) is contin¬ 

uous when p = 2. It suffices to show that 

r(6) := J IdI*,d^v„ 

is continuous. Pick a mollifier j t ,c >0; then 

r ( (6) := J (j* * Id)Ir»d d\ n — J X D ((j f *TD)°R-e)dv n 

is continuous, and 

|r,(0) — r(6) | = |/O', * Id — Id)I*,d d y n 

< IIA *Id — 2dII \\I*,d\\ 

= II U *Id -Id II IIIdII 

-*■ 0 uniformly in 6, as e | 0, which implies the claim. 

Therefore R e D — D in L 2 for all 6, which implies that D is a disk. Also, 
since \\l T sr - Id lip I. we have [by (III.2.28)] ||Ir>^ - Id lip I 0. 

It remains to show D = F* and (III.2.25). We certainly have (by Lemma 
HI.1.1) 

v„(F) = limsup v„(F ; ) < v n (D). 

j—+oo 

Next, for every e > 0, we have v„([F ; ],) i, with respect to j. Since the subse¬ 
quence Fj k -*■ D in X, then for every c’ < € there exists J such that 

ID] ( . c [f a i, vt>;, 


which implies 

v„([Z>],.) < V|j([Fy, ],) < v n ([FU V * > /, 

which implies 

v„(D) < v„([D],<) < v„([F],). 

We first conclude that v„(D) < v„(F), which implies the two volumes are 
equal. Therefore D = F*. We also have 

v„([D],-) < v,([FU 


which implies (III.2.25). 
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Theorem m.2.9 (Isoperimetric Inequality for Minkowski Area in R°) Let 

F be a compact subset ofR n , n > 3. Then there exists a sequence Tj consisting 
of rotations, Steiner symmetrizations, and(n- l)-dimensional Schwarz sym- 
metrizations, such that Tj-F —► F* in the Hausdorff metric topology, and in 
L p for all p > 1. 

Finally, 

(IH-2.29) Mink (F*) < Mink (F). 


Proof Let H denote the rotation of R" that takes e„ to e„_i (and leaves the 
orthogonal R n ~ 2 pointwise fixed), n = £ R"" 1 , 5, = st n denote Steiner 

symmetrization with respect to II, and S 2 denote Schwarz symmetrization in II; 
set 

T = SiSiTl. 

Then the argument of the proof of (III .2.28) implies that there exists a subse¬ 
quence (ifey), 

Tj = T*\ 

such that I T/ . F -► I D (in the various topologies) for some compact D, as 
j -*■ 00 . We also have T J -F -*■ D in L p . 

Since Si and S 2 commute, and T } f -*■ D in L p , we have 

S 2 T 1 ■ F = StS&TlT*- 1 • F = SiS2 2 nT’~ l • F = S 1 S 2 ftT-'- 1 . F = T j • F 
and 

S 2 D <- SfT’ F = F -* D, 

which implies 


S2D = D, 


that is, D is rotationally symmetric with respect to the x"-axis. Also, given 
8 = e~ M \ for example, 

Wg-lnoW = \\Tl{g -Id)II = ||g -loll = ||g -ItdII = IIS^O? - Ird)II, 
that is. 


II* - IrdII = ll«Si«S2(g - Itcd)II, 
which implies [by equality in (III.2.23)] 


S 2 HD = HD. 
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So both D and 7 ZD are rotationally symmetric with respect to the x n -axis, 
that is, D is rotationally symmetric with respect to both the x"-axis and the 
x n_1 -axis. Let j ( be a mollifier, depending only on distance from the origin, 
that is, spherically symmetric in R", 

I ( = j ( * 1 D , 

and let 

p 2 = U 1 ) 2 +--+(x"- 2 ) 2 . 

Then there exist functions / and g of two real variables, such that 

I f (x l .*") = f(\jp 2 + C*" -1 ) 2 . *") = g(Jp 2 +(x n ) 2 ' *""' >• 


Set x n = 0. Then 


fi'Jp 2 + Or"-') 2 .0) = g(-sfp 2 , x n '), 


which implies 

f(y/p 2 +(x n -') 2 + (x n ) 2 , 0) = g(y/p 2 + (x") 2 , x"-') = .*"), 


that is, the function X f (x) is radial in x, for every e, which implies I D (x) is 
radial in x, which implies D is a disk. 

The proof of D = F* and (III.2.29) is the same as in the previous theorem. 


IIL3 Application: The Faber-Krahn Inequality 

We present an application of symmetrization to analysis, more particularly, an 
application of geometric isoperimetric inequalities to isoperimetric inequalities 
for eigenvalues. The result goes as follows: 


Definition Given any open set ft in R", one considers the functional 

rr*i 

™ - -mr' 

where <p ranges over C~(ft), and the associated infimum 


X*(ft) = inf F[<£]. 


We refer to X*(ft) as the fundamental tone o/ft. 

It is well known that X*(ft) is the infimum of the spectrum of the Laplacian 
—A on ft, subject to vanishing Dirichlet boundary data (see the discussions in 
§§VII.2 and VII.4 below). In addition, if ft is a domain with compact closure 
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and C°° boundary, then X*(ft) is^an eigenvalue of the Laplacian on ft, that is, 
there exists a solution <p e C°°(ft) to 

(m.3.1) Ad> + X*(ft)0 = O, d»|3S2 = 0; 

moreover, d>|ft ^ 0 and (d<f>/dv)\ 3ft ^ 0, and the solution <f> is unique up to a 
multiplicative constant. 

Theorem IIL3.1 Let ft be a bounded domain in R", and let B be the open 
disk in R" satisfying V'(ft) = V(B). Then 

A.*(ft) > k\B). 

//ft also has C°° boundary, then one has equality if and only i/ft is isometric 
to B. 


Proof Fix a function / e C“(ft), and set, for every t > 0, 

«» = {|/l>f), r, = aft, c (|/| = fj. 

We use the symmetric decreasing rearrangement (or Schwarz symmetrization) 
of functions on ft, defined by 

B, = ft,* = B"(p(r)), f\ x ) = I Bi (x) dt. 

Jo 

So B, is the disk of radius p(t ) whose volume equals that of ft„ and /* is the 
function that on the sphere S n_1 (p(r)) has the value t. Then 

11/112 = 11/12- 

So to prove the first claim of the theorem, it suffices to show that 
(HL3.2) llgrad/lb > ||grad/*|| 2 . 


V(t) := V(n t ) = u,„p(t) n . 

Let (a, P) be an interval consisting of regular values of /, and for t e (a, P) set 

A(f) := A(r,). 

Then 1 1 ->. V(r), p (t), A(r) are all C°° on (a, p) with both V(t) and p(t) strictly 
decreasing. On (a, p) we have 

* Tr a 7° e = dMdi- 
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where r denotes distance from the origin. On the other hand, 


= - f I grad/I l dA, 
dt Jr, 

by the co-area formula (Corollary 1.3.1). 

Finally, set 

T = sup |/| and r 0 = p(0). 

To prove (III.3.2) we have, on the one hand. 

On the other hand we have, by the Cauchy-Schwarz inequality, 

A 2 (0 = I l, dA H/, Igrad yi J |grad/| 1 rfAJ , 
which implies 

JJ |grad/| 2 dV = J dt J Igrad/|<M 

> j A 2 (o|y Igrad y| _I J dt 

= - f A 2 (txv’(t)r l dt 
Jo 

>- f T A 2 (S n - l (f>(tMV(t))-' dt 
Jo 

f T P n ~ l 

= Cn—1 / Z-rdt 
JO P 

(the last inequality is the isoperimetric), which implies (III.3.2). 

To consider the case of equality, we assume that O has a C°° boundary, in 

which caseA.*(0)hasapositiveeigenfunction/ofXi(J2). Of course,/|30 = 0. 

The eigenfunction equation (III.3.1) implies 

a 2 / n 

dx> 2 


A 2 (fxv'(0r‘* 
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for at least one of the j e Thus, by the implicit function theorem, 

the set of points for which grad / = 0 is contained in an (n - l)-manifold. In 
particular, for every t , V (Tf/)) = 0, which implies V = V(f) is continuous with 
respect to t. 

Now one can argue as above. If X*(f2) — k*(B), then the argument shows that 
A(30,) = A(dB,) for all regular values of t. But then for every such t one has 
O, isometric to B t , and the strong maximum principle implies that £2 = Q(0) 
is isometric to B( 0) — B. a 


III.4 Perimeter 
III.4.1 Geometric Perimeter 

Definition We say that a collection of measurable subsets (£,-) of R n converges 
to E in L l if v„(£ ; - A E) -> 0 as j -► oo, that is, if l Ej -► I E in £>(«"): 

lim f \1 E -l E \dv n = 0. 

»oo J 

Definition The geometric perimeter geoper(£) of a measurable subset E of 
R" is defined by 

geoper(£) = inf (lim inf A(dMj)}, 

where the infimum is taken over all sequences of open subsets Mj of R", with 
C x boundary, that converge to E in L 1 . One easily checks that if £, ^ £ in 
L l then 

geoper(£) < lim inf geoper(£ ; ). 

that is, £ geoper(£) is lower semicontinuous with respect to convergence 
in L 1 . 

Theorem IIL4.1 If K is compact, then K may be approximated in L 1 by open 
subsets with C°° boundary. Furthermore, 

geoper(Af) < Mink (AT). 

* >ro °^ L® 1 fix) = d(x, K), (j ( ) a mollifier on R", and set 


ft = U * /• 

Then sup Igrad f ( \ = Lip/, < Lip/ = 1. 
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For any small h > 0, let a = h 2 . Then there exists e e (0, a) such that 
/«-'[(*,/.-a)] CClK] h \K, 

and there exists a regular valuer e (a, h - a) of f ( . By dominated convergence, 
K may be approximated in L 1 by / ( -1 [(0, r)]. 

Furthermore, by the co-area formula (Corollary 1.3.1), we have 

f A{f ( ~ l [t])dt = f Igrad f ( \dV < v„([^] A \ K), 

Jo J f,-'l(o,h-o)\ 

which implies there exists a regular value t 0 e(a,h — a) such that 
(h - 2o)A{f ( -'M) < v„([Af]* \ K). 


/r‘[fol = a(/,“'[0, to)), K c /r‘[0, to] C [1C]*. 
Given any p > 0, there exists hj -*■ 0 such that 
v„([lC]* y \JO 

- -J -< Mink (K) + /o, 

h i 

which implies, for €j e (0, oj), oj = h 2 , and associated tj, 

< . h \ (Mink (K) + p], 

hj 2aj 

which implies the theorem. 


III.4.2 Functions of Bounded Variation 
Definition Given an open set G in R". The collection of functions on G of 
bounded variation, BV(G), consists of those functions / e L‘(S2) for which 

sup J /div £ d\ n < +oo, 

where £ varies over C c *(Q) vector fields on Q satisfying |£| < 1 on all of G. We 
refer to these vector fields as admissible vector fields on G. 

If the function / e BV(ft), then the Riesz representation theorem (Proposition 
I.3.S) implies that there exists a vector-valued Radon measure 6f on G defined 
by 


j /div£dv„ = J Z-d6f 
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for all admissible vector fields £ on G, and the total variation of 6f satisfies 

|d/|(fi) = sup f /div£dv„ 

€ Ja 

where the supremum is taken over all admissible 

Example m.4.1 If / e C‘(G) n Z.'(fi), then / e BV(G) and 
d6f(x) = -(grad f){x)d\ n (x). 

Indeed, for any admissible £ we have 

I fdiv£dv„ = — I grad f'£dv n 
Ja J n 

Remark m.4.1 The same result (Example III.4.1) is valid in W U (G) (see 
Remark 1.3.3 below). 

Proposition m.4.1 //«' c Q then (6f)\a = d(/|fi'). 


Theorem III.4.2 Let Q be open in R", (fj) a sequence of functions in BV(fl) 
such that fj^-f in L^.(fi). Then f e BV(Q) and 

|d/|(G) < liminf |fi/,-|(S2). 

y-» oo 

Proof For any admissible £ on G we have 

J /div£ = j (lim / y )div$ 

= lim J fjdiv £ 

= lim j Z'dbfj 
< liminf |d/,|(Q) 

- the second line follows from the compactness of the support of £, / e L, 1 ^, 
and dominated convergence; and the last line uses |£| < 1 on all of G. °m 

Corollary III.4.1 Given the open set G in R", endow the space BV(G) with 
the norm 


II/IIbv = ll/Bi + |tf/|(n). 
Then BV(ft) is complete relative to the norm || || Bv . 
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Proof If (fj) is a Cauchy sequence in BV(fi), then (fj) is a Cauchy sequence 
in Z.‘(£2), which implies there exists / e /,*(«) such that fj -*■ f as j -> oo. 
Then, by Theorem m.4.2, we have 

\6(f - fj) |(£2) < liminf \6(f k - fj)\(Q) < liminf \\f k - /y||BV(n). 

k-* oo k—*oo 

which implies the corollary. ■ 

Remark IIIA2 Note that for arbitrary / e BV(£2) we do not expect to ap¬ 
proximate / by C°° functions, namely that there exist (fj) e C°°(S2) such 
that || fj - /II i -► 0 and |$(/, - /)|i(£2) -*■ 0, for this would imply that / € 
W 11 (£2) - which is not necessarily the case (see the case of indicator functions 
in Example III.4.2 below). 

Theorem 111,43 Given the open sets fi in R", A CC £2, and f e BV(£2), 
satisfying 

(III.4.1) |tf/|(3A) = 0. 

Let (j ( ) be a mollifier on R", f ( — j t * /• Then 

|tf/|(A) = lim \6f ( \(A). 



which implies 

limsup |£/ ( |(A) < |£/|(clA) = |6/|CA) 
*io 

by (111.4.1), which implies the theorem. 
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Theorem III.4.4 If f e BV(R"), (j t ) a mollifier on R", then 
( 1IL4 - 2 > |tf/l(R") = lim |<5/ { |(R"). 

Proof The proof is similar to the proof of Theorem HI.4.3. ■ 

Theorem IIL43 Let Q be open in R\ Given any f e BV(fi), there exists a 
sequence of C°° functions (fj) in BV(S2) such that 

f > = /• u™ l*//l(n) = l«/l(«). 

Proof Given c > 0, there exists an open HoCC H such that 

|tf/|(n\cl£ 2 o) <e. 

Let £2o CC £2i CC £22 CC • • • be an exhaustion of £2, with £2 0 the one we 
chose above, and set 

A\ — &2* 

A ( = £2 <+ i \cl£2*_i, l = 2,3 . 

(<p k ) a partition of unity of £2 subordinate to (A k ), 

(j f ) a mollifier on R". 

For each k= 1,2.pick c k in (0, e) such that 

SU PP j u * (f(/>k) C £2* +2 \ cl £2*_ 2 , £2_j = 0, 

/ I J*t * (f$k) ~ f<f>k\ < €/2 k , 

f \U * (/grad&) - /grad< e/2*. 

and set 

OO 

U = £ j« * (f4>k). 

k= 1 

eas ‘ ly sees that f* -*■ / in L'(£2) as c i 0, which implies, by Theorem 
\6f\ < liminf |fi/ t |. 
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Given an admissible £ on ft, we have 


j f ( div£ = ?/ (jt„ * (M))div£ 

“?/ ffadivUt t *0 

= Ylf /divOfc Uu * €)> - E/ /grad </>*•(/. * € - €) 
-E/ /g rad &-£ 

= ?/ /div(^0«, *£)) 

-?/ (A* * (/grad fa) - /grad&K 

< E f *€)) + € 

* •' A » 


- the last equality uses the fact that (<pt) is a partition of unity. Now 


f /div0M; (1 *O)<l«/K«); 

JA i 


A* C ft \ cl fto for all k > 2, and every point in ft \ cl ft 0 is covered by at least 
one of the collection (A*) and at most two of the collection (At), which implies 


u 


fdiv(<t> k (j« *0) 


r w 

<*[ E/d i 

Ja\n o k=1 


f div (<f>t(j fi * O) 


< 2|6/|(ft \ cl ft 0 ) < 2c, 


which implies 


|6/ ( |(ft)< |6/|(ft) + 3e, 


which implies the theorem. 


II1.4.3 Caccioppoli Sets 

We consider our most important example of functions of bounded variation - 
indicator functions of Borel sets in R". 

Notation For the indicator function of a set E for which I E has bounded 
variation, we always write 


6E := 6I e . 
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Example IU.4.2 Given ft, let £ be a domain in R" with C 1 boundary, and J £ 
its indicator function, with v„(£ n ft) < +oo, that is, J £ |ft e L'(ft). Then it 
is standard that J £ |ft £ W M (ft). For any admissible £ on ft, we have 

/ J £ div$= f £-v E dA, 

Jn JdEnn 

where v E is the exterior unit vector field along BE. If A(dE n ft) < +oo then 
j£|ft e BV(ft)and 

d6E\Q = v E <M £ |ft, |6£|(ft) = A(dE n ft). 

Remark IIL4J For arbitrary measurable E with J £ |ft e BV(ft), we always 
have supp 6E cdE. Indeed, if F is open in int (ft \ E), then J £ | F = 0 implies 
/ J £ div $ = 0 for all admissible vector fields on F. If G is open in int (ft D E), 
then J e \G = 1 implies / J £ div£ = f c div$ = 0 for all admissible vector 
fields on G, which implies the claim. 

We now extend Example III.4.2 to Lipschitz domains. 

Definition A domain ft in R" is a Lipschitz domain if for each w e 3ft there 
exist a neighborhood U = U(w) in R", Euclidean coordinates u, and a Lipschitz 
function 

<f>:U n (R n_1 x {()})->• R 

such that 

ft n U = {x: u n (x) > <l>(u'(x ),..., u n_1 (x))}, 

3ft n U = [x :u n (x) = <t>(u l (x) . « n-1 U))}. 

For convenience, we shall write R n_l for R n_1 x (0} and u = (u 1 ,..., u n ~ l , 
u") = (u,u n ),u e R n_1 . 


Example m.4.3 Let ft be a Lipschitz domain, w e 3ft, U, u, and </> as above, 
and assume <f> is differentiable at u(w). [By Rademacher’s theorem (Theorem 
I I.3.2), <fi is differentiable a.e.-[dv n _,] on U n R"" 1 .] Then 3ft has a tangent 
hyperplane at w, with exterior unit vector v given by 


grad <p — t n 
/1 grad 01 2 + 1 


where e„ denotes the unit vector in the positive direction of the u"-axis [the gra- 
dient here is (n - l)-dimensional]. Let (fy) approximate <f> in the Sobolev space 
W -’(t/ n R" -1 ), <t>j e C°° for all j (Theorem 1.3.3). Then <pj -► <f> uniformly 
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on compacta. Let 

A j = M U:u n (x) > 4>j(u{x))}, 

uj = exterior unit normal vector field along 3 A j. 

Then 

f Z A div$ = [ t-6Aj, 

Jv Jv 

where 

6Aj = uj(u, <f>(u))yj |grad0j(u)l 2 + 1 dv tt ^i(u) ® ^ /{5) (i i n )du\ 
5^(r) is the 1-dimensional delta function (of t) concentrated at a € R, and 



Therefore, Zjj |U € BV(f/) and 


6Q\U = v(u, 0(u))>/|grad0(¥)| 2 + !dv„_i(u) ® ^{u n )du n , 
which generalizes the classical formula (1.3.8). 

Definition We start with a Borel set E. For any open £2, we define the perimeter 
of E in £2, P{E\ £2), to be |d£|(£2) when finite, and otherwise +00. 

Remark 111.4.4 E Borel guarantees that E is |d£|-measurable. 

Definition We also define 

P(E) = P(E; R"). 

E is called a Caccioppoli subset of R" if P(E ; £2) is finite for all bounded open 
n in R". A Caccioppoli set in R" is also referred to as a set with locally finite 
perimeter. 

Proposition I1I.4.2 We always have: 

(a) E CC £2 CC £2] =>• P(E,Q) < P(E;Sli). 

(b) P(Ei U E 2 \Q) < P(Ei ;£2) + P(E 2 ; £2), with equality if d(E u E 2 ) > 0. 
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(c) v„(E) = 0 => P(E) = 0. 

(d) v n (Ei A E 2 ) = 0 => />(£,) = P(E 2 ). 
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Remark HI.4.5 Note that (c) in the above proposition differs markedly from 
Minkowski area, where a set might have measure 0 but nonzero Minkowski 
area (Remark 111.2.2). 

Remark IIL4.6 We restate the definition of Caccioppoli set slightly differently. 
A Borel set £ is a Caccioppoli set in R" if there exists a vector-valued Radon 
measure p on R" such that 


£d,v £</„, = / i'dp 


for all admissible £ onR". Indeed, for any bounded open £2 in R" we have 
P(E;Q) < |/i|(£2) < -t-oo, 

which implies E is Caccioppoli. The measure p must be unique; and since 


/«•</(«=/ 


£-d6E 


for all admissible ( onR", we have p = 6E. 


Theorem III.4.6 Let E be a Borel set in R" such that I E e BV(R") (that is, 
E has finite volume and perimeter), (j { ) a mollifier on R". Set <p = X E and 
<Pf = j e * <p. Then 


(III.4.3) 


|5£|(A) = lim \6<p f \{A) 
<10 


for all A e R" with |5£|(A) = 0. Also, 


(I1I.4.4) 


|«£|(R") = lim |ty € |(R"). 


Proof This is a direct application of Theorems III.4.3 and III.4.4. ■ 

Theorem III.4.7 (Co-area Formula for Perimeter) Given £2 open in R", 
/ € BV(£2), let F, denote the level domain 

F, = {x € £2: f(x) > f}. 


(III.4.5) 6 f 


/ oo 

6F,dt, 

OO 


\6F,\dt. 
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Remark IIL4.7 Thus, when / is C 00 , the second equality in (III.4.5) reduces 
(by Example HI.4.1) to the co-area formula for smooth functions (Corollary 
1.3.1). 


Proof For any a e R, and 


Note that 


<j> (/) = I 1 > 

j2(-oo.o)(/)- 1. t <0, 

we have 

« = r *a(t)dt. 

J- OO 

Note that 

\a-P\=[ 

J —OO 

Then, for /(*), we have 1 F ,(x) = Z<-oo./(x»(f). which implies that for any 
admissible £ on Q we have 

J W = / /div€ 

= J° dtj { I F , - l}div$ + jf°° dt J Jf,div$ 

= j°° dtj J £ ,div$ 

/ OO 

Z-6F,dt. 

■OO 


Therefore, 


d/ = f°° 6F,dt, \6f\ < f \6F,\dt. 

J —OO J— 00 

By Theorem III.4.5, there exists a sequence (/,) e C°° such that fj-rfin 
Z, ! (f2)and \6fj\ -*■ |d/|.Then 

j \ fj — f\dv„ = j dv n j \I (F) y,-I Fl \dt = j dtj \l (Fi) ,-I Fl \dv n 

[where {Fj), denotes the level domain of fj associated with the value /], which 
implies (Proposition 1.3.1) there exists a sequence (j*) such that ^ Fll ), -*■ %f, 
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in L'(«) for almost all /, as k -> oo. Therefore, 


/ \6F,\dt < / liminf |d(F; t ),|d/ 

< lim inf J \6{F jt ),\dt 


= lim inf |d f Jt \ 

= |d/| 

- the next to last equality follows from the co-area formula for C°° functions 
(Corollary 1.3.1) - which implies the theorem. B 

Lemma III.4.1 Let E be a Caccioppoli set in R", {j ( ) a modifier on R\ and 
t e (0, 1). Set tp =J E and tp ( = j ( * tp, and 

= {x:tp ( {x) > t}. 


/ l%,) ' XeVdVn ~ ssra!i- 0 / l<P( " <p|dv - 

Proof If jc e E\(E f ), then <p{x) = 1 and <p ( {x) < t, which implies 
(<P ~ <P'XX) > (l -f)l£\(£.),. 

Similarly, if x e (E f ), \E then <p{x) = 0 and tp ( {x) > t , which implies 


{tp — tpt'fix) < —t^E f ),\£. 


Therefore 


J \<Pt - <p\dv n > J tliE^E+W - t)l£\(E,), dv n 

> min(/, 1 -t)j 1%,), - J £ |dv„, 


which implies the lemma. 


Theorem IIL4.8 Let E be a Caccioppoli set in R". Then there exists a sequence 
oj domains (E t ) in R", with C°° boundary, such that 

L 1 - lim l Et =I E , lim \6E t \ = \6E\. 

1-+00 y—*00 

In particular, the perimeter of E is equal to its geometric perimeter. 
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Proof Start with <p = Z E , the modifier (j ( ) on R", <p f = j, * ip, and (£ ( ), as 
above. Then the co-area formula (Theorem III.4.7) implies 



For any bounded open £2, Lemma III.4.1 implies that Z {E , >, -*• Ze in L'(£l) as 
e l 0, for every t e (0,1). Therefore, by Theorem III.4.2, 

\6E\ < liminf |d(£ ( ),| 

<10 

for all t, which implies, 

|«£| = f \6E\dt 
Jo 

< f liminf \6{E f ) t \dt 
Jo 

< liminf f \6(E f ),\dt 

Jo 

= lim \6<p ( \ 

t\0 

= \6E\, 

- the last equality follows from Theorem m.4.6 - which implies 

|d£| = liminf |d(£ € ),| 

<10 

for almost all t € (0, 1). 

Now pick e* -*• 0 as k -*■ oo. Then the same argument for £* = E u shows 
that 

|d£| = liminf |d(£*),| 

*-*00 

for almost all / e (0, 1). Sard’s theorem (Proposition 1.3.8) implies 

V! critval^ = 0, 

where, for any function H, critval H denotes the set of critical values of H . Let 
t be in the complement of |J* critval <p H in [0,1), that is, t is a regular value of 


<p (t , for all k. Then there is a subsequence a t = e*, such that 

|d£| = lim !$(£„,),|. 

<-►00 

Then the sequence (£<,,), will do the job. 

Thus geoper(£) < £(£). For any sequence E t , dE e e C°°, with £<-»•£ 
in L 1 , we have 

lim inf A(dE t ) = lim inf P(dE e ) > P(E), 
which implies P(E) < geoper (£), which implies the two are equal. ■ 

Remark III.4.8 Note that the sets (E„ t ), converge to £ in the Hausdorff metric 
on compact sets. 

I1I.4.4 The Isoperimetric Inequality for Perimeter 

Remark m.4.9 Note that Theorem III.4.1 now implies that the isoperimetric 
inequality (to be proved below) for perimeter is sharper than the isoperimetric 
inequality for Minkowski area. 

Theorem m.4.9 Steiner symmetrization does not increase perimeter. 

Proof Let S denote Steiner symmetrization with respect to some fixed hy¬ 
perplane, K a finite disjoint union of compact domains with C°° boundary. 
Then 

P(K) = A(dK) = Mink (K) > Mink ( SK ) > P(SK), 

by Theorems III.2.3 and III.4.1. For arbitrary Borel £ with finite perimeter, let 
K ‘ £ in L\ P(K t ) -► />(£), as l -+ oo , and dK t e C°° for all l. Then, 
by Corollary 111.2.3, 

II?S* 4 - J-SE II1 < \\Z K , -ZeW\ -*■ 0, 
which implies Z$k, —*■ Zse in Z, 1 , which implies 

P(SE) < liminf P(SK t ) < liminf P(K t ) - P(E), 

t-*oo t-*OQ 

which implies the claim. m 
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Theorem m.4.10 (Isoperimetric Inequality for Perimeter) Let E be com¬ 
pact, and E* denote the Schwarz symmetrization of E. Then 

(III.4.6) />(£*) < />(£), 

with equality if and only if E is an n-disk, except for (at most) a set of 
dy n -measure equal to 0. 

Proof (Geometric proof.) By Theorems m.2.8 and IU.2.9, there exists a se¬ 
quence Tj consisting of Steiner symmetrizations, (n — 1 )-dimensional Schwarz 
symmetrizations, and rotations such that Tj • E -*■ E* in L 1 as j -> oo. Then 

P(E *) < liminf P(Tj • E) < P(E), 

>-.00 

which implies the inequality. 

(Analytic proof.) Given any / e BV C (where BV C denotes the compactly 
supported functions in BV), we can approximate / by /* e C“ such that 

II/* " /Hi -► 0, IIgrad/*||, = ||tf/*|| BV -*■ ||tf/|| BV . 

as k -*■ oo. We already have 

nw« 1/n ||/*L/<, I -i) < ||grad/*||, = ||tf/*|| B v. 

Since /* -> / in L\ then /* -> / pointwise a.e.-[dv„], which implies, by 
Fatou’s lemma, 

nw ( , 1 /' , ||/|| n /(„_i) < liminf ||/il| n /(n-i) < liminf ||/*Hbv = II^/IIbv- 

*-.00 *-.00 

But this implies the isoperimetric inequality, by picking / = J £ . 

We now characterize the case of equality in (1II.4.6). The reader is referred 
to the proof of Theorem II1.2.4, where it is assumed that the boundary of the 
minimizer is C 1 , since we will draw on that argument. 

Fix E, compact, that satisfies equality in the isoperimetric inequality (III.4.6). 
Then P(E) = P(SE) for every Steiner symmetrization. 

Let Kj be a sequence of compact domains with C°° boundary such that 
Kj -> E, in the Hausdorff metric and in L 1 , and P(Kj) -*■ P(E ). Fix a hyper- 
plane n, and let S denote Steiner symmetrization with respect to n. 

Since Kj —► E in Z. 1 (R' 1 ), we have SKj -*■ SE in L^R"), and, by passing 
to subsequences if necessary, we may assume 

\6Kj\ -+ |tf£|, |dSAT,| -+ |d5£|. 

For each j, define the graph function Aj on fl associated with SKj, as in the 


proof of Lemma IH.2.3. Then (III.2.19) implies 

P(Kj) >2 J yjkjlwf- + Igrad n -iAj\(w) 2 dv^w) 

^ 2 J fl + ^AjMw^tw) 

= P(SKj), 

which implies 

P(E) > limsup 2 j y/kj + \gxad n _ l A j \ 2 dv n . l 

> limsup 2 j y/l + |grad n _,| 2 rfv n _, 

= lim P(SKj) 

= P(SE). 

We claim that P(E) = P(SE ) implies 

(III.4.7) lim v„_, (kj > 1) = 0. 

>-.00 

Proof Assume there exists e > 0 such that 

v «—i(k> > 1) > e for infinitely many j. 

Now 

P{Kj) >2 f Jkj(w)? + |grad n _, v 4 ; |(H’) 2 dv n _ 1 (>v) 

> 2A^v n _,(|grad n _ lv 4>| > N), 
which implies that 

v n -i(|grad, I _ 1 ,4y| > N) < 

/V 

for sufficiently large j; so we may pick N sufficiently large so that 
v n -,(|grad n _ 1 .A;| > N) < ^ 
for sufficiently large j. Therefore 

v n _,({|grad B _ 1 .4>| < N) n {*, > 1)) > 1, 
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for infinitely many j. Because 

J yj k2 j + lgrad n _, v 4 J | 2 </v n _ 1 

> / yi + lgrad^i^dv,,.! 



for infinitely many j, we have a contradiction to P(E) = P(SE), which implies 
(m.4.7). 

Let El denote the Lebesgue set of £, that is, q e El if q € E and 


lim —-— f 

<■1° & H r n Juqs) 


J E dy n = 1. 


Then Lebesgue’s density theorem (Proposition 1.3.6) implies that v„(£\£ L ) = 
0. Let Eo denote the closure of El- Then Eq c E, Eo is compact, and 
v„(£\£ 0 ) = 0. So we replace E by £ 0 . Then v„(£) = v„(£ 0 ) and £(£) = 
P(E 0 ). 

Given the hyperplane n = R n_1 , let p : R" -*■ R" -1 denote the projection; 
and given any w e R" -1 , let l w denote the line through w perpendicular to 
R"- 1 . 


Let w e p(£o), and set 


a(w) = inf l w fl £ 0 , 0(w) = sup t w n £ 0 . 

Assume there exists to € (a(w ), p(w )) such that xo := (w, to) & Eo . Then there 
exists r > 0 such that B(x 0 ;r) c R"\£o; and there exist t\ € [a(w), to - r] 
such that X\ := (w, t|) e £o, and t 2 e [f 0 + r, 0(w)] such that x 2 := (w, t 2 ) € 
£o. Pick € > 0 so that, for any points yi e B(xi; e) and e B(x 2 ; e), the line 
joining them must intersect B(xo; r). Given such an e > 0, there exist yi € 
B(xi; e) D E l and yi e B(x 2 ; f) n El, which implies that, for any given 8 > 0, 
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Figure 1II.4.1: The hole. 

there exists e' > 0 such that 


v„(B(y,;e')n£) > (1 - ajv^Bfyue')), B(y,; c') c B(x,; e), 
v n (B(y 2 ;On£) > (1 -5)v n (B(y2;e')), c B(x 2 ;e). 

(See Figure III.4.1.) Since Kj —*■ £ in L* we have J > 0 such that 

v n (B(y,;e')n Kj) > (1 - 25)v„(B(y, ;<?')), 
v n (B(y 2 ;e') n Kj) > (1 - M)v„(B(yj; e')) 

for all j > 7. Since the boundaries of Kj are C x , we have v„(£y) = v„(int Kj) 
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for all j > J, which implies 

flint Kj) > (1 - 2S)v n (l(y 1 ;<?')). 

VnfBte;*')flint*;) > (J - 

for all j > J, which implies that for every j > J there exist points Zi, Z 2 and 
p > 0 such that 

!(z i ; p) C B(y j ; c') n *; , B(z 2 ; p) C B(y 2 ; e') n Kj. 

Let l u - Z2 denote the line determined by z i and z 2 . Then for any line intersecting 
B(zi; e'/2) and B(z 2 ; e'/2) must intersect B(xo; r), which contradicts (111.4.7). 
Therefore, t" n E 0 = [ct(>v), £(w)]. 

Thus, equality in the isoperimetric inequality implies P(SE 0 ) = P(E 0 ) for 
all symmetrizations S, which implies Eo must be convex. Then for any hyper- 
plane n, the corresponding functions a(w), -p(w), w e pn(Eo), are convex, 
and hence locally Lipschitz. Set 

a, s Piw)-a(w) 

A(w)= ---. 

Since E 0 is Lipschitz we have, by Example 111.4.3, 

|fi£o|(w, y ) = dv„_i(>v) 

® j^H- |grad n _, - ct\ 2 (w)8 l a{w) (y) 

+ y/ 1 + |grad n _, ^ | 2 (w)5^ <M ,)(y) 1 dy 


(where <5‘ denotes the Dirac delta function on the line R 1 ), which implies, by 
(III.2.18), 

P(E 0 ) = j jy^l + |grad n _, -a\ 2 + ^1 + |grad„_,/3| 2 j dv n _, 

^ 2 J yj 1 + |grad II _ 1 ^| 2 rfv (I _i 
= P(SE 0 ), 


with equality if and only if fi(w) + a(w) = const, for almost all w e Pn(Eo). 
Continuity of the functions a(w) and fi(w) implies fi(w) + a(w) = const, for 
all w e pn(Eo)- Then Eq is convex and is symmetric, up to a translation, with 
respect to any hyperplane n, which implies Eq is a disk, by the convexity of 
£q and Theorem 1.3.5. ■ 
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IIL5 Bibliographic Notes 

The fundamental treatise on geometric measure theory is Federer’s (1969). An elemen¬ 
tary introduction is Morgan (1988), and a more advanced treatment is Simon (1984). 

§111.1 The treatment of the Hausdorff metric on compact sets, including Blaschke's 
theorem, follows Berger (1987, Chapter 9). 

§IIL2 Steiner symmetrization can be found in Steiner (1838). It initiated a whole 
school of techniques with applications in geometry and analysis. See the geometric dis¬ 
cussion in Burago and Zalgaller (1988, Chapter 9), and analytic discussions in the classic 
P61ya and Szegd (1951), and the more recent Kawohl (1985), and Baemstein (1995). 

Our use of the phrase Schwarz symmetrization is not universal. Except for Steiner 
symmetrization, none of the nomenclature seems to be universal; so when reading any 
presentation, caveat emptor applies. 

The technique of using sequences of Steiner symmetrizations goes back, at least, to 
the important paper of Carathfodory and Study (1909). The paper is one of the early - if 
not the first - rigorous proofs of the isoperimetric inequality by Steiner symmetrization 
See the discussion in Blaschke (1956, p. 43 ff.) Our treatment follows, rather closely! 
Lieb and Loss (19%, Chapter 3). Deeper results on approximations by sequences of 
symmetrizations can be found in Almgren and Lieb (1989) and Burchard (1997). 

§IIL3 Theorem III.3.1 answers in the affirmative a conjecture of Lord Rayleigh 
(1877, §210). It was first proven in Faber (1923), Krahn (1925). 

The argument can be easily carried over to spheres and hyperbolic spaces; namely, as 
soon as one has metric disks as the solution to the geometric isoperimetric problem in 
these spaces, one automatically has the disks as solutions to the corresponding eigenvalue 
isoperimetric problem. See Chavel (1984, Chapter IV). 

§ 111.4 The discussion of perimeter follows the exceptionally clear discussion of 
Giusti (1984, Chapter 1). Ziemer (1989) was also very helpful. 

The discussion of the isoperimetric inequality for the perimeter of compact sets was 
influenced by Talenti (1993). We did not follow his argument closely, since we were 
able to use the previous arguments from Minkowski area. 
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In this chapter we introduce the most general construction of measures in a 
metric space, Hausdorff measure. As emphasized earlier, it provides a measure 
on the boundary of any domain, in terms of that set itself (not as a boundary), 
irrespective of regularity of the set. 

We show that, in Euclidean space, Hausdorff measure in the top dimension 
leads to the usual Lebesgue measure, and on smooth Riemannian manifolds 
it leads to the usual Riemannian theoretic volume measure. Finally, we show 
that if £2 is a Lipschitz domain in R", then the (n — l)-dimensional Hausdorff 
measure on the boundary of £2, 3 £2, coincides with the perimeter measure of 
£2. Our proof requires the area formula for Lipschitz maps, which we prove 
here as well. It was tempting to include in this chapter the structure of the 
boundary of domains with locally finite perimeter, and the relation of perimeter 
to Hausdorff measure. But we would have had hardly anything to add to the 
excellent treatment in Chapters 2-4 of Giusti (1984); so we left the matter to 
the reader to explore there. 

IV. 1 Hausdorff Measure 

Definition (Recall.) Given a set X, a a-algebra S in X is a collection of subsets 
of X satisfying: 

(i) X e S; 

(ii) if A e S then X\A e 5; 

(iii) if (Aj) € S then (J^ Aj e S for any countable sequence of subsets of X. 
A measure onS is a function p: S -*■ [0, +oo] satisfying: 

(i) p«d) = 0, 

(ii) p is countably additive, that is, m(U, A j ) = Zlj M(^ j ) for countable pair¬ 
wise disjoint (Aj) e S. 
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Sometimes it is awkward to specify at the outset the or-algebra S. Instead, 
using Carathdodory’s criterion,, one starts with an outer measure on the full 
collection of subsets of X, 2 X , aind creates the or-algebra and measure from the 
outer measure. Namely, 

Definition A function <f> : 2 X — »*■ [0, + 00 ] is an outer measure if it satisfies: 

(i) <f>«d) = 0; 

(ii) <f> is monotone, that is, if A c B then <f»(A) < 4>(B)\ 

(iii) 0 is countably subadditiwe, that is, 0((J, A j) < Hj<t>(Aj) for any 
countable sequence of subsets of X. 

One then calls a subset E of X <f>-measurable if 

<HX) = <P(ADE) + <I>(A\E) 

for all A e 2 X . The collection otf ^-measurable subsets of X, S*, is known to 
be a o-algebra, and the restrictiom p = of <j> to S* is a measure. 

Definition An outer measure p iis called regular if to each Ac X there exists 
a ^-measurable B D A such that p(B) = p(A). (Note that this definition of 
regularity is for outer measures.;) Note that if p is regular, then any sequence 
(Aj) in X satisfying Aj c ^>+ 1 ,, for all j, also satisfies 

m (u Ms). 

If X !s a topological space with outer measure p, we say that p is Borel regular 
if for each A c X there exists a Borel set B D A such that p(B) = p(A). 

If (X, d) is a metric space withi an outer measure p, we say that p is a metric 
outer measure if 

d(A,B)> 0 =* p(A U B) = p(A) + p(B). 

Theorem IV.1.1 (Carath^odorjv’s Theorem) Ifp is a metric outer measure 
°n X, then all Borel sets are p-mteasurable. 

Proof It suffices to show 

p(E) > pt(E 0 C) + p(E\C) 

for all E c X satisfying p(E) < + 00 , and for all closed subsets C. Let 
Cj = {at € X ::d(x, C) < 1 /j) = [C] Uj 
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for j = 1,2.Then E\C D E\Cj, which implies 

H(E) > nUE\Cj) U (£ n C)) = ix(E\Cj) + »(E n C). 

Let j -*■ oo; we shall show that fi(E\Cj) —► n(E\C). To this end, set 

Then 

OO 00 

E\C = (E\Ci) U \JRj = (E\C k ) U (J /?;, 
j-i y=* 

which implies 

00 

fi(E\C k ) < fi(E\C) < (i(E\C k ) + Y, 

>=* 

Now the series Yj converges; indeed, 

00 00 

E fl(Rj) = E M(^2j-i) + H(R2j) 

j=i j =i 

= m((J + M (U * 2 ' 

< 2/i(£). 

Therefore M(fy) —»• 0 as Jfc —»• oo, which implies the theorem. 


Definition Let X be a metric space, T a family of subsets of X, and ( : T -*■ 
[0, +oo], A covering (Ej) in T of a subset A in X is called a 8-cover of A if 
diam£j < 8 for all j. 

Assume that (X, T, () satisfy: 

1. for every 8 > 0, X has a 5-cover; 

2. for every 5 > 0, there exists E e T such that ((E) < 8. 

Define the 8-Hausdorff (outer) measure on X by 

*,(A) = inf £{:(£,-), 

j 

where (Ej) varies over all 5-covers of A by sets in T , and the Hausdorff (outer) 
measure xj/ on X by 


rJr(A) = lim xJr s (A). 
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Theorem IV. 1.2 We have 

(a) Vr(0) = 0; 

(b) x//(A) is well-defined, because xj/t 

(c) A >-> xjr(A) is an outer measure. 

Proof We only have to check subadd 
is a 5-cover of B , then (Ej, Fj) is a 5 

xJr s (A US)<£ 
j 

which implies 

which implies 

xfr(A U5)< 


Theorem IV.1.3 The Hausdorff meas 
fore, xf/ is a Borel measure. 

Proof Given A, B with d(A, B) > 0, 
(Ej) of A U B. Then any given Ej car 

E !( £ j)> E <(Ej) + 

j AnEj^e t 

which implies 

xj/(A U B) > \ 

One now easily has 

x)r(AUB)=: 


Theorem IV. 1.4 If the members ofT t 

Proof Given A c X, pick open (l/Jfc)-c 
satisfying 

E < i 
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and set 

00 00 

*=nu^ 

*=1 j =1 

One checks that B is a Borel set containing A, and if {A) = j/(B). ■ 

Definition Let X be a metric space, 0 < s < +oo, T = 2* all subsets of X , 
and 

((E) = (diam£)*, 

with the conventions 0° = 1 and (diam = 0. The resulting 5-Hausdorff and 
Hausdorff measures are denoted by Ti s s ,W, respectively, and referred to as the 
standard S-Hausdorff and the standard Hausdorff measures on X. When no 
explicit mention of T and f is made, we are always speaking of the standard 
Hausdorff measures. 

Note that H°(A) — card A. 

Proposition IV.1.1 If X is a separable metric space, we obtain the same mea¬ 
sure 7i s if we pick 

T = 2 X , 

T = [E C X: E open}, 

J 7 = {E c X : E closed}. 

IfX = R" (because diam conv A = diam A for all A), we may add to the list: 
T = {E c X :E = convex}. 

Proposition IV.1.2 Let X be a separable metric space. The following are equi¬ 
valent: 

(a) H‘(A) = 0; 

(b) W’ S (A) = 0 for some 5 > 0; 

(c) given € > 0, there exists a cover (Ej) of A such that 

(diam Eff < e. 

J 

Theorem IV. 1.5 For 0 < s < t < + 00 , A C X we have 

(a) H’(A) < +00 => H'(A) = 0. 

(b) H'(A) > 0 => W(A) = + 00 . 
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Proof Let (£,) be a 5-cover of A. Then 

WaCA) < ^ (diam Ej)' < <5' _1 ^(diamE,) 1 , 


which implies 


which implies the theorem. 


n'M) < s'-’H’M), 


Definition Die Hausdorff dimension of A in X is given by 

dim A = sup { s: W(A) >0} = sup : H‘(A) = + 00 } 

= inf{/: W(A) < + 00 } = inf {r: H'(A) = 0}. 

Note that 

AcB => dimA<dimS. 

Also, 

OO 

dim [J Aj = sup dim A;. 

j=i J 


IV.1.1 Example. Euclidean Space 

Remark IV.1.1 By Proposition IV.1.2, if a Lebesgue-measurable set A in R" 
has Lebesgue measure 0, then H n (A) = 0. 


Remark IV.1.2 If X = R", T a Euclidean transformation of R", then 

H S (T(A)) = H'(A). 

If k > 0 then 

H s (kA) = k s H‘(A). 

Lemma IV.1.1 Given any bounded open U c R\ and 5 > 0, there exists a 
pairwise disjoint family of closed disks (D,) all contained in U such that 

diam D, < 5 V j, v n (U \U jDj) = 0. 

|*roof Let U = (J* C*, where C* are closed n-cubes with pairwise disjoint 
interiors, and diam C* < 5 for all k. Pick closed disks D ; to satisfy 

Dj c Cj, diam Dj > ^side Cj V j. 
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by the isodiametric inequality (Theorem III.2.1), which implies 

v„(A) < 

For the opposite inequality: given any c > 0, there exists a sequence of open 
n -cubes /, such that 

diam /, <8, A c U, Ij , v„(A) < £ v„(/,) < v„(A) + e 

i 

(one first covers A with open U such that v„((/) < v„(/t) + e/3, then fills U 
with closed n-cubes of diameter < 8, and then thickens them slightly). Now to 
each Ij we have pairwise disjoint closed disks (D,,*) with v„(/, \ U D jk ) = 0, 
which implies, by Remark IV. 1. 1 , 



Therefore 



< 


2 " , 

—{v n (A) + 

U> n 




(the next to last inequality follows from the fact that each D jk covers itself and 
has diameter < 5), which implies the theorem. ■ 


IV.1.2 Example. Riemannian Manifolds 

Theorem IV.1.7 Let X be a separable, locally compact topological space that 
admits an exhaustion by compact sets, and let ( X,d x )and(X, d 2 ) be two metric 

structures on X, whose metric topologies coincide with the original topology, 
and which satisfy 


di{x, y) 
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locally uniformly. Then Hausdorff measure is independent of the choice oj 
metric. 


Proof Let K be compact in X. Given e > 0, there exists p > 0 such that 


d\(x, y) < p 


d i(x, y) 


for all x, y e K. Then any 5-cover of K with respect to d\ is a (1 + e)<$-cover 
of K with respect to dj, from which we imply 

^i +tW (*;d2) < 

(with obvious notation), which implies 

n s (K-,d 2 )<H s (K;d t ) 


for all compact K. By switching the roles of d\ and di we obtain the opposite 
inequality, which implies equality for all compact K. One easily obtains the 
equality for general subsets of X. ■ 


Theorem IV.1.8 Let M be a Riemannian manifold, with associated Rieman- 
nian measure dV. Let d'H n ' u denote the n-dimensional Hausdorff measure 
associated with the Riemannian distance in M. Then 

(IV. 1.1) dV= < pdH n ' u 

2 " 

on all of M. 


Proof (For the basic definitions and facts about Riemannian manifolds, see the 
summary in § V. 1 below.) Let M be a Riemannian manifold, x: U —*■ R" a chart 
on M. Then the Riemannian measure on M is given in the chart by 

dV = yfgdx x • ••dx n , 

where the local metric (, ) is given by the positive definite symmetric matrix 

g u = (d/dx ', d/dx J ), g = det (g, v ). 

On any compact subset of U, the Riemannian measure dV and the local 
Euclidean measure dx = dx l dx n are equivalent, in the sense that each is 
absolutely continuous with respect to the other. 

Fix x 0 e U, and determine Riemann normal coordinates based at xo- Then 
gij(x) —► $ij, the Kronecker delta, as x -* xo- In particular, y/g(x) -* 1 as 
x -* xo [(V.1.6) below]. Moreover, for any p > 0, there exists a sufficiently 
small ro > 0 such that £(xo; fo) C U and such that, for any vector £ in the 
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r0) ’ ** Riemannian l€l of t and the Euclidean 
length || £|| of £ induced by Riemann normal coordinates based at jc 0 satisfy 

a<a + ,). 

Furthermore, r 0 can be picked sufficiently small so that the geodesic path reali- 

Z ‘" g th ^ anCC between two P° ints of B(x o; r 0 ) is completely contained in 
ro). There fore, 

(i + < 0+ } 

“R"(x, y) 

(with obvious notation) for all jt, y € ; m). which implies 

lim ^2> = 1. 

x.y-**o dgx(x, y) 

We first conclude 


(1 + P) s H s S " < H s M < (1 + pyn**" 


Z B iT Z Therefore ’ dnn M is equivalent to <W" R \ which is equivalent to 
dV. Therefore there exists a positive function 0 on B(x 0 ; r 0 ) such that 

dH nM =4>dV. 


Since ^fg(x) -> 1 asx -> xo, we have 

2 " 

0(xo)=—. 

But i., aibitrary in M, and dV and are independent of the choice of 
any local coordinate system. We therefore have (IV. 1.1) on all of M. m 


rcu ff b ‘ “ i - dimensi °™ t submanifold of ike n-dimensional 

aZ7" 7“ fM r ■ " * r "“•»»*« We. by an 

PPhtation of Theorems IV. 1.7 and IV. 1.8, 

v >< A > = %rH , (Acx) =£tf (Acr) 

'nlZtui en °7 7 <<r ;f Rianannian measure of ike Rremarmian 
}old X ’ endowed with its induced Riemannian metric. 
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IV.2 The Area Formula for Lipschitz Maps 

Theorem IV.2.1 Let X be a separable metric space, with family of subsets T 
containing all Borel sets, and monotone and countably subadditive f : T —► 
[0, oo]. Let }jr be the Hausdorff measure determined by f. Then 

ijr(A) = sup V £ (B), 

" bTh 

for all }jr -measurable A in X, where H varies overall partitions of A by Borel 
sets. 

Also, if Hi, Hi ,. ■ .is a sequence of partitions of A by Borel sets satisfying 
lim sup diam B = 0, 

j-t-oo B€fij 

then 

lim V S(B) = ir(A). 

J ^°° &h, 

Proof Let S be a Borel set. If (E ; ) is a 5-cover of S by Borel sets, then 
f (S) < ?(£;). which implies f (S) < V^(S) for all S >0, which implies 

{(S) < HS) V Borel 5, 

which implies 

Vr(A) = £ *(*) > £ * 

BeH BeH 

for all Borel partitions H of A (the equality is where we use the ^-measurability 
of A). 

Set 

Sj — sup diam B, Sj —> 0. 

BeH) 

Given e > 0, there exists jo such that j > jo implies 

ir(A) < ^(A) + e < £ + 

BeH) 

by the very definition of the measure . Therefore we also have 



which implies the theorem. 
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Theorem IV.2.2 Let X be a seeparable metric space, (Y, p) a measure space, 
and assume the map f : X -»■ Y takes every Borel set B in X to a measurable 
set m Y. Let T be the collection of Borel sets in X, define the outer measure 

< = **</<*)) 

on T, and let be the inducced Hausdorff measure on X. Then for any i/r- 
measurable set A in X we havee 

ir{A)= If card (A fl f~ l [y])dp(y). 

JYY 


Proof Pick a sequence of Boreel partitions Hi, Hi ,... of A such that 
Sj = sup diam B, lim S, = 0, 

BeH) j-* oo J 

and such that, for every j, each. Borel set in Hj is the union of some subfamily 
of H j+ 1 . Then for any y e Y wee have 

X] X nm O') t card (A D / -l [y]) 

BeH, 


as j —>■ oo, which implies 

'I'(A) = linm V* t(B) 

B€Hj 

= ,!™ E <«/<«> 

BtHj 

= /i 1 ™ X] f X HB)(y)dp{y) 

BeH) J 

= j i card (A n f~ l [y])dp{y). | 

Theorem IV.2J Let X be a coomplete, separable metric space, Y a metric 
space, and f : X -*■ Y Lipschitz. - Then 

W m (/(A)) < card (A 1 n f~ l [y])dH m (y) < (Lip f) m H m {A) 
for all Borel sets A in X. 


Proof By Proposition 1.3.2, thee image of every Borel set B in X is W»- 
measurable in Y. We may then ddefine, as above, 

f(fi) := H m ([f(B)) < (UpffH m (B) 
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for any Borel set B in X, and let \(r denote the induced Hausdorff measure on 
X. Then for a sequence of Borel partitions H\, Hi,... of A such that Sj = 
supsetf, diam B, lim = 0, and for every j, each Borel set in Hj is the union 
of some subfamily of Hj+ 1 , we have 

+(A) = lim T H m (f(B)) 

j ^°° kit, 

< (Lip S) m lim V 7T(B) = (Lipf) m H m (A), 

i no 


that is. 


ir{A) < (1 Up f) m H m {A ) 


for all Borel sets A, which implies 


W"(/(j4))= [ dH m (y)< f a*d(Anf- l [y])dH m (y) = xKA) 
JHA) JY 


< (u P f) m n m (A) 


for any Borel set A in X. 


Proposition IV.2.1 

(a) Assume L and a are linear transformations of R m such that 

IK0I < KOI 

for all £. Then 

|detL| < |deta|. 

(b) Any linear transformation T: R m —> R" may be factored as 

T = hog, where g e GL(R m ), h e C>(R m ;R") 

[where GL(R") denotes the general linear group of R m , and 0(R m ;R*) 
denotes the orthogonal linear mappings of R m to R"]. 


Lemma IV2.1 Given a continuous map f: R m -* R", m < n, consider 

U/ = {x: Jf(x) exists and is univalent), 

where Jf(,x) denotes the Jacobian linear transformation of f at x. Then, for 
any real number A > 1, U/ has a countable covering G by Borel sets such that, 
for every Borel set E e G, 
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(i) f\E is univalent, 

(u) there exists a linear automorphism a: R m R"> that 
kip((/|£)o:s ') < A, Lip(ao(/|£)->) < ^ 

A ~'|a(£)l < K/WO < A|a(OI V x e E, £ 6 R« 
A- m ldeta| < |det J>(jr)| < A"|deta|, 

* CmSiderinS 

motion from R to its image J f ( jcXR m ) in R". J 

Proof Pick f > o such that 

^ 1 + e < 1 < A — e, 

and fix a countable dense subset S of GL(R m ) 

p ““ v,e in “ 8 " * associatt ,he sub “'*<*•*>* 

^ ^ + - K/UXOI < (A - e)|s(£)| V£ e R", 

( ") l/(y)-/W-y / (xx^-x)|< € |a(y- Jt) | Vy eB(x,i/k). 

Therefore, if *, y e Z(a, *), |y - x , < ,/*, ±en 

l/W ~ fix)) < \J f lx){yy - x)| + 6 |a(y - x)| < A|a(y - *),, 

\f{y) - f(x)l > Uf(xX)y - x)| - €|a(y - JC)| > A- 1 |a(y - x )|. 

x " 6 U/ bdon8S ,0 — 0i ™ -» 

Jf(x) = hog, where: g e GLfR'"), A e 0(R m ;R") 

Then 

W*X<€)I = |*(€)| V£. 

Since «S is dense in GL(R m ), we rniay pick a e 5 such that 

,|80^ “ 1,l < < A-e. 

Then for this choice of 8, * satisfies (i) above. Furthermore, by the existence of 
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Jf{x), there exists a positive integer k such that 

1/00 - /(*) - J/(x)(y ~ x)\ < -T^rdy - *1 

||8 II 

for all y e B(x; 1 / k), which implies 

1/00 - fix) - Jf(x)(y - x)| < e|a(y - x)| 
for all y e B(x\ 1 /k), which implies that x e Z(a; k). ■ 


Theorem IV.2.4 (Area Formula) Let f: R m -► R" be Lipschitz, m <n, and 
A a Lebesgue measurable subset of R m . Then 

(IV.2.1) f \detJ f (x)\dv m = f card(A n f~ 1 [y])dH m (y). 

J a J R* 

Proof If v m (A) = 0 then, certainly, both integrals vanish (the right hand side 
by Theorem IV.2.3). 

First assume that A c. Uf, and choose the covering G of A given by the 
lemma. Pick a Borel partition H of A such that each B in H is contained in 
some E in G. Then one has a map B !-► a e 5, for which 

k~ m H m {s{B)) = A -m |deta|v m (B) 

< J |det J f \d\ m 

< A m |deta|v m (B) 

= k m H m (e(B)), 


that is. 


k~ m H m (B(B)) < J |det J f \ d\ m <k m H m (e(B)). 


We also have 


k~ m n m (s(B )) < n m (f(B)) < k m H(s(B)), 

which implies 

k~^n m (f(B)) < j \te\J f \dy m <k 7m 'H m {f(B)). 

If we sum B over the Borel partition H, then Theorem IV.2.2 implies 

A- 2 " / card (A n / -1 [y])dW m (y) < f \det J f \dv m 
J R" Ja 

< A 2 " f card (A n f~ l ly])dn m iy). 

Jit’ 

Since A > 1 is arbitrary, we have (IV.2.1) when A c Uf. 


Now assume 


IV- 2 The Area Formula for Lipschitz Maps 


For any e > 0 write 


where 


A ~ {x : dimker J f(x) > 0) = {* : det J f (x) = 0). 


/ = P°g, 


g: R m — *■ R" x R m , g(x) = (f(x),ex), 
p: R"xr-*.R", p( y, z ) = y. 

Then x e A implies 

= (J/ixM), eO. 

which implies that g and J g {x) are univalent. Also, we have 

ll/r(*)ll 5 Lip / -(- e „ |det / g (x)| < f (Lip / + e )"-' ( 

since ker Jf{x) ^ {0). Since J g ,(x) is univalent, we have from the first half of 
tne proof that 

W m (/(A)) < H m (g(A)) = |det J g \dy m < e(Lip/ + e)"-‘v m (A). 

Let e —> 0. Then 

?/"(/(A)) < liim sup / |det J. | dy m = 0, 

J A 

which implies the theorem. 

^^rem IV.2^ Ler 0; R" 1 -+■ R be a Lipschitz function on R"-‘, and <t> : 
IK the Lipschitz hypersiurface given by 

<I>(w) = (w„ 0(w)), weR" -1 . 


W'lW, = yr+ |grad,_, 0 |i 
'f* ttSaLipsch,tzdomul,nin ®'- then the perimeter measure d6St 


\d6n\ = dH n ~ l ondn. 
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Proof One directly calculates 7$ to be given by 

|7 * 1 = || Cl + | A ■ A {*-' + | 

= y/l + lgrad n _,0| 2 . 

The discussion of the perimeter measure of 90 is found in Example II1.4.3. 

■ 

IVJ Bibliographic Notes 

There are many excellent treatments of Hausdorff measure, especially in dynamics. 
However, our emphasis is toward its employment in geometric measure theory, for 
which we have already referred the reader (in the previous chapter) to Federer (1969), 
Morgan (1988), Simon (1984). 

§IV12 Our treatment follows Federer(1969, pp. 241-244). 


V 

Isoperimetric Constants 


In this chapter we change our venue: we move from Euclidean space to the 
broader collection of Riemannian manifolds ofbounded geometry. Thus we skip 

LTL of 1 " leVdS ° fgenera]ization > namely, the sphere and hypeibolic 

space of all dimensions, symmetric spaces, and homogeneous spaces. Even 

n these intermediate spaces, one gives away the abelian translation group of 
.sometnes and the homotheties that play such an important role in Euclidean 
space. Therefore one requires different methods from those we used earlier In 
the more general setting of this half of the book, we also have to change our 
point of view with regard to the questions that we ask. 

m m^T 1 RiCmannian manif ° ld ’ the Chances of fi n d mg the domain of mini- 
m boundary area, given the volume of the domain in advance, are essentially 

eXCePt ^ ybC , in S ° me ^ Special Cases - Furthermore, different choices of 

L ^ Change ^ Wh ° le Character of ^ problem. Thus, 




A(3D ) 
V(D)("-D/n 


(where n is the dimension of the manifold); nor is it obvious that this is the 
correct analytic functional to study 

■“ ■* u . °°i «»ch 


D i-». 


A(8D) 

V(D)<~ v -')/v 


i* boonded away from 0. [For „= 1 the fimctional is Dw d(30) add for 

ov7r «WvT“' 0 ” al iS a D ~ Af3D)/VI - D » A " d * suffice .0 let D va^ 
ver relatively compact domains wild smooth (that is, c°°) boondary. ^ 
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We shall have to adjust even this formulation of the problem to take ac¬ 
count of the difference between the local Euclidean character of Riemannian 
manifolds and their varied global behavior. This distinction will allow us to con¬ 
sider discrete isoperimetric inequalties on graphs and, using the hypothesis of 
bounded geometry, will allow us to compare global isoperimetric properties of a 
Riemannian manifold with those of its discretizations (especially, Theorem 
V.3.1). 

In subsequent chapters, we shall continue this theme, employing it in the 
study of large time heat diffusion in Riemamannian manifolds. But more of 
that later. 

In this chapter, we mostly present just a summary of the basic background, 
nearly all of which is considered in Chavel (1994). Detailed proofs are given 
for results not covered there, or for results that are at the heart of the point of 
view presented here. 

V.l Riemannian Geometric Preliminaries 

In this section we describe the universe we inhabit for the rest of the book - 
Riemannian manifolds. The necessary definitions and results are given that 
enable us to discuss the type of isoperimetric inequalities in which we are in¬ 
terested. 

Whenever we refer to a manifold, unless otherwise noted, we only have in mind 
the interior. Also, unless otherwise noted, it is C°°, Hausdorff, with countable 
base, and connected. The boundary, when it exists, is usually mentioned sep¬ 
arately. (We do not assume that the boundary is connected.) Thus a compact 
manifold has no boundary. 

We are given an n-dimensional manifold M,n> 1. For any point p e M, we 
denote the tangent space to M at p by M p ; and we denote the full tangent bundle 
by TM, with natural projection n :TM -*■ M.lfx.U -*■ R" is a chart on M, 
we denote the natural frame field associated with x by 

( 3 i. 3 ")> 9 > = a^j- 

At each point p of U, the frame is the natural basis of M p . 

A Riemannian manifold is a manifold with an inner product on each of its 
tangent spaces, denoted by (, ); the assignment of inner products, referred to 
as a Riemannian metric on M, is C°° in the sense that if X, Y are C°° vector 
fields on Af, then the function ( X, Y) is a C°° real-valued function on Af. For 
any f e TM the length of^, |£|, is defined by |£| = ($,$) 1/2 . 
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Given Riemannian manifolds (Af, g), (N, h), where g and h denote the re¬ 
spective Riemannian metrics, one naturally considers the product Riemannian 
structure on the product manifold M x N, as follows: For * e M , y e N the 
tangent space (M x N\ xy) i s canonically isomoiphic to M x ® N y . For vectors 
r? 6 M x , (,ve N y , we define the inner product of £ © f and q 0 v by 

(*. A)(£ © f, rj © v) = g(£, + v). 

Also, given a Riemannian manifold (Af, g ) and an imbedded submanifold N in 
M, then N carries a natural Riemannian metric g\N obtained by restricting the 
inner product on tangent spaces of M to the tangent subspaces oftfin M. 

Let x: U -> R" be a chart on the fixed Riemannian manifold M. Then for 
each p € U , the matrix G(p ) given by 

(V.l.l) G(p) = ( gij (p)), gij (p) = {d ilp ,dj lp ), 

is positive definite symmetric, and the functions gii :U -*■ R i i = \ 
are C°° on U. - ’ 

We also use the notation 

(V.1.2) G -1 = (g* k ), g = det G. 

Let D l denote the continuous, piecewise C 1 paths in M. For any path o>: 

\a. P] -► Af e D\ a>' denotes the velocity vector of o> at values oft where o> 
is C , and the length of o>, €(a>), is defined by 

€(o>)= f* \a>\t)\dt. 

J a 

For M connected (our usual assumption), p, q e M, we define the distance 
between p and q, d{p, q), by 

d{p, q) = inf f(<w), 

(0 

where a, ranges over all paths a):[a, 0] -> M e D l satisfying w(a) = p, 

Mp) — q . Then d defines a distance metric on Af. A path y: (a, 0) -> M e D\ 

\Y I = const., is called a geodesic if for every t e (a, 0) there exists an e > 0 
such that 

0 , 0o\) = d(y(ao), y(0o)) 

for all [or 0 , 0o]c(t-c,i + e). That is, geodesics locally minimize distance 
s known that any geodesic y must in fact be C°°. Furthermore, it is known 
at given any | e TM, there exists one and only one maximal geodesic y ( : 
«t. 0() -* M, a ( , 0 ( 6 (0, +oo], satisfying ^(0) = ?r(£) and y/(0) = £. 

Of course, \y’ | = ||| on all of (-«*, 0 ( ). We write / f = (-^, ^). 



120 


Isoperimelric Constants 


Let T M denote the subset of TM consisting of those £ e TM for which 1 e 
Define the exponential map , exp : TAf -> M, by 

exp £ = Kf(I). 

Then for every t e R, £ 6 TM, for which e TAf, we have 

exp r£ = y ( (t). 

Notation For every p 6 A/we let exp^ = exp|(TAf n A/;,). For every p e M 
and r > 0, we let B(p;r) denote the open n-disk in M p centered at the origin 
of radius r. Recall that, for every p e M and r > 0, B{p\r ) denotes the metric 
disk in Af centered at p of radius r. 

For any p € M there exists an e > 0 such that exp^ is defined on B(p; e) and is 
a diffeomorphism of B(p; e) onto the metric disk B(p; e). Furthermore, if for 
any r > 0 we have exp^ defined on all of B(p; r), then 

exp, B (p;r) = B(p\r); 

one just cannot guarantee that exp | B(p;r) is a diffeomorphism. The injectiv¬ 
ity radius of p, inj p, is defined to be the supremum of all r > 0 for which 
expp | B(p; r) is a diffeomorphism. By our first remark, inj p > 0 for every p. 
The injectivity radius of M, inj Af, is defined to be the infimum of inj p, where 
p varies over all of Af. 

The Riemannian metric also has a local convexity property, namely, given any 
p e Af, there exists ro e (0, inj p] such that for any two points u, v e B(p; ro) 
there is a unique length-minimizing geodesic in Af joining u to v, and it is 
completely contained in B(p; ro). 

Let Af be a Riemannian manifold. We say that Af is geodesically complete 
if for every £ e TM, the geodesic y$ is defined on all of R, that is, if exp is 
defined on all of T Af. 

Proposition V.1.1 IfM is geodesically complete, then every closed and bound¬ 
ed subset is compact. As a consequence, M is a complete metric space. If Af 
is a complete metric space, then M is geodesically complete. IfM is complete, 
in either of the two meanings, then any two points of M can be joined by a 
minimal geodesic. 

V.I.I Connections and Curvature 

We must first consider the Levi-Civita connection on M. Of course, differen¬ 
tiation of functions on a manifold is determined by the differentiable structure 
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alone. But the differentiation of vector fields is not uniquely determined. A con¬ 
nection is a rule for differentiating vector fields on a manifold. Let r°°(rAf) 
enote C°° vector fields on Af, that is, the C°° sections in TM. Then a con¬ 
nection on M is a map V: TM x r°°(TM) -♦ TM, which we write as V*T 
instea o V(£, Y), with the following properties: First we require that V^Y 
^ agent S P ace “ and *at for a, fl e R, p e M, f„ 6 M p , 

Vat+finY = aV^Y + 0V,y. 

Second, we require that for p e A/,£ e M P ,Y,Y U Y 2 6 r°°(TM),f e C°°(M), 
we shall have 

v* ( y, + y 2 ) = v t y, + v t y 2 , v t (/y) = ^f )Y[p + f( P )^Y. 

Finally we require that V be C°° in the following sense: if X, Y e r°°(rAf) 

then e r°°(r A/). 


mined by the values of Y in a neighborhood ofp = zr(^); in fact, it is determined 
y t e restriction of Y to a path in a neighborhood of p that passes through p 
and which has velocity vector £ at p. 

/u ^ M * s 3 Riemannian manifold, then there exists a unique connection V 
(henceforth called the Levi-Civita connection) for which 


(VI - 3) = v y X + [X,Y], 

(VL4) wz> = (v x y,z> + (p,v x z) 

for all differentiable vector fields X, Y, Z e T(TM). We shall always work with 
tnis connection. 

W is a Riemannian manifold with Levi-Civita connection V. The curvature 
tensor, R, of M is defined by 

R(X, Y)Z = V Y V X Z - Vj((Vy Z - V (y .*,Z, 

rill!" 5 X 'J’ Z,W e T (™y One has that R(X, Y)Z at the point p depends 
on e values of X, Y, Z at p, and is trilinear on M p . More generally, if 

Riax Z T™ ° n M and *’ K ' 2 are vector fields on A/, then 
laX ' P y X<Z) = afcR(X, Y)Z. Of course. 


an d (V.1.3) implies 


R(X, Y)Z -(- R(Y, X)Z = 0; 


R(X, Y)Z + R(Z, X)Y -f- R(Y, Z)X = 0. 
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One also has 

(R(X, Y)Z, WO - {R(Z, W)X, Y) = 0, 

{R(X, Y)Z, W) + {R{X, Y)W, Z) = 0. 

Since the curvature tensor vanishes identically for dim M = 1, all discussions 
concerning the curvature tensor will assume dim M >2. 

To define the sectional curvature, one defines, for p e Af, £, r? e M p , 

k(*. n) = <*(*, if*. r?>, k,($. ij) = <*,«. , rj), 

where 


If I, r) are linearly independent tangent vectors in A/,,, then 

„„ ^ k(*,r?) <*(*,'?)*,'?> 

k,(*,»,) |*| 2 M 2 -(*,i ?> 2 

is well defined and only depends on the 2-dimensional subspace determined 
by £ and r). We refer to JC(£, rj) as the sectional curvature of the 2-section 
determined by £, rj. We note that if G 2 is the complete collection of all 
2-dimensional spaces tangent to M , then G 2 can be provided a C°° structure in 
a natural manner, and K ,: G 2 -*■ R will then be C°°. 

For p e M , the Ricci tensor Ric: M p x M p —► R is defined by 

Ric (£, rj) = trace (£ m- R(£, O'?)- 


In particular, we have for any orthonormal basis of M p , [e\ . e„] 

n 

Ric(*, r?) = ^(R(*. ej)rt , e,). 

1 

Thus Ric is a symmetric bilinear form on To calculate its associated 
quadratic form (referred to as Ricci curvature), pick (ej,..., e „} so that e„ = 
01*1; then 


Ric(*,*) 


n—\ 


?-1 


l*| 2 - 


So, for any unit vector £, Ric (£, £)/(" - 1) is the average sectional curvature 
of all 2-sections containing £. 

The Riemann and Ricci tensors measure how the Riemannian metric and 
the Riemannian measure, respectively, of M differ at the infinitesimal level 
from the Euclidean metric and measure (see §V.1.2 below). It is expressed as 
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follows: Fix p e M and U = B (p; inj p ), U = B(p; inj p). Then every choice of 

orthonormal basis [e t . e„) of M p determines a chart n: f/ -*■ R", referred 

to as Riemann normal coordinates, given by 

n J (q) = <(exp|U )~ l {q),ej) 

for qe V, that is, for v = v'e, e U we have n'(expv) = v J . Then for 
teUwe have 

(VL5) «;*(expv) = & Jk - !{/?(„, ej)v< et) + 

(V.l.6) det(g,*(exp v)) = 1 - |Ri c („, v) + 0(|v| 3 ) 

as u -»■ 0. 

If Mi and M 2 are Riemannian manifolds, we say they are isometric if there 
exists a diffeomorphism 0 : Af, -»■ M 2 such that 

IMb = |*li 

for all £ e T Ml (the subscripts indicate in which Riemannian manifold the 
length is being evaluated), where 0, denotes the Jacobian map from T Mi to 
TM 2 . The map 0 is referred to as an isometry. 

Let M be a Riemannian manifold of dimension > 2, K the Riemann sectional 
curvature of 2-dimensional spaces tangent to M . We say that M has constant 
sectional curvature k,k 6 R,ifK(o) = * for all 2-sections a. One has the three 
standard model spaces of simply connected complete Riemannian manifolds 
of constant sectional curvature. For * = 0 one has Euclidean space R», with 
its standard Riemannian metric. Of course, the geodesics are the straight lines 
in R". When * > 0, the n-sphere S"(l/VO in R»+> of radius 1/^ has con¬ 
stant sectional curvature «r. The geodesics of S"(l/V^) are given by the “great 
circles,” the intersection with S"(l/VO of 2-planes in R"+> that pass through 
the center of S"(l/V^). When * < 0, we have hyperbolic space given by the 
ball model, namely, on the n-disk B" (1 A/=?) we define the Riemannian metric 

ds 2 = - ^ dz |2 • 

{1 + *|z| 2 } 2 ’ 

then the sectional curvature is constant equal to k < 0. One easily sees that, 
in this model, the geodesics emanating from the origin are given by straight 
ines emanating from origin, and their length to the boundary S"~ 1 (l/V = 7) 
is infinite. The rest of the geodesics consist of the intersection with B" (1 

S"~‘^l/V^) leS ^ R " ^ 0rth ° g0nally intersect toe boundary sphere 

B y the Hopf-Killing theorem, a complete simply connected Riemannian 
marufold of constant sectional curvature * is uniquely determined up to 



124 


Isoperimetric Constants 


isometry. In particular such a space is isometric to the appropriate model among 
those discussed above. We always refer to the model space as the model space 
M* of constant sectional curvature k. 

For convenience, we define the function 

(l/V*)sinV*r, k > 0, 

S K (r) = r, k = 0, 

(l/>/-*)sinh yf^icr, k < 0. 

Of course, <p(r) = §*(/•) satisfies 

<P" + K<p = o, <p(0) - 0, <p'(0) = 1. 

Let M * be the model space of constant sectional curvature k. It is standard that 
for any x e M, unit vector £ e M x , andr > 0 (that is, when k < 0-otherwise, 
we have to restrict r e (0, n/^/ic]), we have 

(V.1.7) dj 2 (exp r£) = dr 2 + S, 2 (r)|rf*| 2 , 

where |rf£| 2 denotes the Riemannian metric on the (n — l)-dimensional unit 
tangent sphere (henceforth denoted by) S x in M x . 

V.1.2 Volumes of Disks and Areas of Spheres 

We now consider the Riemannian measure dV on M. Let x: U —► R" be a chart 
on Af, with the Riemannian metric given in local coordinates by (V. 1.1) and 
(V.1.2). Then the local measure 

dV = d\„(x) = */gdx 1 • ■ dx n 

[where g is given by (V.1.2)] is well defined, that is, the integral 

I(f;U)= f (/V«)ox _l <fv n (x) 

•/*(£/) 

depends only on / and U - not on the particular choice of chart x. One then de¬ 
fines a global Riemannian measure on M, also denoted by d V, using a partition 
of unity. 

( 

Definition Given any x e M , we let D x denote the largest starlike (relative to j 
the origin) neighborhood of the origin of M x on which exp is a diffeomorphism. 1 

For any £ e S„ we let ’ 

c(£) = sup [r > 0: r$ e D* V / e [0, r)}. 
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So 

D * = {'I: r 6 [0, c(£))). 

rD x (r) = S(x\r)nD x . 

wJaulT D / ~ CXP Dx ’ and refer t0 D * ^ the domain inside the cut locus ofx. 

We ^ er il° d e *°’ C( ^’ * 6 S * 88 geodesic spherical coordinates on D x 
we write the Riemannian measure on D x as 

(V.L8) *V(e*prS) = J%r;$)drdtt x ($), 

where </**,«) denotes the Riemannian measure on S, induced by the Euclidean 
Lebesgue measure on M x . We also let V(x; r) denote the volume of B(x- r) 

M ’ We let * (x; r) denote lower area of the metric sphere 
r), with center x and radius r, that is, 

*(x;r):= f Vg (r^)d^), 

J 0 ,<r) 

and we let A(x; r) denote the area of the metric sphere S(x; r), that is, 

A(x;r) = H n -'(S(x;r)), 

the (n - l)-dimensional Hausdorff measure of S(x; r). 


Proposition V.1.2 One has 


r;r)= f a(jc;t 
Jo 


for all r > 0. 

Finally, A(x\ r) — QL ( X ; r) for almost all r. 


V.1.3 Curvature and Volume 

Recali that denotes the (n - l)-dimensional Riemannian measure of the 

simnll ^ lmenS ^ nal Unit SpherC Sn “‘ in R "- For * a real constant, and M, the 

ture S K 0mP,ete Riemannian manifold of constant sectional curva- 
re * described above, let dV K = sf% K {r \*) drd^) denote the Riemannian 
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measure on M* in geodesic spherical coordinates described above, and V K (r) 
the volume of the metric disk in M* of radius r. Then 

Vi c (r;|) = S/- , (r), V,(r) = c._,jT S/-'(f )dt. 

Bishop’s comparison theorem states that if Af is an n-dimensional Riemannian 
manifold, x e M such that B(x; R) C TAf [that is, the exponential map is 
defined on all of Bfx; /?)], and 

Ric(*,*)>(/i- l>r|f| 2 

for all £ e Af,, q e B(x\R), then 


(V.1.9) 

which implies 
(V.1.10) 


JUnt) " s *" _1 


VS(r;« < S/-'(r), 


for all r 6 (0, min {/?, c(£)}), and 


(V. 1.11) 


V(x;r) < V K (r) 


for all r 6 [0, /?]. In particular, (V.1.9) implies that the function 


(V.1.12) 


r Vg(r;^)/S/- 1 (r) 


that is, is nonincreasing with respect to r on (0, min [R, c(£)}). Gromov’s refine¬ 
ment of Bishop’s comparison theorem states that, under the same hypotheses, 
the function 


(V.1.13) 


r h+ V(x;r)/V K (r) 4,, 


that is, is nonincreasing with respect to r on [0, /?]. 


V.l.4 Liouville’s Theorem 

On the unit tangent bundle of Af, SAf, one has the geodesic flow, <t> t , defined 
by 


*•-►*»* = *'( 0 . 


that is, <t>,% is the velocity vector of the geodesic y$(f) = exp at the point 
y$(t). Since y$'(t) has the same length as £, <J>, indeed maps the unit tangent 
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bundle to itself. The kinematic density is the measure dpt on SAf given by 

L Fdt,= i dvM i/^ d ^ 

for functions F on SAf. 

Proposition V.13 (Liouville’s Theorem) The measure dptonSM is invariant 
with respect to the geodesic flow. variant 

V.2 Isoperimetric Constants 

In this section we define the basic apparatus of isoperimetric constants that 
we use m the sequel. We mention some of the most elementary examples that 

fnnaL^ ^ diSCU “ ** necessit y of introducing a Ldified 

apparatus of constants in order to deal with the dichotomy between local and 

global considerations in the geometry of Riemannian manifolds. Probably the 
most important result for our point of view here is Theorem V.2.4, which proves 
Ae invanance of positivity of modified isoperimetric constants under compact 
perturbations of a complete Riemannian manifold. 


V. 2.1 Definitions and Examples 

Definition Ut Af be an n-dimensional Riemannian manifold, n>2. Denote 

J Riemannian measure, and by A the Riemannian measure 

associated with (n - 1 )-dimensional submanifolds of Af. For each w > 1 define 
the v-isopenmetric constant ofM, \{M), to be the infimum 


MM) = inf -* (8n) . 

n V(n)i-i/»’ 


c-tounZT ° Ver 0pen SUbmanifolds of M P° ssess ing compact closure and 
For v = 00 define Cheeger’s constant, ^(Af), by 


^oo(Af) = inf 
n 


/f(3Q) 

V(O) ’ 


where Q ranges over open submanifolds of Af described above. 


Remark V.2.1 If Af is compact, then, by considering M\B(x;e) for small 

ur *7 “““ »■«> we L 

merest to the case of noncompact manifolds. One can adjust the definitions 
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of isoperimetric constants for the compact case and obtain a rich theory. See 
our comments in § VI.2 below. Also, see the remarks in the Bibliographic Notes 
to Chapter VI (§VI.6). 

Definition Let <j>\M-r N be a diffeomorphism between Riemannian mani¬ 
folds Af, N with respective metric tensors g, /i. We say that ^ is a quasi-isometry 
if there exists a constant c > 1 such that 

c“‘g(£, £) < h(4>,S, *,$) < cg(£, £) 

for all £ e TM , the tangent bundle of Af. 

Two metric tensors g, h on a Riemannian manifold Af are quasi-isometric 
if the identity map id*#: (Af, g) -*■ (M, h) is a quasi-isometry, that is, if there 
exists a constant c > 1 such that 

e-'gfc.*) <*(*.*) <eg(*.$) 

for all £ e TM. 

Remark V2.2 The property 3„(Af) > 0, v e [1, oo], is invariant under quasi¬ 
isometry. 

Example \.2.\ The first, R", n > 1, as discussed in previous chapters. 


Example V.2.2 The hyperbolic spaces, M«, k < 0. Then the Cheeger constant 
3oo(M») = (n — 1 )v' = x, where n = dimM*. The proof goes as follows: 

Let Af be arbitrary Riemannian, x e Af, and r, t- geodesic spherical coordi¬ 
nates on D x . Let d r denote the radial vector field on D x , given by 

dr |exp rf = Y( (0- 


Then it is standard that the Riemannian divergence of 3 r (see §VII.2.1 below) 
is given by 


div3 r (exp r£) = 


JUnS) ' 


When Af = M* then 


V.2 Isoperimetric Constants 


129 


When k < 0, then c($) = +00 V $ 6 S x - so D x = M*. Therefore any 
relatively compact Q CC D,. Furthermore, 

div3 r > (n — 1 )y/—ic. 


By the Riemannian divergence theorem, 

A(d&)> I (3 r ,v)dA=ff divd r dV > (n - l)v^xV(n), 

J3si JJ n 

where v denotes the exterior unit normal vector field along 3 Q. The lowerbound 


A( 30) 

V(O) 


> (n - 


is sharp, because one has 


__-^ (n _l)y=7 asr^+oo. 

As mentioned in Remark 1.1.4, if Af = Mj, the simply connected Rieman¬ 
nian 2-manifold of constant Gauss curvature equal to k, then the isoperimetric 
inequality is (1.1.6): 


L 2 > 4tc A — kA 2 , 


where A denotes the 2-dimensional measure of the domain, and L the 
1-dimensional measure of the boundary, with equality if and only if the do¬ 
main in question is a metric disk. When k < 0, the inequality (1.1.6) is sharp in 
two senses, because (1.1.6) implies both the inequalities 

L/A l/2 > \Z4tt, L/A > 


The first is sharp for geodesic disks of radius r as r J, 0, and the second is sharp 
for geodesic disks of radius r as r f -(- 00 . 

Thus, one has distinct isoperimetric behavior when discussing the local prop¬ 
erties of the manifold versus the global ones. Indeed, one expects all local 
isoperimetric behavior to be Euclidean in character [see (V. 1.5)], and the global 
behavior to be quite diverse. 


Remark V23 The inequality 3„(Af) > 0 is only possible for n < v < 00 . 
Indeed, let v < n, and consider small geodesic disks B{x ; e), with center x e Af 
and radius ( > 0. Then for the isoperimetric quotient of B(x;c) we have 

A(x\e)f V(x;e) 1-1/l ' ~ const-e" -1- " 0-1 ^ = const.e n/l,_1 

as c 4 0, thus 3„(Af) = 0 whenever v < n. So it seems at first glance that one 
only has a discussion of isoperimetric constants for v > n = dim Af. 
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Definition For each v > 1 and p > 0 define the v-modified isoperimetric con¬ 
stant of M, 3„, P (A/), by 


MM) 

/)(■*) — ini , 

p a V(ft)>->A’ 


where ft varies over open submanifolds of M possessing compact closure and 
C 00 boundary and inradius greater than p, that is, ft that contain a closed metric 
disk of radius p. 


Definition For v = 1 and p > 0 define the l-modified isoperimetric constant 
ofM, 3 ltP (A/), by 


3i,p(ft) = inf v4(a«). 


where ft varies over open submanifolds of M, described above, with inradius 
greater than p. 

For v = oo and p > 0 define the modified Cheeger constant, 3«,, P (A/), by 


3oc,p(Af) = inf 
n 


i4(3ft) 

V(O) ’ 


where ft ranges over open submanifolds of M , described above, with inradius 
greater than p. 


Remark V.2.4 Given v e [1, oo], then the existence of p > 0 for which 
3„,p(A/) > 0 is invariant under quasi-isometry. 

Example V.23 Consider the Riemannian product M = Af 0 x R*, where Af 0 
is an (n - &)-dimensional compact Riemannian manifold. Then /*(A/) = 0, as 
noted in Remark V.2.3. Yet, for extremely large domains - for example, metric 
disks of large radius - one expects the volume of these domains and the area of 
their boundaries to reflect ^-dimensional space. We shall see (Example V.3.6 
below) that 3„, P (A/) > 0 for any p > 0 for all v € [1, *]. 

Example V.2.4 The 2-dimensional jungle gym JG 2 is constructed by (a) con¬ 
sidering the integer lattice Z 3 in R 3 , (b) connecting points, for which precisely 
one of their coordinates differ by 1 and the other two coordinates are equal, 
by a line segment parallel to the coordinate axis, (c) considering the surface 
consisting of all points with distance from the 1-dimensional network to be 
precisely equal to e, for some given small e > 0, and finally (d) smoothing out 
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the comers in a bounded periodic (that is, Z 3 -invariant) fashion. We shall see 
(Example V.3.7 below) that 3 3 (JG 2 ) > 0. 

The verification of the positivity of the isoperimetric constants in the last two 
examples requires discrete isoperimetric inequalities for graphs, which we con¬ 
sider later. 


V.2.2 Basic Results 

Remark V.2.5 It is an easy consequence of Minkowski’s inequality that for 
domains Sij, j = 1,.... IV, in M, and any k > 1, we have 

vMj)'/* > J^; V ( j2,)j ' . 

From this Yau (1975) has shown that in the definition of 3„(A/), v e (1, oo], it 
suffices to let J2 range over open submanifolds of M that are connected. 



Definition For each v > 1, define the Sobolev constant & V (M) ofM by 

6„(Af) = inf ■ l - lgrad ^ ll ‘ , 

/ II/La.-I) 


where / varies over C“(A/). 

For each p > 0, let C™ p (M) consist of those compactly supported Lipschitz 
functions on M for which (a) there exists an x e M such that the preimage of 
max ft,, satisfies ft, D D(x \p), and (b) * | Af\ft, e C°°. For each v > 1 
and p > 0, define the modified Sobolev constant of M, by 


(V.2.1) 


= inf 


llgrad/[|i 

ll/ll i-Am-D 


where / ranges over C™ p (M). 


Remark VJ.6 Even for 6„(A/) we may (by Theorem 1.3.3) allow / to vary 
over compactly supported Lipschitz functions on M. 


Theorem V.2.1 (The Federer-Fleming Theorem) The isoperimetric and 
Sobolev constants are equal, that is. 


(V.2.2) 


3„(Af) = 
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and the modified isoperimetric and modified Sobolev constants are equal, that 
is, 

(V.2.3) 3 V , P (M) = 

Proof The proof of (V.2.2) is the same as the proof of Theorem n.2.1, with the 
substitution of v for n. The argument for (V.2.3) is a slight modification of the 
proof of Theorem II.2.1. ■ 

Theorem V.2.2 Suppose, for a given v e (1, oo), we have 3 vp {M) > 0. Then 
for the area and volume of metric spheres and disks we have 

(V.2.4) A{x\r) > 3 ViP (M)V (x; r) 1 ” l/v 

for all x e M and r > p. 

For the volume of metric disks we have 

(V.2.5) V\x,r) > 3 V 'p{M)V(x-,rf-V v 

{where the prime denotes differentiation with respect tor) for almost all r > p. 
In particular, 

(V.2.6) liminf V(x;r)r~ v > 0. 

rfoo 

Proof The point, of course, is even when r > inj x. 

Assume r > p. For e > 0 define the function r ( : [0, oo) —► [0, 1] by 
(a) *«(■*) = 1 when s e [0, r], (b) r t (j) = (r + ( - s)/e when s e [r, r + e], 
and (c) T((s) — 0 when s > r + e. Also define the Lipschitz function f e :M —* 
R by 

My) = Md(x, y)). 

Then 

V{x-r) l - l > v < ||/ t 

5 3„,p(Af) _1 llgrad f ( ||, 

<x,(Mr' Vix ’' + t, ~ v(x ’ r) . 

€ 

Now let e 0. Then 

V(x■,r)'- 1 ' v < 3 v , p (M)-'<H(x-,r) < 3 v , p (M)~ l A(x;r), 
which implies the first claim. 
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The second claim follows from the fact that A(x\r) = V’(x;r) for almost all 
r. Now integrate (V.2.5) to obtain (V.2.6). ■ 

A similar argument, using the corresponding Federer-FIeming theorem for 
v — 00 , shows 

Theorem V23 Suppose 3 00 { M) > 0. Then for the volume of metric disks we 
have for all x e M 

(V2/7 > V\x\ r) > 3 00 {M)V{x,r) 

for almost all r > 0. 

In particular, 

(V.2.8) liminf V r (*;i-)e _:, ° o(A#)r > 0. 

r|oo 

Proposition V2.1 If3 v , p {M) > 0 for some v 6 [1, 00 ), p > 0, then V(x; p + 
6) is uniformly bounded from below for all x with d(x, dM) > p + e, for any 
6 > 0. Also, I p , p + ( {M) > 0 for all p in [1, v). 

Proposition V.2.2 Let SI be a domain in M with compact closure and C°° 
boundary. Then 3oo(n) > 0. 

Theorem V.2.4 Let D be a relatively compact domain in the Riemannian 
complete M with C°° boundary T, and D’ an n-dimensional Riemannian 
manifold with compact closure and C°° boundary T, such that M’ given by 
M ’ ~ i M \ D ) U D’ is C°° Riemannian. If3 v , p {M) > 0 for given v e [1, 00 ) 
and p > 0, then there exists p' > 0 such that 3 VmP -{M') > 0. 

Proof (See Figure V.2.1.) Suppose we are given any a 6 (0, 00 ). The number 

a w *^ ^ throughout the argument, although its estimated value will be 
determined as we go along. 

Since 3 VtP (M) > 0, there exists R > p such that 
V(x;/?)'-'/*' >«A(r) 

for all x e M. Let S' denote the diameter of D'. We pick 

p’ = 2p + R + S'. 

Let E = M \ D, and suppose we are given O' c M\ with compact closure 
and C°° boundary, and S2' 2 B(y'; p'). 
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Figure V.2.1: The compact perturbation. 


(i) We first assume that d(y\ D') < R. Then B(y'\p') D D', which implie 
30' c E. Set O = (O' \ D') U D. Then 30 = SO 7 , and O contains a disl 
in M with inradius p, which implies 

/lOO 7 ) > 3,. p (A/)V(0) 1 - 1/v . 

We obtain 

4(30') > 3„, p (Af){ V(D) + V(0' n 

> min{l, V(D)/V(D')) l - l/v 3 V ' P (M){V(D') + V(0' n £)}‘“ 1/l 
= min{l, V(0)/V(D')} 1 - ,/l '3 l ,, p (Af)V(0') 1 - ,/v , 

that is, 

(V.2.9) 4(30') > min{l, V(D)/ V(D')} 1 - ,/ *'3 l ,, p (A/)V(0') , - ,/v . 

(ii) We now assume d(y', D') > R. Then B(y’\ R) c E, which implies 
(V. 2 . 10 ) V( 0 ') , - ,/, ' > V(y'; R)'~V v > «A(r). 

(ii-a) Assume first that V(0' n E) > j V(O'). Then 
4(30') > 4(30' n E) 

> 4(3(0' n £)) - 4(D 

> 3„ P (A/)V(0' n f) 1 " 1 ^ - - V(0') 1_1/v , 

a 

because R > p. So 
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Therefore we pick a at the very outset to also be greater than or equal 
to 3 „. p (A/)/ 2 2 -'/*'. We obtain ^ 

(V.2.1 1 ) 4(30') > (3„, p (Af)/2 2 -V*')V(j2') 1 - 1 /*'. 

(ii-b) The final situation to consider is, therefore, d( y' £>') > R and 
V(0' fl O') > 5 V(S 2 '). We still have (V.2.10); then 

^(30') > 400 7 n O') 

> 4(3(0' fl O')) - 4(1") 

> 3«,(o ')var n o') - - v(n')'-'A 

> looiD'y^p- - Iv(o') 1 - 1 /*' 

o') 1 /* i] 

> j--- -J V(ST)'-‘/" 

^ f3oo(0'){a4(D}■/(>'-» n 

- l-^- \ vroV-v*' 


(die third inequality uses Proposition V.2.2). In addition to the above, 
pick, at the outset, a sufficiently large so that 

(V.2 12) J »( p, >M(Q} l/(,, ~ l) _ 1 3 00 (O')4(r)'/C'-D 

2 a - 2 -• 

Then (V.2.9HV.2.12) will imply the theorem. B 


Example V.2.5 The proofs of Proposition V. 2.1 and Theorem V. 2.4 break down 
when v-oo- unless we postulate the existence of po > 0 for which 

(V-2-13 ) V(x;po) > const. > 0 

for all x (the constant independent of x). Moreover, one has a counterexample 
r roposition V.2.1. Consider the Riemannian metric on M = R 1 x S 1 given 

ds 2 = dr 2 + e^dO 2 . 

Certainly there is no a, > 0 for which (V.2.13) is satisfied for all *. At the same 
time, one easily shows 

3<x>.p(M) = 3oo(Af) = 1, 

for all v € [l,oo), p > 0 . 


3p,p(A/) =r 0 
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Proposition V.2.3 

(a) (Crake’s inequality) Let M be an arbitrary Riemannian manifold. Given 
any o 6 M, p > 0, such that exp 0 is defined on D(o ; p), then for 

1 . f 

r < - min \ inf ini x, p 

2 [ xeB(o-,p) 

we have 

(V.2.14) A(9ft) > const.* V(ft) n/(B -‘ ) 

(where const.* is a constant depending only on n = dim M)for all ft c B(o;r), 
which implies 

(V.2.15) V(o;r) > const.„r" 

for all r < ± min {inf x<EB(o;p) injx, p). 

(b) (Buser’s inequality) Let M be a complete n-dimensional Riemannian 
manifold, with 

(V.2.16) Ric(S,S)>(n-l)*|S| 2 , *<0, 

for all £ e T M. Then there exists a positive constant c(n ,K,r) depending on n, 
k, and r, such that for any given x 6 M ,r > 0, and a dividing C°° hypersurface 
T in B(x;r) with T imbedded in D(x;r) and B(x;r) \ T = fti U ft 2 , where ft], 
ft 2 ore open in B(x;r), we have 

(V.2.17) min{V(ft,), V(ft 2 )} < c(n, *,i-)A(r). 

Moreover, for any fixed r 0 > Owe have 

(V.2.18) c(n, k, r) < c(n, k, r 0 )r V r e (0, r 0 ]. 

Remark V2.7 Croke’s inequalities (V.2.14) and (V.2.15) are statements that 
the local isoperimetric behavior of an arbitrary Riemannian manifold is indeed 
Euclidean. 

Definition A Riemannian manifold M has bounded geometry if the Ricci cur¬ 
vature of M is bounded uniformly from below [as in (V.2.16)], and if the 
injectivity radius of M is bounded uniformly away from 0 on all of M. 

Theorem V.2.5 If M is Riemannian complete with bounded geometry, then 
3i ,p(M) > 0 for every p > 0 . 
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Proof Set 

8 = min{/o, injA/}. 

Assume we are given ft as above, containing B(x; p) for some x e M. One 
easily has the existence of z 6 M for which 9ft n B(z\ 5/2) divides B(z; 8/2) 
into two open subsets for which the smaller volume is greater than or equal to 
V(z;8/ 2)/3. Then Buser’s inequality (V.2.17) implies 

A(9ft n B(z;8/ 2)) > const.- fc* /2) , 
and Croke’s inequality (V.2.15) implies 

Viz; 8/ 2) > c„8", 

which bounds A(9ft) away from 0. ■ 

Here is an alternate characterization of modified isoperimetric constants. 


Theorem V2.6 Let M be a complete Riemannian manifold with bounded geo¬ 
metry. Then3 Vifi (M) > 0for some v > 1, p > 0 if and only ifthere exists Vo > 0 
such that 


(V.2.19) 


A(9ft) > const. 


V(ft)'- 1 '", 

V(ft)‘-‘ /v , 


V(ft) < Vo, 
V(ft) > vo, 


for all domains ft with compact closure and C°° boundary. 


Proof Assume that (V.2.19) is valid for all ft. Since M has bounded geometry, 
then for any r 0 > 0 there exists u 0 > 0 such that V(x; r 0 ) > v 0 for all x in M. 
Then 3 vro (M) >0. g 


To prove the converse, we first prove 


Lemma V.2.1 Let M be Riemannian complete with bounded geometry, and set 
R = 5 inj M. Then there exists a positive constant c such that for any domain 
in M with compact closure and C°° boundary, satisfying 

V(ftnB(x;R)) < X -V(x;R) 
for all x in ft (so ft is uniformly thin), we have 

A(9ft) > cV(ft) I_1/n . 
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Proof Given such an J2, then for each x e Si there exists r(x) e (0, R) such 
that 

V(J2n B(x;r(x))) = ^V(x,r(x)). 

Pick a finite collection {*„ r t }, r t = r(x t ), such that {£(*,;r,)} are pairwise 
disjoint and {£(*,; 3r,)) cover J2. Then Buser’s inequality (V.2.18) and Crake’s 
inequality (V.2.15) imply 


const 

A(3«nB(x,;r,)) > --V(OnB(jt f ;i-,)) 

r t 


2const. 




> const.r," ', 


which implies 

A(30) > const. ^ r, n ~ l 

l 

> const. V(x,;r,) 1_I/n 

l 

> const. VU;r,)J 

> const. J£ V(x,;3r,)J 

> const. V r (n) 1_1/n 


[the second inequality is (V.1.11); the third line in Minkowski’s inequality; at* 
the fourth line follows from (V.1.13)]. 


Lemma V.2.2 Let M be Riemannian complete with bounded geometry, aim 
assume > 0 for some v > 1, p > 0. Let R = ^inj M. There exists 

positive constant c' such that, if Si is a domain in M with compact closure anm 
C°° boundary for which there exists x' e ft satisfying 

V(SinB(x';R))> ^V{x'\R) 

(so Si is not uniformly thin), then 


A(Si ) > c'V{Si) x ~ xlv 
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Proof There exists xq such that 

V(nnfi(x 0 ;*)) = ^V(x 0 ;*). 

Let O' = Si U B(x 0 ; R). Then Si' has inradius greater than or equal to R, which 
implies 

A(dSi') > 

Also, 

A(dsi') < A(3£2) + A(x 0 ;«), 
and 

AUo; R) < const.< const.A(30 n B(x 0 ; R)) < const.A(3J2) 

(the second inequality follows from the same one in the proof of the previous 
lemma), which implies 

A(3J2') < const.A(3J2), 

which implies the lemma. B 

Conclusion of the Proof of Theorem V.2.6 We are assuming that 3 V , P (M) > 0 
for some v > 1 and p > 0. Pick v 0 = iinf, eM V(x\ R), R = linj M. 

Then V(J2) < u 0 implies the hypotheses of Lemma V.2.1, which implies 

^OJ2)> const. V(S2)'- 1/n . 

Assume V(J2) > v 0 . If v > n, then, by Theorem V.3.2 below, 

A(dSi) > const. V(£2) 1-1 / 1 ' 

or a// fi, which implies the theorem in this case. Therefore assume v < n. If 
satisfies the hypotheses of Lemma V.2.2, then we are done. Otherwise we are 
Then CaSC ° f Lemma V21 ’ 11131 n is “uniformly thin” but has large volume. 

4(30) > const. V(O) 1 -'/" > const. V(n> 1 -'/‘’Vo 1 /-!/-. _ const. V(O) 1 
wh ich implies the theorem. B 

Her Discretizations and Isoperimetric Inequalities 

is no Dr^f intr0 ^ UCe dlscrete a PP r °ximations to Riemannian manifolds. There 
ense here to fine approximation; rather, we highlight what one might 
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refer to as the coarse geometry of the manifold. First we discuss graph structures 
in their own right, and an apparatus of measures and isoperimetric constants 
associated with graphs. And then we discuss them as discretizations of smooth 
Riemannian manifolds. The most important result is Theorem V.3.1, which 
allows one to verify the positivity of an isoperimetric constant in one category, 
by checking in the other. 

V.3.1 Volume Growth and Graphs 

Definition Let X and Y be metric spaces with a bijection <f >: X -*■ Y. We say 
that <f> is a quasi-isometry if there exists a constant c > 1 such that 

c~ l d(x u x 2 ) < d(<t>(x x ), <f>(x 2 )) < cd(xi,x 2 ) 

for all xi,x 2 in X. 

Let Q be a countable set such that for each £ e Q we have a finite nonempty 
subset N(£) QG\ {£}, of cardinality m(£), each element of which is referred to 
as a neighbor oftj , with the property that q e N(£) if and only if £ e N(r?) for all 
t-,T) e Q. Then one determines a graph structure G by postulating the existence 
of precisely one oriented edge from any £ to each of its neighbors, the elements 
of N(£). We refer to m(£) as the valence of G at £. We say that the graph G 
has bounded geometry if the valence function m(£) is bounded uniformly from 
above on all of Q. In such a case we let m = max {wi(£): £ e G). 

A sequence of points (£o.£*) is a combinatorial path of length k if e 

N(£ , _ i ) for all j = 1 ,..., k. The graph G is called connected if any two points 
are connected by a combinatorial path. Note that m(£) > 1 for all £ if G is con¬ 
nected. For any two vertices £ and q in the connected graph G, one defines 
their distance d(£, q) to be the infimum of the length of all combinatorial paths 
connecting £ to q. We also refer to d as the combinatorial metric. We set the 
notation for the respective metric “disks”: 

mk) = iqeG:d(q,S)<k) 

for any £ e G. 

Example V.3.1 Let T be a finitely generated group, with generator set A. Then 
consider every element of T to be written as a word of minimum length in the 
generators in A and their inverses. For the graph structure, given any y e T, 
we let N(j/) = y [AU .4 -1 } be the neighbors of y. Then the combinatorial 
metric of the graph structure may be realized by the word metric as follows: 
Let A := [y \,..., y*} be a given set of generators of T. With every y e f we 
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associate the word norm of y, \y\ A , defined to be the minimum length of y as 
a word in the given set of generators A and their inverses. Note that 

lKU>0, with \y\ A =0 o y = id, 

\Py\a < I0 U + IkU, \y~ 1 \a = IkU, 
for all 0, y in T. The word metric on T is then given by 

SaUS.y) = \0- 1 y\a- 

Thus the group theoretic word metric is equal to the graph theoretic combina¬ 
torial metric. It is common to refer to this graph as the Cayley graph ofT. 

Note that if we use a different set of generators B \= {y* . K /}, then we 

have the metrics induced by A and B quasi-isometric to each other, namely, 

N:= max{fy;U:r = 1. /} 

=> AT'IkU < \Y\8 < N\y\ A VyeT. 


Example V3.2 Let M be a complete Riemannian manifold, and let T be any 
finitely generated subgroup of isometries M acting freely and properly discon- 
tinuously on M, such that M/ T is compact. For each x e M let || • \\ x denote 
the displacement norm on T, given by 

IIKlL = d(x, y-x) 

for all y e T, where d denotes distance in M. Then again we have 

IIKIIjt ^ 0, with Ifyllx = 0o y = id, 

II PyWx < ll£ll, + IfyL, Hk-'iu = HkIU, 

for all y in r. Given a set of generators A of T, one has the existence of a 
constant a > 1 such that 

°~ 1 \y\a < IIkIU <a\y\ A 

for all ye T, which implies that the induced metrics are quasi-isometric. 
Furthermore, the map : f -> A/, given by 


satisfies 


= Y-x. 


a '8 a( 0, Y) < d{<f>{P), <f>{y)) < aS A (0, y) 
for aU p y Y ^ r - so <f> is a quasi-isometry (at the metric level) of r to its image 
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Definition Let X and Y be metric spaces with map <f>: X -> Y. We say that <f> 
is a rough isometry if there exist constants a > 1, b > 0, and e > 0 such that 

a~ l d{x\, x 2 ) - b < d(<f>(x x ), <f>(.x 2 )) < ad(xi,x 2 ) + b 

for all *1 , x 2 in X, and <f> is e-full , that is, 

|J B(<t>(x);e) = Y. 

xeX 

Note that the definition of rough isometry does not require that <f> be a bijection, 
just a map; in fact, the map <f> need not be continuous. 

Proposition V.3.1 If<f> :X t -* X 2 and \lr:X 2 -r X^are rough isometries, then 
so is ij/ of. If <f>: X —r Y is a rough isometry, then there exists <f>~ :Y —r X 
a rough isometry, for which both d(f~ o <f>(x), x) and d{f o f~(y), y) are uni¬ 
formly bounded on X and Y, respectively. Any two spaces of finite diameter are 
roughly isometric. If X and Y are roughly isometric, then X and Y x K are 
roughly isometric, for any compact metric space K. 

Return to the graph G. On the collection of vertices Q we have two natural 
measures. The first is simply the counting measure dr, thus, for any subset 1C 
of G we have 

t(AC) = card AC. 

The second is what we call the volume measure dV on Q, defined by 

dV($) = m(tj)di(tj). 

Of course, when G has bounded geometry, the two measures are commensurate 
in the sense that the Radon-Nikodym derivative of dV with respect to di is 
uniformly bounded away from 0 and +oo. Because in what follows we generally 
discuss graphs of bounded geometry, and we are only interested in qualitative 
estimates on volumes, we shall work with the counting measure di - even when 
we announce the results in terms of the volume measure d\l. 

Now denote the collection of oriented edges of the connected graph G by Q e . ' 
The oriented edge from £ to q will be denoted by [£, !?]; and when we wish to j 
consider the unoriented edge connecting £ and r), we denote it by [£ ~ r?]. 

Any finite subset 1C in Q determines a finite subgraph K of G, for which one 
can describe a variety of suitable definitions for its boundary. Our definition 
will be that the boundary of K, 3K, will be the subset of Q e consisting of those 
oriented edges that connect points of 1C to the complement of 1C in Q. We define 
the area measure dA on G t to be the counting measure for the oriented edges. 
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Thus, for any finite subset of vertices, the area of its boundary will be equal to 
the number of edges in the boundary. 

Another definition of the boundary of a finite subgraph K of G is given by 

3K = {£ e£:d(£,K)= i}. 

Thus, by this definition, 3K is a subset of vertices in the complement of K; its 
area is defined to be its cardinality. When G has bounded geometry, the two 
choices of area functions 

K i—► A(3K), 

as functions on the collection of subgraphs K of G, are commensurate each 
with respect to the other in the sense that the quotient of the two functions is 
bounded uniformly away from 0 and oo. 

Therefore, when G has bounded geometry, we will work with the counting 
measure for the volume of K, and the second definition of 3K as a subset of 
G with counting measure for its area - despite the fact that the theorems are 
formulated with respect to the original notions of volume, boundary, and area. 

Definition We say that the Riemannian manifold M has exponential volume 
growth if In V(x\r) > const .r for sufficiently large r; otherwise we say that Af 
has subexponential volume growth. Also, we say that M has polynomial volume 
growth if there exists k >0 such that V(x; r) < const.!-* for sufficiently large 
r > 0. 

Similarly, we say that the graph G has exponential volume growth if 
In V(£; r) > const.!- for sufficiently large r \ otherwise we say that G has subex¬ 
ponential volume growth. Also, we say that G has polynomial volume growth 
if there exists k > 0 such that V(£; r) < const.!-* for sufficiently large r > 0. 

Example \33 (Example V.3.1 continued.) When one is given a finitely gener¬ 
ated group r with k generators A = [yi,... y K ), then for the counting function 

:= card {y : | y\ A < A.} 

one has 

n A W = y(y;k)/2K, 

where y is any element of T (because all elements of T have 2k elements in 
each neighborhood). Moreover (Milnor, 1968), the limit of n^(A.) as A. -► oo, 
exists. 
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Furthermore, when M covers a compact Riemannian manifold with deck 
transformation group T, then there exist constants a > 1, b > 0, and C > 1 
such that c _1 n^(a _1 A. — b) < V(jc; A.) < Cn^(aA + b) for every x e M. 

Proposition V.3.2 Let G, F be connected, roughly isometric graphs, both with 
bounded geometry. Then G has polynomial (has exponential) volume growth if 
and only i/F has polynomial (has exponential) volume growth. 


Definition For any v > 1 define the v-isoperimetric constant of G by 


|„(G) = inf 

K 


A(3K) 
V(K) 1 -'^ ’ 


where K varies over finite subgraphs of G. 


Proposition VJJ If G, F are roughly isometric graphs, both with bounded 
geometry, then l„(G) > 0 if and only j/I„(F) > 0. 


Example V.3.4 (Example V.3.3 continued.) Considera finitely generated group 
T, with fixed collection of generators A. We (henceforth) denote the combina¬ 
torial disk centered at the identity e of radius k by 0(k). On the graph associated 
with T we work with the counting measure (and in this example we denote it 
by V); so when discussing the volume of combinatorial disks, we are working 
with the counting function. We define its “inverse” <t>(A), A. > 0, by 

4>(A.) = min [k 6 Z + : V(/t) > A.}. 


That is, V(<t>(A) - 1) < A, < V(4>(A.)). Then for any finite subgraph K of f. 


(V.3.1) 

The proof goes as follows: 


AOK)>!-^- 
(9K) - 2 <t>(2V(K))' 


Definition In any graph, not necessarily a group, given any function / on the 
vertices, one defines the differential of /, 2)/, on the edges by 

»/«*, y]) = /O') - /(*), 

and one integrates 2)/ relative to dA (see §VI.5 below). 


For any function <j >: T —► R on the group T of finite support, and nonnegative 
integer k, define the mean value function <t>k on T by 
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that is, 

V({|*| >*})< ^4>(2|W,A)|W|| 1 . 

Pick <(> = Zk, and A. = 1. Then one obtains (V.3.1). 

In particular, 

(V.3.2) V(k) > const./T V/t => A(9K) > const.V(K) 1 - ,/l ' 

for all K of finite cardinality. So in the case of a group, a lower bound for volume 
growth alone is equivalent to the corresponding isoperimetric inequality. 

For v = oo the argument yields a slightly weaker result, namely, 


V(ifc) > const.e consa V k 
for all K of finite cardinality. 


A(3K) > 


const. V(K) 

const, log V(k) + const. 


Example V.3.5 If G is a Lie group with left-invariant Riemannian metric and 
bi-invariant Riemannian (Haar) measure, then one can formulate and prove, in 
similar manner, a corresponding result, that volume growth uniformly bounded 
from below implies an isoperimetric inequality. 


V.3.2 Discretizations 

Definition Let M be a Riemannian manifold. A subset Q of M is said to be 
e-separated , £ > 0 , if the distance between any two distinct points of Q is 
greater than or equal to c. 

Remark V3.1 If Q is e -separated, then one always has only a finite number of 
elements of Q in B(x\r) when the exponential map is defined on B(x;r + e/2) 
[where, as above, B(x; p) denotes the disk of radius p centered at the origin of 
the tangent space at x, M x ], Indeed, 

B(x;r+e/ 2)2 \J B(£;e/ 2 ), 

teCn B(x\r) 

where the union on the right hand side is disjoint union. Therefore 
V(x\r + e/2) > £ V(*;«/2) 

*6 CnB(x;r) 

> card {(? n B(x; r)} inf V(ry,e/2). 

i,6{ ;nB(xy) 

But the compactness of B(x; r) implies 'mf n€ Qr\BUs)V(ty, e/2) > 0, which im¬ 
plies an upper bound on card {Q D B(x; r)}. So the real question is to obtain a 
uniform upper bound for card Q n B(x; r) independent of x and Q. 
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Lemma V3.1 Let M be complete, with Ricci curvature bounded from below 
as in (V.2.16) on all ofTM, and Q an e-separated subset of M. Then 


card {<? n B(x; r)} < 


Vk(, 2 r + e/2) 
V K (e/2) 


for all x 6 M and r > 0 . 


Proof Since card Q n B(x,r) is finite, there exists £ e Q fl B(x; r) such that 


V{t--e/2)= inf V ( 17 ; e/2). 

1 ieQnB(x\r) 

Therefore, the Bishop-Gromov volume comparison theorem (V. 1.13) implies 

caid(5n Bix-, r)J < V(,!:r + e/2) < + < V,Q, + <m 

V$;e/2) V(i-;e/2) ~ V K {e/2) ' 


Definition Let M be a Riemannian manifold. A discretization ofM is a graph 
G, determined by an e-separated subset Q of M, for which there exists p > 0 
such that M = [J* €C ; B{%\ p). Then e is called the separation, and p the cov¬ 
ering, radius of the discretization. The graph structure G is determined by the 
collection of neighbors of £, N($) := [Q n 3 p)) \ {^}, for each $ e Q. 

Remark V32 Note that card N(^) > 1, so G is connected. 

Remark V.3.3 Lemma V.3.1 implies that when the Ricci curvature is bounded 
from below as in (V.2.16), then for the graph G we have 1 + m(tj) < V K (6p + 
<l2)/V x {e/2) := for all £ € G — so G has bounded geometry. 

Proposition V3.4 Let M be Riemannian and G a discretization of M. Then 
there exist a > 1 and b > 0 for which 

(V.3.3) a~ l d(Si, £ 2 ) < <^,£ 2 ) < a</(£i, £ 2 ) + b 

for all% y , £ 2 in Q. Thus, M is roughly isometric to any of its discretizations, and 
any two of its discretizations are roughly isometric. 

Lemma V.3.2 Let M be a complete Riemannian manifold, with Ricci curvature 
bounded from below as in (V.2.16), and assume there exist positive constants 
r 0 and Vq such that 


V(x,r 0 ) > Vo 
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for all x G M. Then for any r > 0 one has a positive constant const. r such that 


for all x e M. 


V(x;r) > const.,. 


Proof Iff > ro< then simply use Vb.Ifr < ro, then simply note that the Bishop- 
Gromov theorem (V. 1.13) implies 


^ KM,,, _ K(r)„ 

V(x\r) > —— V(*;r 0 ) > —— V 0 , 
V,(r 0 ) K(r 0 ) 


which implies the claim. 


Proposition V3.5 Let M be a complete Riemannian manifold, with Ricci cur¬ 
vature boundedfrom below as in (V.2.16). Then for any discretization GofM.G 
has polynomial (has exponential ) volume growth only if (if) M has polynomial 
(has exponential) volume growth. 

If on the other hand, there exist positive constants r 0 and Vb such that 

V(x;r 0 )>V 0 

for all x e M , then for any discretization G of M, G has polynomial (has 
exponential) volume growth if (only if) M has polynomial (has exponential) 
volume growth. 


V.3.3 Isoperimetry and Discretizations 
This is the main theorem of the chapter. 

Theorem V3.1 Let M be a complete Riemannian manifold with bounded ge¬ 
ometry. Then for any v > 1 we have 3 v , fi (M) > 0 if and only if l„(G) > 0 for 
any discretization G of M. 

Proof First, given 3 Vifi (M ) > 0. By Proposition V.3.4, we may work with any 
discretization. Therefore we consider a discretization G of M with separation 
constant e > 0 and covering radius R = p. To show that l„(G) > 0, it suffices 
to prove the existence of positive constants such that given any AC c £ we may 
find flcAfof inradius > p for which 

A(dil) < const, card SAC, 


(V.3.4) 

and 

(V.3.5) 


V(£2) > const, card AC. 
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We proceed as follows: Given a finite subset AC, set 

U W’V- 


£ V G’ R ) < (U = m € .*v(Q), 

* €A: VeA: / 

where M«,* is an upper bound (depending on e, R, and the lower bound of 
the Ricci curvature) of the maximum number of e-separated points in a disk of 
radius R (see Remark V.3.3). So for 

V R := inf V(x; R) > 0 

x€M 

[the positivity of V R follows from Croke’s inequality (V.2.15)], we have 
V R card AC < M«,*V(n), 

which implies (V.3.5). For the upper bound of A(3Q) we note that 

(J S (IT,R). 

te3(G\)C) 

Indeed, if x e 3G, then d(x, $)>R for all £ e AC, and there exists & e AC 
such that x € S(£ 0 ; R). But there must exist £' e Q such that d(x, £') < R, 
which implies £' £ AC. Then d(£ 0 , £') < 2 R, which implies £ 0 e N(£')- So £ 0 e 
HQ \ AC), which is the claim. Therefore, 

A(dQ) < A K (R)cardd(Q\fC) < mA g (R) card 3AC, 

which implies (V.3.4). So we have the “only if’ claim of the theorem. 

For the “if claim, we again note that we may work with any discretization. 
Therefore assume that we are given the graph G, for which l„(G) > 0, with 
covering radius R = p < i n j M/2. 

Suppose we are given G, with compact closure, C°° boundary, and inradius 
greater than p. Set 

K* : = e 0: V(QnB(£;p)) > V(£;p)/2), 

:= {£ e £7:0 < V(nnB($;p)) < V(£;p)/2}. 

So both ACo and AC, are contained in [Q] p (the set of points with distance from 
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Q less than or equal to p). Then for at least one of j = 0, 1 we have 



If (V.3.6) is valid for j = 1, then we have directly from Buser’s inequality 
(V.2.18) 

-y 2 < E V(Qn£(*;p)) 

L t€A 

< const. ^ A(3S2 n B(£;p)) < const.M*, p A(3Q) 

[without any hypothesis on l„(G)], which implies 

A(3£2) > const. V(£2) = const. V(Q) l/v V(Q) 1 - |/v > const. V(Q) 1_l/ \ 

since Si contains a disk of radius p, which, by Croke’s inequality (V.2.15), has 
volume uniformly bounded from below. So we must consider the case when 
(V.3.6) is valid only for j = 0. 

First, 

V(Si ) v-, 

-y 2 < E V(nnB(^;p)) < V,(p) card ACo. 

<?€£<> 

Therefore it suffices to give a lower bound of A(3Q) by a multiple of card 
3 ACo - the multiple independent of the choice of ACo. To this end, define 
H c [Si] p by 

H := [jc e M : V(x;p)/2 = V(S2 n B(x;p))). 

For each £ e 3ACo there exists r) e N(£), r) e ACo; we have, of course, 

</(£, n) < 3 p. 

By definition, 

V(S2 n B(n-,p)) > V(n-p)/ 2 , V(Si n fl(£;p)) < v(£;p)/2, 

which implies the minimizing geodesic connecting £ to rj contains an element 
£ e H, which implies 3ACo c [//] 3p , which implies 

U BG-p) c [//]<„. 

*€3ACo 
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Let Q be a maximal 2p-separated subset of H. Thus 

teaJCo 

which implies 

VpCard 3ACo < £ V(£;p) 
teaJCo 

— M«,p E ^(£; 6 p) 

<eQ 

< NL.pConst. £ V(£;p) 

{€ Q 

= 2M t>p const. £ V(Si n B(£; p)) 

<€0 

< 2M* pConst. £ A(3S2 n B(£;p)) 

f «0 

< 2Mt >p 2 const./l(3Q) 

- the third inequality uses the Bishop-Gromov comparison theorem (V.1.13); 
the following equality follows from the definition of H D Q\ and the fourth 
inequality uses Buser’s inequality (V.2.18). ■ 

Example V3.6 (Example V.2.3 continued.) Consider the Riemannian pro¬ 
duct M — Mq x R*, where Mq is an (n — k)-dimensional compact Riemannian 
manifold. Then Proposition V.2.1 and Theorem V.3.1 imply that 3 vp (Af) > 0 
for any p > 0 for all v e [1, k]. Indeed, both M and R* are discretized by Z*. 
Since V(x\r ) < const.r* for all r > 0, then k is the maximum of all i> for which 
^v.p(M) > 0 for some p > 0 . 

Theorem V.3.2 Let M have bounded geometry. Then, for any v > n, we have 
0 V (M) > 0 if and only i/l v (G) > 0 for any discretization G of M. 

Proof The “only if’ is precisely as above. 

So we assume that l v (G) > 0. Suppose we are given Q, with compact closure, 
C 00 boundary, and no assumption on the inradius. As above, we set 

ACo := {£ G Q : V(S2 n £(£; p)) > V(£; p)/2), 

Ki := G Q : 0 < V(Si n B(£; p)) < V(£; p)/2). 

Again, both ACo and ACi are contained in [Si] p , and for at least one of j =0,1 
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we have (V.3.6): 



If (V.3.6) is valid for j = 0, then we may argue as above; for the only place 
we invoked the hypothesis of the inradius uniformly bounded away from 0 
was when (V.3.6) is valid only for j = 1. We therefore adjust the argument for 
(V.3.6) valid only for j = 1. ■ 

Lemma V33 There exists a constant j v > 0 such that 

A(dSi n *($;/>)) > j v V(Q n B&p))'- 1 '*, p < ^ 
for all He K x . 

Conclusion of the Proof of Theorem V3.2. Assume the lemma is valid. Then 
(1.1.5) implies 

1 V/(K— 1) 

Therefore, (V.3.6) and the lemma imply 



< Y, V(Qnfi(*;p)) 

t€AC, 


< const.AOQ)‘ ,/( ‘'- |) , 

which implies the theorem. ■ 

So it remains to prove the lemma. 
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anB(f;p) 


ex P» c f 


Figure V.3.1: C ( . 


so it suffices to prove 

V ( D )i-i/» < const.A(3D D fi(£; p)). 

Since p < inj M/2 we have, by Croke’s inequality (V.2.14), 

V(D) 1_1/ " < const.AOD) 

= const.{A(9Dn B(H;p)) + A(dD n S(£;p))}. 

So we want to show 

A(dD n S(H;p)) < const. A(dD n B(H;p)). 

Consider geodesic spherical coordinates centered at £. Let denote the 
subset of S$ for which 

exp pC ( = dDDS(H;p). 

(See Figure V.3.1.) For each 9 e C^, let 

o(9) = sup{r > 0: exp t9 edDn B(H\p)}. 

Note that if o(9) < p, then the geodesic segment from exp o(9)9 to exp pO is 
contained in D. The Bishop-Gromov theorem (V.1.13) implies 

f Vi<•;<»* > 

Jam A K (p) 


\9)ds > 


■vf( p;<?) 


VJp) 

- - V*( CT ( 0 ); 0 )}, 
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which implies 

V(D) > f (Vg</>;*) - Vg(<7(0);0)}d^(0) 

'MP) Jc, 

> -7^{A0Dn5(f;p))-A0Dn«(f;p))}, 

A*(p) 

which implies, by Buser’s inequality (V.2.18), 

A(3DnJ(f;p))< £^V(D) + i40Dn *(*;/») 

K(p) 

< const .A(dD D fl($; p)) + A(dD n fl(£;p)) 

= const. A(dD fl B(£;p)), 

which implies the claim. ■ 

Example V3.7 (Example V.2.4 continued.) Let JG 2 denote the 2-dimensional 
jungle gym in R 3 . Then Theorem V.3.2 implies that D 3 (JG 2 ) > 0. Indeed, JG 2 
and R 3 are simultaneously discretized by Z 3 . 

Example V3.8 Given a noncompact M that covers of a compact Riemannian 
manifold Afo. the deck transformation group T of the covering is a discretiza¬ 
tion (see Example V.3.2) of M. Then, by the proof of Proposition V.3.5 (see 
Kanai, 1985), a volume growth of order > r k in M implies a volume growth in 
T of order > k, which, by Example V.3.4, implies a jfc-isoperimetric inequality 
in T, which implies a (modified) it-isoperimetric inequality in M. 

V.3.4 Isoperimetric Inequalities on Products 
For future reference we note: 

Given the Riemannian manifolds Mj,j = 1,2, we consider the respective vol¬ 
ume and area measures associated with the standard product metric on M\ x M 2 . 

Given the graphs G ( ^, j = 1,2, we consider the graph G (1) x G (2) with 
vertices 

(G (1) x G (2) )o = (G (1) )o x (G (2 >)o, 

and oriented edges [(&, &). (hi . %)] where either (a) £i ~ ^2 and r)i = »? 2 , or 
0>) ^1 = $2 and rj x ~ r) 2 , with corresponding volume and area measures on the 
vertices and edges. 

Given the Riemannian manifolds Mj, j = 1,2, of bounded geometry, 
with respective discretizations G < -' ) , then the inclusion of the discretization 
(G (1) x G (2) )o in Mi x M 2 is a rough isometry. 
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Proposition V3.6 

(a) Let G 0) , j = 1,2, be two graphs, both with uniformly bounded valence 

functions and assume l V/ (G ( -' ) ) > 0, vj > 1, j = 1,2 Then 

L i+P 2 (G (1) x G (2) ) > 0. 

(b) Let Mj, j = 1,2, be Riemannian manifolds of respective dimension nj. Let 
v j — n j> j — 1 , 2 , and assume that 

I V} {Mj)>Q, j = 1,2. 

Then 

/„i+vj(Afi x M 2 ) > 0 . 

(c) Let Mj, j = 1,2, be Riemannian manifolds as in (b). Let v } > 1 and p > 0, 
and assume that 

I Vt , P (Mj)>0, j = 1,2. 

Then 


(V - 3 - 7 ) * M 2 ) > 0. 

If, in addition, both M 1 and M 2 have bounded geometry, and 

i"i + V2 > n 1 + «2 • 


then 


(V.3.8) 


I Vi +vi(Mi x M 2 ) > 0. 


V.4 Bibliographic Notes 

Nearly all the material of this chapter is detailed, with references, in Chavel (1994). We 
chose proofs from among the material there to emphasize our major themes, isoperime¬ 
tric inequalities and discretizations. An very nice introductory survey is Burs tail’s article 
in the 1998 Edinburgh Lectures (Davies and Safarov, 1999, pp. 1-29). 

§V.l Proposition V.l .1 is known as the Hopf-Rinow theorem; see Hopf and Rinow 
(1931). 

§V23 Propositions V.2.2 and V.2.3(a) were first proved in Croke( 1980), and Proposi¬ 
tion V2.3(b) in Buser (1982). Theorem V.2.6 was communicated to me by A. Grigor’yan; 
see also his Grigor’yan (1994b). 

§V3.1 The proof in Example V.3.4 is from Coulhon and SalofT-Coste (1993). 
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§V3.2 Proposition V.3.4 was first proved in Kanai (1985), with the hypothesis of Ricci 
curvature bounded from below to obtain the upper bound. Subsequently, this hypothesis 
was shown in Holopainen (1994) to be unnecessary. Theorem V.3.2 was first proved in 
Kanai (1985). 

§V3.4 An elegant proof of the product theorem. Proposition V.3.6, for the discrete 
case is given in §3 of Varopoulos (1985). (It is surely valid in the continuous case.) Also, 
see Grigor’yan (1985). 


VI 

Analytic Isoperimetric Inequalities 


In this chapter we explore, in greater detail, the applications of isoperimet- 
nc inequalities to Sobolev inequalities, a phenomenon only hinted at in the 
Federer-Fleming theorem (Theorem II.2.1) and the Faber-Krahn inequality 
(Theorem m.3.1). The application of isoperimetric inequalities to analysis is a 
rich subject in its own right, although we only develop here what we need for 
our particular study of the heat equation in later chapters. We also present the 
analogue of these arguments in the discrete case, and discuss the equivalence of 
Sobolev inequalities on Riemannian manifolds of bounded geometry, and the 
corresponding Sobolev inequalities on their discretizations. 


VI.1 l} Sobolev Inequalities 

Let M be an n-dimensional Riemannian manifold. 

Definition Let / be a C 1 function on M. We define the gradient off to be the 
vector field on M satisfying 

(grad /, $) = df(£) = £/ V £ e TM, 
where df denotes the differential of / on M. 

For C 1 functions f,honM we have 

grad (/ + h) = grad / + grad h, 
grad fh = /grad h + Agrad /. 

If x. V —*■ R" is a chart on M , then, with the usual notation 
go = <3.. 3y), G = ( gij ), G~' = (g‘j). 
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we have 


, , V- */»*■'> (1 3 


Note that the Riemannian metric on M naturally induces a metric on fibers 
of TM*, namely, if a and 0 are covectors in the same fiber, then (a, 0) = 
(9~ l (a),9~ l (0)), where 6:TM -*■ TM * is the bundle isomorphism defined 
by {0(£)}(b) = <£, h) for any £, q G TM that belong to the same fiber. One 
verifies, rather easily, that for any differentiable function on M we have 


\df\ = lgrad /1 


on all of M. 


Lemma VL1.1 If the isoperimetric constant 3 V (M) is positive for some given 
v > 2, then 


(VI.1.1) 


v — 2 

||grad 0 ||2 > — -— 3v(A/)||<0|[2v/(v-2). 

2(v - 1 ) 


for any function <j> in C™. 

Proof Of course, we have 3„ = 6 „ > 0, by the Federer-Fleming theorem. 
Therefore, 

IIgrad/||j > 3„||/||,/(„-,) 

for all / e C£°. Given any 0 e Cf\let / = | 0 | p ,p = 2(v — l)/(v — 2). Then 

I grad /| = p| 0 | p_l |grad | 0 | | = p| 0 | p_l |grad 0 | 

(the last equality valid a .t.-dV - see Lemma n.2.1), which implies, by the 
Cauchy-Schwarz inequality, that 

f |grad/|</V < p||grad0|| 2 ||0||2(p-i) p_1 . 

Jm 

which easily implies the claim. ■ 

Remark VL1.1 We refer to (VI.1.1) as the Nirenberg-Sobolev inequality. 


Lemma VI.1.2 If3 v (M) is positive for some given v >2, then there exists a 
positive const.,, such that 


(VI.1.2) 
for all 0 e C* 


\\<t>h MIV < const.„||grad 01 | 2 2 110 IIi 4/v 
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Proof Start with the previous lemma for v > 2. The first step is to show that 
> 0 for some v >2 implies 

(VI. 1.3) j<(> 2+4/v dV < const.||grad 0 || 2 2 || 0 || 2 4/v . 

Indeed, if v > 2 , set / = | 0 | 2 , p = v /( v _ 2 ), and g = |0|V* f q = v /2, and 
use Hblder’s inequality to obtain (VI. 1.3) from (VI. 1 . 1 ). On the other hand, if 
v = 2, one has directly 

Il0 2 ll2 < const.||grad( 0 2 )||, < const.|| 0 || 2 ||grad 0 || 2 . 

Square both sides to obtain (VI. 1.3). To obtain (VI. 1.2), simply apply Holder’s 
inequality to / = | 0 | 4 /c ,+ *), p = (v + 4 )/ 4 , and g = | 0 |< 2 i '-h»>/<‘'-h»> 
(v+4)/v. ' m 

Remark VI.1.2 We refer to (VI.1.2) as the NashSobolev inequality. 

Theorem VI.1.1 The NashSobolev inequality is equivalent to the Nirenberg- 
Sobolev inequality. 


Proof The proof of Lemma VI. 1.2 shows that the Nirenberg-Sobolev inequal¬ 
ity implies the Nash-Sobolev inequality. So it remains to consider the converse. 
Suppose we are given a positive constant c such that 

H 0 ll 2 1+2/v < c||grad 0 || 2 || 0 || 1 2/ ‘' 



0 , / < 2 *. 

/* = min{(/- 2 *) + , 2 *} = / - 2 *, 2 * < / < 2 * +1 , 

2*, 2* +l < / 
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Figure VI. 1.1: f k . 


(see Figure VI. 1.1) and 


B k = { 2 * < / < 2 * +1 }. 




which implies 


r /» il+^/v 

{2 2 *V(/ > 2* +1 )} 1+2/v = | / /* 2 1 

U{/>2*">) J 

p , 11+2/V 

s [/ 

< C 2 {2*V(/ > 2*)} 4/v f |grad/| 2 , 
JB k 


that is. 


(VI. 1.4) {2 2 *V(/ > 2* +1 )} 1+2/l ' < c 2 {2*V(/ > 2*)} 4/v f |grad/| 2 

JB k 


a* = 2*«V(/>2*), b k =f 

JB t 


lgrad/1 2 ; 


«*+.<2’c^*% 2(1 - 9 >. 


then (VI. 1.4) implies 
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which implies 

a * = a *+> 
*eZ * 6 Z 

^C 2 * 

which implies the theorem. 



Theorem VI.1.2 (Cheeger’s Inequality) If3 x (M) > 0, thenfor anyfunction 
<f> in C£° we have 

llgrad^b > ^ooWI^Hz. 

In particular, X(M) = inf spec - A (see §VII. 1 and §VII.2.2) satisfies 

MM) > ^3oo(Af) 2 . 

4 

Proof The inequality for grad / is simply an adjustment of the argument for 
(VI. 1.1) to the case v = oo. To obtain the Cheeger inequality for k(M) consider 
the case <f> = / 2 ,forany/ e Cf, and then use the Cauchy-Schwarz inequality, 
followed by the characterization of eigenvalues (VII. 1.2) and (VII.2.4). ■ 

Remark VI.13 When our manifold M is a relatively compact domain in some 
larger Riemannian manifold, and M has C°° boundary, then our Sobolev con¬ 
stant 6„, and the inequalities that follow from it, correspond to vanishing 
Dirichlet data on the boundary dM. Therefore, in the Cheeger inequality in 
Theorem VI. 1.2, X(M) is the lowest Dirichlet eigenvalue of the Laplacian on 
M. Forvanishing Neumann boundary data, we use the definitions ofthe Sobolev 
constants s„ of the compact case (below), in which case A.,(Af) is the lowest 
nonvanishing Neumann eigenvalue ofthe Laplacian on M. 


VI.2 The Compact Case 

Here compact means compact without boundary, what was once called a closed 
manifold. 

Let Af be compact Riemannian, n > 1 the dimension of M. Then, as men¬ 
tioned in Remark V.2.1, all isoperimetric constants vanish. Alternatively, by 





162 


Analytic Isoperimetric Inequalities 


considering the function / = 1 on M one has that all the Sobolev constants 
of M vanish. Nevertheless, one can adjust the definitions as follows (here one 
only needs, for the geometry, the isoperimetric dimensions n and oo): 

Definition Define the isoperimetric constant i„(M) by 

_ MT) _ 

ln{M) V [mintVCQO.VCQa)}]*-'/-’ 

where T varies over compact (n — l)-dimensional C°° submanifolds of M that 
divide M into two disjoint open submanifolds Qi, £2 2 of M. 

Define Cheeger’s constant i<x>(Af) by 

I r A < F > 

^° ( } r min {V(S2i), V(S2 2 )} ’ 

where T varies over compact (n — l)-submanifolds of M described above. 

Remark VI.2.1 One has here, as in Remark V.2.5, that it suffices to assume 
that the open submanifolds and J 2 2 are connected. 

Definition For i> e (1, oo] define the Sobolev constant of M, s V (M), by 

f II grad/||i 

s„(Af) = inf ;--- 

/ inf, ||/-aL /(v _i) 

(with the obvious interpretation for v = oo), where a varies over R, and / over 
C°°. The analogue of the Federer-Fleming theorem (Theorem II.2.1) reads as 
follows: 


(VI.2.1) 


i,(W) < Sn(Af) < 2i„(Af); 


and Cheeger’s inequality reads as 


A,(Af) > 


ioo(W) 2 


where A.i(Af) denotes the lowest nonzero eigenvalue of M. 

Definition Given any function on M , we define its mean value fu by 


: V(M) f u 


Remark VI.2.2 For any s > 0, the a 0 that realizes inf a || / - a || 1+ i is charac¬ 
terized by 


f {sgn(/ -a 0 )}|/ -aol' = 0. 
JM 
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Fori> — 2, we have inf a ||/ — a || 2 realized by the mean value f M of/over M. 
For v = oo, we have inf„ ||/ — a||i realized by that ao for which 

V([f > a 0 }) = V({/ < tab}). 


Definition For M compact, we define the alternate Sobolev constant s'„(Af) by 


f 11/ — JM llv/(v—1) 


where / varies over C°°(M). 


Remark VI.23 We comment on the relation between ioo, s*,, s^. Clearly, 

s oo — *<»• 

Suppose we are given a disconnection of M = S2, U Q 2 U T, where S2,, Q 2 
are domains in M and T is a compact (n - l)-submanifold of M. Let r ( , 
c > 0 , denote all points in M whose distance from T is less than e, and assume 
V(S2!) < V(S2 2 ). Let f ( be the function on M which is equal to 1 on \ 
equal to -1 on J2 2 \ 1%, and linear across T on T ( . Then a standard argument 
shows that 

f Igrad/flrfV = 2A(F), 

JM 

and 

f u 1/ -a\dV > |1 — or|{V(£2,) — const.<5 ( } + |1 + cr|{V(Q 2 ) - const.,5,} 

> ||1 — a| + |1 + or|}{V(S 2 t ) — const.< 5 <}, 

> 2V(S2)) — const.3,, 

where S t -* 0 as e 0, which implies 

/ \f ( -a\dV > 2V(J2,) - const.<$ ( , 

° JM 

which implies *«, < A(T)/ V(Q,) ; so 

Soo 5 ioo- 

Now given any function / e C°°(Af), pick the constant 0 so that, for 


S2. ={/>£}, 


= {/ < fi]. 
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we have 


V(S2,) = V(Q 2 ) 


(see Remark VI.2.2 above); and let 

D, = {q G Si t :f(q) > P+t). 

Then V(D,) < V{M)/2 for all t > 0, which implies, by the co-area formula 
(1.3.7) and Cavalieri’s principle (1.3.3), 

f |grad(/ — f})\ dV = f°° A(dD,)dt 
Ja, Jo 


>1^ r v(D,)dt=i 00 f \f~p\dv. 

Jo Ja, 


The same argument yields 


f \gPld(f-P)\dV >1,0 f |/-; 
Ja 2 Ja 2 


which implies 


f |grad/|<fV = f |grad(/ — f})\ dV 
Ja Ja 

>ioo( \f~P\dV >i n fioo f \f-ct\dV , 
Ja ° Ja 


which implies Soo > ioo; so 


Sqc — *o 


On the other hand, if we work with f u instead of P, then we are only 
guaranteed that at least one of {/-/«> 0 }, {/-/«< 0 } has volume < 
V(M)/2. The same argument then yields 


In sum, we have 


(VI.2.2) 


— <s' . 

2 — oo - 


*00 _ / _ 

"2" — *00 — *00 — too- 


Remark VI2.4 If M is not closed, but has compact closure and C°° boundary, 
then the above apparatus of isoperimetric and Sobolev constants is still well de¬ 
fined, with the above inequalities. We only have to note that A.j (M) in Cheeger’s 
inequality is now replaced by the first nonzero Neumann eigenvalue 

of M. 
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VL3 Faber-Krahn Inequalities 

One may easily check that, for M = R», n > 1 , one may express the Faber- 
Krahn inequality. Theorem m.3.1, as the analytic inequality 

A-(O) > C b V(Q)- 2 /" 

for relatively compact Q in R” with C«> boundary, where C„ depends only on the 
dimension n, with equality if and only if S2 is an n-disk in R" [in particular, C„ = 
A(fi) V(fi) 2 /", where B denotes an n-disk in R"]. The bottom of the spectrum, 
A.(J2), is discussed in VII. 1 and VU.2.2. For general Riemannian manifolds, we 
do not even hope for precise geometric or eigenvalue inequalities. Nonetheless, 
we can consider qualitative versions of the Faber-Krahn inequality, in the spirit 
of the geometric isoperimetric inequality. 

Lemma VI3.1 Let v > 2. Then 

(a) The Nirenberg-Sobolev inequality 

llgrad m || 2 > cr ||m || 2 „ /(l ,_ 2) , 

for all u e Cf>, implies the Faber-Krahn inequality 

A.(S2) > a 2 V(Q)- 2 ! v 

for relatively compact domains Q in M with C°° boundary. 

(b) The Nash—Sobolev inequality 

llgrad m|| 2 > ^||n|| 2 1+2/l, ||n||r 2/v , 
for all u e C c °°, implies the Faber-Krahn inequality 

a.(Q) > p 2 v(ay 2 f v 

for relatively compact domains Si in M with C°° boundary. 


Proof Let u > 0 be an eigenfunction of A .(Si), || n || = 1 (see Proposition VIM 1) 
Then 

A = Ugradnll! > a 2 ||n|| 2v/(l ,_ 2) 2 - 


1 = J « 2 <JJ u 2vKv - 2) ( 2, ^J r / 2 J 2 ", 


which implies 


ll«ll2u/(,-2) 2 > V(n)- 2 ^, 


which implies the claim. 
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Again, u > 0 be an eigenfunction of A.(£2), ||u|| = 1. Then A. > 0 2 ||m||i 4/l \ 
and f u < ||u || 2 V(S2 ) 1/2 = V(£2) 1/2 , which implies the claim. ■ 

Remark VI3.1 We refer to the Faber-Krahn inequality of this lemma as a 
Faber-Krahn inequality of v-Euclidean type. 

Theorem VI3.1 The Riemannian manifold M satisfies a Faber-Krahn in¬ 
equality of v-Euclidean type, v > 2, if and only if it satisfies the corresponding 
Nirenberg- and NashSobolev inequalities. 

Proof We already know the “if” part of the theorem, so we only consider “only 
if.” Let 

2v 

<1 =-v 

v — 2 

and, for any relatively compact Q in M with smooth boundary, set 

av(Q) = Mv(«) = ^inf Q) ||grad*|| 2 /||*||, 2 . 

It suffices to show that there exists const. > 0 such that 
(VI.3.1) a*(£2) < const./r„(£2) 

for all Q. ■ 

Proposition VI.3.1 There exists a bounded u G C°°(Q) n fj c (£2) such that. 
(i) u > 0, (ii) f Q u q dV = 1, (iii) A u = -fi v (il)u9~ l . 

Remark VI3.2 For the definition of Sj c see Remark 1.3.3 and the discussion 
in §VU.2.2. 

Lemma VI33 Assume M satisfies the Faber-Krahn inequality of v-Euclidean 
type. Let u satisfy Proposition VI.3.1. Then there exists const.* > 0 such that 

V({u > ||m||oo -f}) > const.* (— / 

Imk ll«lloo ? 

where regval,, denotes the set of regular values of u, a* = a*(£ 2 ), p v = /r *(£ 2 ). 
Proof Set 


Vr G [0, ||m||oo] n regval,, 


L = IlHiloo 


= {m > L — r). 
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> a*V(Q,)- 2 /\ 


M lgrad “' ; , 

fa, ( u-L+ 1 ) 2 

_ fa, ( u-L + t)Au 

fa, ( u-L+1) 2 
< .. H“ - ^ + f|li.Q, 


< / i v (€i)L q ~ 


ll M — L + flb.n, 2 


J q {u-L + i} 2 > j [u-L+ 1 } 2 > (r/2) 2 V(Q, /2 ), 


which implies 


«* vcn,)- 2 /* < ) 1/2 


which implies 


p v L q -' 2 V(n,/2) ‘ /2 - v ( £2 ») l/2+2/l ' = V(n,) (,,+4)/2v . 


Therefore, 


which implies 


2» 2v 

v+4 / f \ v-M 


) \ 2 / 


V(Q, /2 )^ < V(J2,), 


f a, ) (t \ & ( a, ! 

-U«-J U) \i^\ (?) <'( Q ./») ( * ) 

{ „, i2Lj.i(>'/(»'+4)y 

2- 2 £- M)P {V(Q r/2 .)}<5**> . 





168 


Analytic Isoperimetric Inequalities 


Next, fix o e Si that realizes Hgradulloo = max |gradu| := 8. Then 


therefore. 


which implies 


as i -* oo. Thus, 


IIw||oo - u(x) < 8d(x, o); 


8d(x, o)<— => x e Si t/2 >, 

V(0,/*) > V( 0 ;r/<52')~u; n 


lim V (Q r/2 <) (,,/(,,+4))< = 1, 

t—^OO 


which implies the claim of the lemma. ■ 

Conclusion of the Proof of Theorem VI3.1 Given u of Proposition VI.3.1, 
then, by Cavalieri’s principle (Proposition 1.3.3), 

1 = j u q dV 

= f qV(u > t)t q ~ l dt 
Jo 

= [ qV(u > L - t)(L - /)«-' dt 
Jo 

= const.„ L~ iq ~ l)v/2+v/2+q 

» { a *Y /2 

= const.„ ( — | 

V/w 


- -( q-l)v/2+v/2+q 


— const 


since —(q — \)v/2 + 1>/2 + q = 0 . 

Thus Faber-Krahn implies Nirenberg-Sobolev, which implies Nash- 
Sobolev. ■ 

All the analytic isoperimetric inequalities considered thus far require v > n 
(check!), but a simple way to deal with v < n goes as follows: 


Definition Let M be an arbitrary Riemannian manifold. Given a positive in¬ 
creasing function g( v), v > 0. We say that a domain in M satisfies a geometric 
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g-isoperimetric inequality if 

WD) > g(V(D)) 

for all domains D cc Si. 

Given a positive decreasing function A(v), v > 0. We say that a domain Si 
in M satisfies an eigenvalue A-isoperimetric inequality if 

HD) > A(V(D)) 

for all D cc Si. 

Remnrk VI 33 Thus, A-isoperimetric inequalities are generalizations of 
raber Krahn inequalities of Euclidean type. 


Theorem VU.2 Suppose Si satisfies a geometric g-isoperimetric inequal¬ 
ity, mth g( v )/v a decreasing function of v. Then Si satisfies an eigenvalue 
A-isoperimetric inequality with 



Proof This is the usual proof of Cheeger’s inequality. For any u e C°°(D) we 
apply the co-area formula to u 2 . We define f 

D(t) = {x e D\\u{x)\ 2 > r}, 
and 


V(r) = V(D(r)), A(r) = A(9D(r)). 


2||u|| 2 ||gradu||2 > / |grad(u 2 )|rfV 
Jd 

poo 

= / A(z)dz 
Jo 

/ OO 

g(V(z))dz 

> r £^> V(r 

Jo V(r) 1 


Jo V(r) 
g(V(p)) 


V(z)dz 


V(z)dz 


g(V(P)) ., 2 

V(D) ’ 



Analytic Isoperimetric Inequalities 


which implies, by (VII. 1.2) and (VII.2.4), 




g(V(p)r 

V(D) , 


which implies the theorem. 


Example VI.3.1 Let M be a complete Riemannian manifold with bounded 
geometry, and assume 3„, P (A/) > 0 for some v > 1, p > 0. Then, by Theorem 
V.2.6, M satisfies a geometric g-isoperimetric inequality, with g(v) given by 

, . , I V 1 -'/", V < v 0 , 

g(v) = const. < 

} const.^v 1 1/w v > vo. 

Then Theorem VI.3.2 implies that M satisfies a eigenvalue A-isoperimetric 
inequality, where 


A(v) = const. 


v < vo. 


const. V0 v 2/v , v > vq. 


Example VI3J Similarly, let M be a complete Riemannian manifold with 
bounded geometry and positive Cheeger constant, that is, 3oo(M) > 0. Then, 
by the argument of Theorem V.2.6, M satisfies a geometric g-isoperimetric 
inequality, with g(v) given by 

, . , f v 1-1/ ", v < v 0 , 

lvo 1_1/ ", v > v 0 . 

Then Theorem VI.3.2 implies that M satisfies a eigenvalue A-isoperimetricj 
inequality, where 

... . \ v- 2/ \ V < v 0 , 

A(v) = const. \ _ 7I „ 

l v 0 2/ ", v > v 0 . 

We shall consider a variant of the Nirenberg-Sobolev inequality in §VID.4i| 


VI.4 The Federer-Fleming Theorem: The Discrete Case 
We now formulate and prove the discrete Federer-Fleming theorem. But first] 

Definition (Recall.) To every function / on a graph G we associate its diffet ] 
ential, defined on Q e the oriented edges of G, by 


»/([?.!?]) = /(»»)-/(?)• 


VI.4 Th'F'd'nr-Flemmgn'oKm: The D iS cme Case | 7 | 

Thwr™ VI.4.1 (Discrete Co-tue, Formula) La t G m ^ . 

M»e * Demur o/i „ V „,J =1 < « 

< Pn)- To each re 0, . N assnrint* kr l. Po < P\ < 

by the vertices ' locate K, the subgraph of G determined 

Then 

I |2>/I</A = 2 £ AOKKA -A-O. 

i=i 

Proof First note drat 9* = {It> „] : m > p. > /(??)} . so 
/«)>A. and f(r,) = 

for some k e (1 .,}. Therefore, for any such [f, q) e 3 K, we have 

[?.»?] GaK 1 naK 1 - 1 n...naK,_ u _ 1) ; 

which implies 

I \®f\dA = j2 

(t.») 

= 2 ^J E E l/(f) -/(>?)} 

= 2 E E (ft-A-i) 

'=i It.nWK 

N 

= 2 £>OK,)(£-£_,), 

i=i 

which is the claim. 

■ 
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Proof First, 


x p — yP pX P 1 pX P 1 _ 

(jc - >-)(jc+ y)p _1 - (x + y )*’ -1 “ Xp~ l P ' 


so we may choose C 2 = p. Next, fix any a > 1. If y < x < ay, then 

x p -y p > py p ~' > p(x/a) p ~ l _ p 

( x - y)( x + y)P -1 ~ (x + y)P~ l ~ (2x )*’ -1 (2a )*’ -1 ’ 

and if ay < x, then 

x p — y p >( l-a~ p )x p , x—y<x, x + y < (1 + a - 1 )x, 


which implies 


So we may pick 


X P — yP 


1 —a~ p 


(x - y)(x + y) p ~ l 1 + a -1 


ci = min 


p 1 — a p 
( 2 a )*’ -1 ’ 1 +a -1 


This proves the lemma. 


Lemma VI.4.2 Let ajbea decreasing sequence of nonnegative numbers, and 
Pj an increasing sequence of nonnegative numbers, with fo =0. Then for any 
p > 1 we have 

N )*> N 

(VI.4.1) 'E i etj 1,p (fij ~ Pj- 1 ) > const., - ft-,') 

j =i I j -1 

for all N = 1, 2,.... 

Proof If N = 1, then both the right and left hand sides of (VI.4.1) are equal to 
aiPi p . So (VI.4.1) is valid for N = 1. For the induction step we have 

AM-1 | X l* 1 

1 ) - - ^ -i > 
j= I 7=1 

> C1<*N+1 1/P (Pn+1 - Pn) 

AM-1 N I*’ -1 

. j2 a j i/p (Pi-Pj-''> + Y, a J l/p Wj-h-''> 

7-1 7=1 

> cia N+l ip - ,)/p a N+l ' /p (P N+l - p N ) 

N +1 N I*’ -1 

• 'EiPj-Pj-ri+Y^wj-Pi-ri 

7=1 7=1 
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= c\\Pn+i + PNi p ~ l a N+i (fi N+l - p N) 

-^“"+i (p N+l »-p N p ) 

Ci f A,+l N 

= ^ j -/>/-.') - - ft-,-)} ■ 

Therefore, if for any N we have 

JE"/ 7 "^ - Pj-i) J > ~ E a M P ~ ft-.'). 

then we also have 

)/> 

j E a J l/p Wj - Pj-o\ 

( N j p 

E«j t,p (Pj-Pj-i)\ 

c (N+l . 

+i EM#/ - ft-,-) - r«/(ft' - ft-,') 

i>-> j.i j 

Cl N+l 

2 7-1 

which is the cl aim 

■ 

Bejta^Given a graph G. Then, for any v > 1, the Sobol*, consbm, S,(G) 
S,(G) = inf ID/11,/11 

f ° V " f “ ncti0 " s ™ e with support, and the L p norms are 
dA on 5 a " d ~*** y ■ <we have —* 

W < ? C 7“ro“ ler "" n " ,l " g 1WM,) For -x * > 1. « 

nave l„(G) > 0 if and only if S V (G) > 0. 

^0«f Given a finite subgraph K of G, consider the indicator function of K, 

Wttnh = 2A(3K), ||2iclln/(if-,) = {V(K)} tv ~ , >* rv , 

,W h T!S S ’ < ? ) - 2A<8K) *l V<K) l < -' ,, ’<i> r a“ s «el, choices of K .which 
Pl«sS.(G)<2l,(G). Therefore. ifS.fG) > 0.thenl,(G) > 0. To show the 
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opposite direction, we first note that 

ll®/||, > IIWIIIi, 

since \a — b\ > ||a| — |b|| for all real a and b; therefore it suffices to consider the 
case where / is nonnegative. Assume that l„(G) > 0. Then for / nonnegative 
we have 

r N 

/ |D/| JA = 2 £ AOK,)(ft - ft_,) 

JSe 1 = 1 

> 2UG)£ {V(K,)}' l ’- 1)/l ’(A - ft_i) 

;=i 

N Cv— l)/v 

£ v(K i ){A l ’ /(,, “ ,) -A-r /(v “ ,) } 

i = I 

= const. I „(G) || /|| „/(,,_!) 

- the third line follows from the argument of Lemma VI.4.2. Therefore, 
l„(G) > 0 implies S„(G) >0. ■ 

Remark VI.4.1 The results of §VI.l above all follow from the positivity of the 
L 1 Sobolev constant, and integral inequalities. Therefore, since the Federer- 
Fleming theorem holds for graphs (as far as positivity of the isoperimetric and 
Sobolev constants are concerned), we have the corresponding versions of the 
above results for graphs. 

VI.5 Sobolev Inequalities and Discretizations 
Given a graph G with bounded geometry, let 1C be a finite subset of Q. Then for 
any function / on Q, and any s > 0 , we have 

£ is/m>?])i s x£ £ i 

[$,T)l€K:,U3C te/c i;eN(f) 

that is, the two expressions are equivalent in that their quotient is contained 
in a compact subset of ( 0 , +oo), this subset independent of the choice of K 
and /. For convenience define 

vl®/l/(£) := £ l©/(K,ij])l*. 

In what follows, we will work with s = 2, so the notation will not get out of 
hand. And whenever we write |D/|(§) we mean V |D/b(f )■ One can then work 
out the details for any other fixed value of s, for example s = 1 . 

Let X be a graph with bounded geometry, Y a metric space, and <p: X —> Y a 
rough isometry with rough isometry Constantsa > l,h > 0. Then card is 


> const.I„(G) 
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uniformly bounded as y varies nv^r v 

Fa rough isometry with isometry constants a > 1, b > 0 then for everv 
hypothesis 4 - 


Lemma VI.5.1 Let X be a graph with bounded geometry, Y either a connected 
graph or a^compjete Riernannian manifold, and <f>: XY a rough isometry, 
f ■ R and g\Y —>■ 9, be nonnegative functions satisfying 

(VL51 ) /(*)< const, f g 

hr some p > 0 , for Mx € X, Mere B stands for f, or B depending on Me,he, 
Y is a graph or a Riernannian manifold. Then 

(VL52 > / /< const./ 

J(>(X '■ R) M^M-aR+b+p) 8 

““ CMnK “ and * “ fmm ,he of ">ugh 

Because *» c B<«*>; .* + ».« 0 „, y have „ COTn , |he ^ 

(VI 5 2 ) Weil Zf i(f> \ X) \ aR + b + P) COntributes t0 the integral on the right in 
earn r W -’, mU tlplC C0Unting of *<*) c °mes from 4>-'l<P(x) 1 which has 

tnin p of 4>{X), we only have to note that Bfv/An <k(Y a■ ,■ 
uniformly bounded fmm above for all y s y. ' oaritnahty 

*edero” bri"7di h T ea ” la H ,r0ni ^ X ^ 3 flmc,ion f-Y-rR, 
by * / 'he function defined on X by the usual *•/(*>= 


Lemma VL5.2 Suppose X and Y are graphs. X Mh bounded geometry 
v-X'+Y a rough isometry. Let /: K -> R. Then geometry, 


f I0*/I 2 < const, f I f i 2 

W com.*) 1/1 ’ 

„ w/|! 

* p(4>(x );const. fl) 


^ r efficiently large R, independent ofx. 
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Proof We only prove the second claim. We want to estimate |S(0 */)| 2 from 
above, for each x e X. Namely, 

W/)I 2 W = £ l(*vx*')-(**/)(*)I 2 - 

x'€N(jt) 

Set a + b := L. Then d(jc, jc') = 1 => d(^(x), <p(x')) < L, which implies 


mff)\ 2 (x) < const, f 

JpWxy.L) 


l»/| 2 - 


Now use Lemma VI.5.1. 


Lemma VI.53 Let X be a graph with bounded geometry, and <t>: X X a 
rough isometry for which d(jc, 4 >(jc» is uniformly bounded from above. Then 

f \f -4>*/l 2 < const, f |J )/| 2 

Jp(x -,R) JP(x\cooxl. R) 

for sufficiently large R > 0, independent of x. 


Proof Because d(jc, <t>(jc)) < K for some K > 0, for all x, we have 


I f(x) - /(<t>(*»r < const. 




which implies the claim. 

Lemma VL5.4 Let4> -X -*■ Y be a rough isometry between graphs of bounded 
geometry, and f:Y -+ R a function on Y. Then, for sufficiently large R, 


I I/I 2 5 const. I |J )/| 2 + const, f 

Jfi(y;R ) J fHy.conn.R) J /)(^(>);consi./f) 

where ifr denotes a rough inverse of 4>. 


I**(/)I 2 . 


Proof Recall that every rough isometry <f> has a “rough” inverse, that is, therd 
exists a rough isometry r/r : Y -*■ X such that 

d(x, i/ro<f>(x)), d(y, 4>oitr{y)) 

are uniformly bounded on X and Y respectively. Now for any y e Y, we havtf 

l/| 2 (y) < const.ll/ - (^o ^)*(/)| 2 + |(^o^)*(/)| 2 }(y) 

< const, f | 2)/| 2 + const.|(0oVO*(/)| 2 (:y). 

Jp(y.K) 
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which implies 

Lv-r) l/|2 5 COmt 'L B ,S>/|2 + const f KV r *o ^*)(/)| 2 

J piy.cona.R) Jp(y.R) 

< const. I |2>/| 2 + const . f \4>*(f)\ 2 

Jp(yxonU.R) •W(»;con S i./?) 

which implies the proposition. _ 

Lemma Vlii (Kanai, 1985.) Let M be a complete Riemannian manifold 
with Ricci curvature bounded uniformly from below. Then for any r > 0 there 
exists a constant depending on r such that, for any u e C°°(D(o;r)), 

f |gradu|rfV > const.,. / | u- u B{or) \dV 

for allot M, where u B ^. r) denotes the mean value ofu over B(o\r). 

Proof Write B for B(o; r). Assume u B = 0 and 

V({x e B :u(x) > 0)) < V(B)/2. 

For t > 0 set D, := [x e B : u > t). Then, by Buser’s inequality (Proposition 
V.2.6(b)), we have for regular values of u 

A(dD,) > const., V^D,), 
which implies, by the co-area formula. 


/ |gradu|rfV > / \gndu\dV 
Jb JDo 

/•OO 

= / A(dD,)dt 
Jo 

/•OO 

> const., / V(D,)dt 
Jo 

= const., I udV 

JDo 

const., f 


which is the claim. 


Given the complete Riemannian manifold M and a discretization G of A I, 
with bounded geometry, for which the separation radius is e and covering radius 
ls P, with e < p. Recall that q e N(£) if d{t-, q) < 3 p. We now investigate the 
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simultaneous validity of the various Sobolev inequalities on M and G. Of 
course, we need maps between the function spaces on M and G. 


VI.5.1 The Discretization T> of Functions on M 
Definition Given a smooth function F : M -*■ R, its discretization f = VF: 
Q -+ R is defined by 


y(£;3 p) ^b(|;3 


FdV, teg. 


Assume V(x;3p) > const. > 0 for all x e. M. Then for any p e [l,oo) 
we have 

i/m < 777^t\ f w Pdv * const - f \ F \ Pdv ' 

f ; 3 p ) Jbu-jp) 


V(f;3 P)Jb^p) 

which implies (by Lemma VI.5.1) 


/ 


\T)F\ P d\! < const. 


\F\ p dV. 


f;const.£+const.) 


So one has \\V\\ P -> P < const, for all p e [1, oo]. 
(D:ii) Similarly, one has 


l/l(§) < const. 


\F\dV < const, f \F\dV- 

■3p) JM 


SO Ill’ll 1-00 < const. 

(X>:iii) Assume M has Ricci curvature bounded from below, and assume 
V(jc; 3 p) > const. > 0 for all x e M. Then for rj e N(§) we have 

W) - <J>F){,f) = f vumri )~nB^3o)) dV(x) ‘ 

JBtf; 3 p)r\B(n 3 p) V(fl(£,3p)fl B(rj,3p)) 

Since F(£;3p)n B(ry,3p) 2 fi(midpt f ,;p), which implies V(F(£; 
3 p) n B(rj; 3p» > const., we have 


=/ 

JBO;; 3 


dV(x). 


IO>FX$) - (2>FXi?)| 


< const 


1/ 


3p)nB(n-,3p ) 


|F(jc)-(2?F)(£)MV(jc) 


{.3p)nfl(^;3p) 


|F(jc)-(£>/%)! </V(jc) 


< const 


1/ 

1 J fl(£;3 


|F(*)-(PFXf)|</V(*) 


|F(*)-(PFXi 7 )l</VW 
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^'■\L^ Fii,v+ Lj tnaF ' dv } 

< const, f |grad F| dV, 

J B(HAp) 

(we used Lemma VI.5.5 in the next to last inequality), that is, 
ICE’FXf) — {T>F){t])\ < const, f |grad F\dV 

JB(t.6p) 

for all rj e N(£), for all f e Q, which implies 

|2)(2?F)| 2 (£) < const, f |gradF| 2 rfV 

JB(S:6p) 

for all £ eQ. Then Lemma VI.5.1 implies 

\$MF?dV 

^J 0(£;const.tf+const.) 

for all $ eg-, letting R -+ +oo, we have 

f |2)(2?F)| 2 rfV < const, f |gradF| 2 dV 
JG Jm 


VI.5.2 The Smoothing S of Functions on Q 

'“"‘“T ^ : [°- +~> [0. II e cr«0. 2 p)) such tot 

VllO, p] - 1 . With £ e g associate the function ^ : M [0,1] defined by 

Wx) = rjr{d(x, $)), 

and define 


So the collection {^}* 6C j s a partition of unity on M subordinate to the locally 

fate ,)),«. of M. Then for each f:Q-*R define its mco,ktog 

r — oj : M —► R by 


(s/)U) = ^w/(t). 

HQ 


(<S'i) Then 


l«S/|(x) < Y] l/(£)|0{(*) < | = ll/lloo. 

HQ lZ!tl/(f)l = H/Hi. 


So ll«S , ||i ^. 00 < l and IISIloo-^ < 1 . 
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Also, assume the Ricci curvature is bounded from below. Then one has 
from the Holder inequality that 

E i/i'<t)*<*>s E i/i'<*)* 

(eQ (eB(x-.p) (eB(x-.p) 

which implies 

f \sf\ p dv<[ E \f\ p m dv ( x ) 

JB(o;R) JB(<r,R ) [^ e fl(x;2p) J 

= E i/i'(fwf;2p) 

(eB(o\R+p ) 

< const. E l/l p (f) 

(eB(o\R+p) 


< const, f l/l p dV 

Jfitru, sotaX.R +const.) 


[the third line follows from the Bishop comparison theorem (V.1.11>], 
that is, 

f \Sf\ p dV < const, f I f\ p dV, 

JB(o:R) «//Kifc,'.conJt./M-cons».) 

where rj 0 is a vertex in Q within Riemannian distance p of o. In particular, 
we also have 

[ |<S f\ p dV < const, f \f\ p dV, 

Jm J g 

that is, HSHp-,, < const, for all p > 1 . 

(5:ii) Furthermore, assume V(x ,p) > const. > 0 for all x € M.U f > Othen 

f ( Sfydv>Y[ (Sffdv 

Jm f Jbqv/ 2 ) 


> E f f P (Mt P (*)dV(x) 

( Jb((x/ 2 ) 

= E f / p (f)<* v - const. E / p (f) 
* JBtfx/2) £ 


[by the Bishop-Gromov theorem (V.1.13>], that is, ||5/|| p > const. ||/|| p 
for all / > 0 . 

(<S:iii) Now consider 

(grad5/V = E/^)g rad ^p« = E /(^> grad^ix- 

( (eB(x,2p) 
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Given x, there exists r, x e Q n B(x- p), which implies 
^ rad,5 /)|* = E /(£)grad^ 

(€B( n ,-,3p) 

= E {/(?) - /(' 7 x)}grad^ | 

Therefore 

l(grad <S/)|(,) < const. E I/(f) - /(*?,)I, 

(eB(i,,jp) 

which implies for any x e B(q; p), q e Q, 

Kgrad Sf)\\x) < const. E I /(f) - /Wl 2 = const.|9 f\\q) 

One now obtains, by the argument of Lemma VI. 5 . 1 , 

/ |grad5/| 2 dV < const, f I T)f\ 2 d\t 

Jb(o *> W-h)' ;I V ’ 

||grad $/|| 2 < const.||S»/|| 2 . 


VI.5.3 First Smooth, Then Discretize: "DS 
(VS:\) No assumption on M and G. We have 

(VSfm =w^L M s " v 

= V(£;3 p)J m . 3o) E] f^)4> n ix)dV{x) 

J B((pp) neB(( . 3p) 

V(£- 3 />l f i( x )dV(x) 

neB(e.3p) v (5<-iP) Jbqjp) 


* E /o») 

= f fdV. 

J B0i: 1) 

(2>5:ii) Assume A/ has Ricci curvature bounded from below, and V(x-p) > 
const, for all x e M. Let / be a nonnegative function on G; then 




jp; J B ((i3p) ' 

> const. / 5/rfV > const./(£), 


which implies \\f\\ p < const. p ||D5/|| p for all p>\. 
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VI.S.4 How Smoothing Followed by Discretization Differs 
from the Identity: idg — T>S 


Note that 


(/ - VSfm = — l -— f T 4> n (x)\m - f(r,)} dVix ) 

V(§;3p) J B ^p) £0 

= ‘ , f Y w x )i m-m\dvix), 

V«;3p) n€B ^ p)n6 


which implies 


\f-vsm)< Y i m-m\. 

neBQjpme 


Since G has bounded geometry, we have 


Therefore, 


|/-2?S/| 2 (§)<const.|2>/| 2 (§). 


f 1 / - VSf \ 2 dV < const, f |J)/| 2 dV , 
Jptt.R) Jpti.R) 


Wf-VSfh < const.||J)/|| 2 . 


VI.S.S How Discretization Followed by Smoothing Differs 
from the Identity: id m — ST) 

Again, we require both Ricci curvature bounded uniformly from below, and 
V{x\p) > const, for all x e M. For a smooth function F:M -> Rwe have 

(F - SVFXx) = Y \7nTT~\ f I F <*> " F O0} dV(y), 

which implies 


|F - S2?F|(;c) < const. / |F(jc) - F(y)| d V(y). 

JB(x$p) 


The Bishop comparison theorem (V.1.10) implies 


|F - <S2?F|(jc) < const 


.[ dp x (v) 
Js. Jo 


|gradF|(exp sv)ds. 


which implies 
f I F-i 


SVF\ 2 dV < const 


• f dp(v) f P 

JSB(o,R) JO 


|gradF| 2 (exp sv)ds. 
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where S B(o;R) denotes the unit tangent bundle over B{o\ R) and dp. the 
Liouville measure on Sfi(o; R) (see V. 1.4). Therefore, 

J B(o . K , |F ~ 52?F|2dV - COnSt - f d ^ v) f ' IP* 1 F l 2 (exp sv)ds 
JB to,R) JSB(o;R ) Jo 


= const 


r*/ 

JO JSB(o;R ) 


Igrad F| 2 (7 t o<p s (v))dp(v). 


where it : SM -*■ M denotes the natural projection, and <t> s the geodesic flow. 
By Liouville’s theorem on the invariance of the Liouville measure under the 
action of the geodesic flow (Proposition V. 1.3), we have 


/ ]F ~ 

JB(o:R ) 


SVF\ 2 dV < const 


•'0 JSB(o\R 

'f*f 

Jo JgaSBi 


Igrad F| 2 (7ro4>,(v»d^i(v) 


= const. / ds Igrad F| 2 (7r(v»d^(v) 

JO J <t> t (SB(o\R)) 

< const. I IgradF| 2 (7r(v))d^(v) 

JSB(o-.R+Sp) 

= const. / Igrad F| 2 dV. 

J B(o-,R+Sp) 


To summarize, 


I \F - ST>F\ 2 dV < const, f |gradF| 2 dV 

JB(.o;R) J B(o;R+5p) 

f \F - SVF\ 2 dV < const, f |gradF| 2 dV. 

Jm 
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For Theorem VI.1.1 see Bakry, Coulhon, Ledoux, and Saloff-Coste (1995). 

One might wonder whether the Nirenberg- and Nash-Sobolev inequalities imply the 
Federer-Fleming inequality, that is, whether the L 2 Sobolev inequalities imply the the 
L Sobolev inequality. Counterexamples are presented in Coulhon and Ledoux (1994) 
Theorem VI. 1.2 is from Cheeger (1970). 

§VL2 Details for the analogue of the Federer-Fleming theorem (Federer and 
Fleming, 1959) in the compact case can be found in Chavel (1984, p. 111). 
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A more delicate isoperimetric function for the compact case is inspired by 
M. Gromov’s proof of the isoperimetric inequality for spheres (Gromov, 1986). One 
lets I(M, P), p e (0,1), denote the infimum of A(9S2) among all O satisfying V(Q) = 
PV(M). See the disucussion in B6rard (1986, Chapter IV). 

§VL3 As mentioned in V.4, one has a Faber-Krahn theorem in the model spaces 
of constant sectional curvature. Similarly, one has generalizations of the Faber-Krahn 
argument in B&ard (1986, Chapter IV). 

Theorem VI.3.1 is from Canon (1996). Proposition VI.3.1 is from Aubin (1982, 
p. 116 ff.). The general Faber-Krahn inequalities were first treated in Grigor’ yan (1994c). 

§VL4 To my knowledge, the earliest proofs of the Federer-Fleming theorem for 
graphs are in Varopoulos (1985), where he considers the result there for Cayley graphs, 
and in Dodziuk (1984), where he considers the discrete Cheeger inequality. 

One can consider both Riemannian manifolds and graphs with weight functions 
associated to their measures. See the discussion in Chavel and Feldman (1991) and 
Coulhon and Saloff-Coste (1995). 

§VL5 The discussion of discretization and smoothing of functions follows the 
treatments of Kanai (1986a, 1986b) and Coulhon (1992). 


VII 

Laplace and Heat Operators 


Here, we introduce the Laplace operator on Riemannian manifolds and its asso¬ 
ciated heat diffusion, and prepare for the study of how geometric isoperimetric 
inequalities on Riemannian manifolds are reflected in the properties of large 
time diffusion. We present the necessary definitions and background results, 
most of which can be found in Chavel (1984). The ones we discuss in some 
detail are either to correct an argument, or to fill in matters not discussed, there. 
The manner in which the heat diffusion expresses the geometry of the manifold 
will be presented in the next chapter. 

VTI.l Self-adjoint Operators and Their Semigroups 

Definition Let H be a Hilbert space with inner product (,). Recall that a linear 
operator T : T>(T) —► H on the subspace T>(T) in H is an extension of the linear 
operator of S :TKS) -► ftifV(S) c V(T) and T\V(S) = S. We write S C T. 

The linear operator T : T){T) -► U is closed if every sequence (x k ) in V(T) 
satisfying 

x k ->■ x, Tx k -> y, x,y eH, 

must also satisfy 

jc e V(T), y = Tx. 

A linear operator T: T>(T) —> H is closable if it has a closed extension. 
When T is closable, then it has a minimal closed extension T, called its minimal 
extension or, for short, its closure. 

De finitio n Assume T : T>{T) —*■ H is a linear operator with dense domain, that 
is, T>(T) = H. The domain of the adjoint T* of T will consist of those x G H 
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for which there exists an element x* eH such that (x, Ty) = (x*. y) for all 
y e 1 XT). For such x we define T*x = x*. 

The operator T is called symmetric if (Tx, y) = (x, Ty) for all jc, y e V(T). 

In general, 7* is a closed operator. When 7 is symmetric, then 7* is an extension 
of 7, so 7 is closable. Then 7 is the smallest closed symmetric extension 
of 7. 

Definition We say that 7 is self-adjoint if 7 = 7*. We say that 7 is essentially 
self-adjoint if 7 has a unique self-adjoint extension, in which case 7 = 7*. 

One knows that if 7 1( Ti are self-adjoint, and T>(T t ) c 7>(72>, then 7, = 72. 

Definition Let 7 be a symmetric operator on H with dense domain T>(T), for 
which there exists a real number e such that 

(VH.1.1) (x, Tx) > e(x,x) Vx G D(T). 

We then say that 7 is semibounded from below. We say 7 is nonnegative if 

e >0. 

Let 7 be semibounded from below, with e as given in (VII. 1.1); then the bilinear 
form on I>(7) defined by 

(*. y)r = (x, 7y) + (1 - e)(x, y) 

is positive definite, and hence defines an inner product. Complete V(T) to Dj 
relative to the inner product (, )r- Then it is known that Dj may be realized as 
a subspace of 7i, so T>(T) c Dr c ?f. 

Definition Let 7 be semibounded from below and symmetric, with dense 
domain. Define the Friedrichs extension of 7 to be 7‘IDr. That is, the 
domain of 3>, ®r. is given by 

2>r :=7>(3T) = 7>(7*)nD r , 

and is given by 

(3rx,y) = (x, 7y) Vx G S» r , y e V(T). 

Therefore, D(7) c J) r c D r c Also, Jis self-adjoint, and 
(5rx,y) = (x, 7y) VxG T) T ,yeD T . 


The full result is: 
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Proposition VH.1.1 Every semibounded from below symmetric operator with 
dense domain has at least one self-adjoint extension, its Friedrichs exten¬ 
sion. Moreover, is the unique self-adjoint extension ofT whose domain is 
contained in D r . 

VILLI The Spectrum of Self-adjoint Operators 

Definition Let 7i be a Hilbert space with inner product (, ), 7: T>(7) —► n a 
linear operator on H. 

A complex number A. is in the resolvent set of 7 if XI - 7 maps Z>(7) one 
to one onto all of H, and if {XI - 7)-> is bounded. In this case we refer to 
(XI - 7) 1 as the resolvent ofT at X. 

The spectrum ofT, spec 7, is the complement of the resolvent set of 7. 

The spectrum is always a closed subset of the complex numbers. When 7 
is self-adjoint (and this is the case we always study), spec 7 is contained in 

the real axis. For 7 self-adjoint we have the spectral theorem, formulated as 
follows: 

Recall that an orthogonal projection is characterized as a self-adjoint trans¬ 
formation P of H for which P 2 = P. In particular, 

(P<f>, <p) = (P 2 <p, <p) = (/>^ pq) > o 

for all 4>. A spectral family is a family {£*: A. g R) of orthogonal projections 
of H satisfying 

1 • [that is, (E X ip, ip) <(E^,iP) V 0] when A. < u; 

2- Ex+o = Ey; 

0 as A. —► -oo, and Ey -+ I as A. —► +oo (all convergence here is in 
the operator norm). 

Then the spectral theorem states that any self-adjoint transformation T of H 
possesses a uniquely determined spectral family {£*: X g R} for which the 
representation 



is valid. That is, for any ip e Z>(7) we have 



^ (.dEyip, ip). 
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where (d£x0, 4>) is now a Lebesgue-Stieljes measure (with respect to A) on 
R, supported on spec T. The domain of T, V(T), consists of those 0 e Ji for 
which 

/ OO 

A 2 (d£x0,0) < +oo. 

•00 

Furthermore, for any Borel function /(A), defined a.e.-[d£x] and finite, we 
have 

f(T)= f°° f(X)dE x . 

J —00 

This last equation is a theorem if one takes the functional calculus of self- 
adjoint operators as already well defined, and is a definition if one wishes to 
first develop the functional calculus of self-adjoint operators from the spectral 
family formulation of the spectral theorem. 

In particular. 


II T<t>\\ 2 = (T 2 <p 


■«-jC 


A 2 {dE x <t>,<t>). 


Moreover, if / and g are two such functions satisfying 

V{f{T)g{T)) = V(g(T)) n V(fg(T)\ 


f(T)g(T): 


mg(X)dEy. 


Definition Within spec T we distinguish a variety of subsets. 

First, a number A is in the point spectrum if A is an eigenvalue of T, that is, 
there exists a nontrivial element f of H for which Tf — A/. 


Next, assume T is self-adjoint. Then spec T Q R. The discrete spectrum of T 
consists of those A 6 spec T for which there exists e > 0 such that 

dim(£ i+< - E X - t )(fi) < oo. 

So A is an eigenvalue of T of finite multiplicity, and is an isolated element of 
specT. 

We refer to the complement of the discrete spectrum as the essential spectrum. 

Therefore, the essential spectrum consists of those A 6 spec T such that 
dim(£ x +< - E k - ( )(H) = oo 


for all € > 0. 
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Thus A e spec T precisely when there exists a sequence {0„} c T, ||0„ || = 
1 V n, such that (A - T)<p„ -*■ 0 as n -*■ oo. And A is in the essential spectrum 
precisely when the sequence can be chosen to be orthonormal. For any A 6 
spec T, the sequence {0„} is referred to as a sequence of normalized approximate 
eigenfunctions ofX. 

The spectral theorem implies that if Ao = inf spec T > -oo, then 


/ OO 

A(d£ x 0, 0) 

•00 



A(d E\4>, 0) 


/•OO 

— / Ao (dE x tf>,tf>) 

J *0 


= AolMI 2 . 


Therefore, T is semi bounded from below, with best constant € > Ao. Con¬ 
versely, if T is semi bounded from below with constant e, A is an element of 
spec T, and {0„} is a sequence of normalized approximate eigenfunctions of A 
then 


0 — ~ 0«) = A - lim ( T<t > n , 0 „) < A - e; 

so the spectrum is bounded from below, with e < Ao. We conclude that T is 
semi bounded from below if and only if the spectrum is bounded from below, 
in which case we have 

(VII. 1.2) inf spec T= inf 

#*> II*II 2 

Note that the argument only involves those * 6 V(T), but the quadratic form 
* (T<t>, 0) is defined on V((T - e) l/2 ), and the infimum, above, does not 

change if we allow 0 to vary over T>((T — e) l/2 ) o V(T — e) = V(T). 


Vll.1.2 Quadratic Forms 

In defining the Friedrichs extension, above, we started with a semibounded 
symmetric operator T on a dense domain V(T), with which we associated a 
quadratic form (, ) r . We then used the quadratic form (, ) T to define a self- 
adjoint extension $ T of the original T. Moreover, the domain of the quadratic 
form is precisely V((T - e) ,/2 ) [where e is given by (Vn.1.1)]. Here we note 
that one can start with the quadratic form as the fundamental object. 
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Definition Let V denote a dense domain in a Hilbert space H. Then a sesquilin- 
earform Q' on D is a map Q' :D x D —*■ C such that 

1. Q'(x,y) is linear in X, 

2. Q\x, y) = Q'(y,x). 

We say Q' is semibounded from below if there exists t 6 R such that 

(Vn.1.3) Q\x,x)>e\\x\\ 2 

for all x 6 V. We say Q’ is nonnegative if t > 0. 

Given Q' semibounded from below, with f given by (VII. 1.3). Complete V 
with respect to the inner product 

(x, y)c- = Q\x, y) + (1 - *Xx, y). 

Assume the resulting space may be identified with a closed domain Dq OD 
in H. Denote the new inner product on Dq by (, )q, and define on Dq the 
quadratic form 

Q{x, y) = (x, y) Q - (1 - *X*. y)- 
Determine the Friedrichs operator 5 q by 

Q(x, y) = (Sqx, y); 

so the domain of 5g consists of those x 6 Dq for which there exists x* 6 H 

such that (x*, y) = G(x, y) for all y 6 Dq. Then we define $qx = x . 

One knows that 5 C is self-adjoint, and that Dq = V($q ,/2 )- 

VII. 1.3 1-Parameter Semigroups 

Definition Given a Banach space B, a family {T, : t > 0} of bounded linear op¬ 
erators on B is said to be a C° 1 -parameter semigroup (semigroup , for short) if: 

1. 7b = /; 

2. if 0 < s, t < oo, then T,T, = T t+S \ 

3. the map (/, /) n- T,f from [0, oo) x B to B is jointly continuous. 

We say that the semigroup T t is contractive if H7) II < 1 for all t > 0. 


Given (1) and (2) in the definition of a semigroup, to verify (3) of the definition 
it suffices to verify that 


Um T,f = / 
40 


for all / e B. 
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Definition With every semigroup T, we associate its ( infinitesmal) generator , 
Z, defined by 


Zf = lim — f f , 
40 t 


the domain of Z, D(Z), being those / 6 B for which the limit exists. 


Proposition VII.1.2 

(a) V(Z) is a dense linear subspace ofB, and T,(V(Z)) c V(Z)for all t > 0. 
Moreover, 

T,Z = ZT, 

on all ofV(Z), for all t > 0. 

(b) Iff e V(Z), then F(t) =T,f is C 1 on [0, +oo), and 

F\t) = ZF(t). 

(c) Furthermore, Z is a closed linear operator, with V(Z) complete with respect 
to the norm 

1/1 = ll/ll + I|Z/||. 

Moreover, T, acts as a semigroup on D(Z) for this norm. 

(d) Conversely to (b), if a path <t>(t) in V(Z) satisfies 

= Z<P 

on some interval [0, a), then 

<h(i) = r,(<D(0)) V r e [0, a). 

Thus, the infinitesmal generator uniquely determines the semigroup. 

(e) A densely defined operator Z on the Banach space B is the infinitesmal 
generator of a contractive semigroup if and only if all A. > 0 lie in the 
resolvent set of Z and 

iiu-zr'ii <x-' 

for all X > 0. 


Proposition VII.13 

(a) If B is a Hilbert space, and T, is a self-adjoint semigroup acting on B, 
that is, T, is self-adjoint for each t > 0, then Z is also self-adjoint. IfZ is 
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nonnegative self-adjoint, then the spectral theorem implies that —Z is the 
infinitesmal generator of a self-adjoint contraction semigroup. 

(b) If Z is a symmetric operator with dense domain V in the Hilbert space B, 
and for every f eV there exists *=*(/)> 0 such that the heat equation 

(VII. 1.4) F\t) =-ZF(t) 

has a solution satisfying F{ 0) = / and F{t) 6 V for all t € [0, €(/)], then 
Z is essentially self-adjoint on V, and the solution to (VII. 1.4) subject to 
the given conditions is unique. 


VII .2 The Laplacian 

Vll.2.1 The Laplacian Acting on C 1 Functions 
Let M be an n-dimensional Riemannian manifold. If x :(/-*■ R" is a chart on 
M, then we have 

gij = (di,dj), G = igij), G~' = (g"), g = det G > 0. 
Recall that, for any C 1 function / on M, we have 

(grad/,|) = d/(|) = 1/ e TM. 

For C 1 functions /, h on M we have 

grad (/ + h) = grad / + grad h, 
grad fh = f grad h + h grad /. 


If x: (/ 


R" is a chart on M, then 


grad/= 


Hfo*') ]k a 

dx> 8 dx k ‘ 


Definition For any C 1 vector field X on M we define the divergence ofX with 
respect to the Riemannian metric , div X , by 

div X = tr(£ X). 

(Recall, V denotes the Levi-Civita connection of the Riemannian metric.) 


For the C 1 function / and vector fields X, Y on M we have 

div (X + y) = div X + div Y, 

div/X = (grad/, X) + /divX. 


VI 1.2 The Laplacian 
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If x :(/-»• R" is a chart on M , and 




divx = -L 

y/gfe 3 XJ 

Given x e M, and r e [0, c(£)), ^ eS„ geodesic spherical coordinates on M 
about x, with 

= y/%(r,$)drdn x ($) 

the Riemannian measure in spherical coordinates (where dp, x denotes the 
standard measure on S x ), then for the radial vector field d/dr we have 

divA = *^il> 

3 ' ' 

One verifies that if X has compact support on M then we have the Riemannian 
divergence theorem: 

I div X dV = 0. 

Jm 

In particular, if / is a function and X is a C 1 vector field on M, at least one of 
which has compact support, then 

(VII.2.1) J /div X dV = — j (grad /, X) dV. 

Definition Let / be a C 2 function on M. Then we define the Laplacian of /, 
A/, by 

A/ = divgrad/. 


Thus, in a chart x: U -»• R", 


A/= J- T J-lrtgiM 0 *-"*] 
Vtjfad xiy 88 dx k /• 


Furthermore, for C 2 functions / and h on M we have 

A(/ + A) = A/ + Ah, 
div /grad A = fAh + (grad /, grad/i) 
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(this last formula only requires that / 6 C 1 , h e C 2 ), which implies 

A fh = fAh + 2(grad /, grad h) + hAf. 

One has Green’s formulae: Let f :M -> Re C 2 (M), h:M -> Re C'(Af), 
with at least one of them compactly supported. Then 


f {hAf 4 - (grad/i, grad/)]dV = 0. 
Jm 


If both / and h are C 2 , then 

f {hAf - fAh}dV = 0. 

Jm 

Let M be oriented, O a domain in M with C°° boundary 30, and v the outward 
unit vector field along 30 that is pointwise orthogonal to 30 (there is only one 
such vector field). Then for any compactly supported C 1 vector field X on M 
we have 

[[ di \XdV= [ (X,v)dA. 

J Jn J9S2 

The corresponding Green’s formulae are: Given M, O, and v as just described, 
and given / 6 C 2 (M), h e at least one of them compactly supported. 

Then 

(VII.2.2) ff {hAf 4- (gradA,grad/)}dV = / A(v, grad/)di4. 

J Ja J»a 

If both / and h are C 2 , then 

(VII.2.3) ff {hAf - fAh]dV = f {A(v,grad/> -/(v, gradA)}<M. 

J Ja Jsn 


Notation We generally write 3//3v for (v, grad /). 


VII.2.2 The Laplacian as an Operator on L 2 
Until now, we have only considered die pointwise action of the Laplacian on 
functions which are C 2 . We now wish to view the Laplacian as an operator on 
the Hilbert space L 2 = L 2 {M, dV). For any two functions /, g in L 2 we have 
the inner product and norm 


(/.*)= f fgdV, 

Jm 


f 2 dV. 
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We may also speak of L 2 vector fields, and the associated inner product and 
norm 

{X,Y)= f ( X,Y)dV , \\X\\ 2 =f \X\ 2 dV. 

Jm 

Recall that, for any subset A of M, [A] r denotes the set of all points in M with 
distance from A less than or equal to r. 

We now consider the action of the Laplacian A on L 2 . Recall that Green’s 
^ormu a states that if / € C 2 , h e C 1 , one of which is compactly supported, 

(Vn.2.4) (_A /, h) = (grad /, grad A). 

Let A c = A|C c °°. Then - A c is a nonnegative symmetric operator on the dense 
subspace C“ of L 2 , with associated quadratic form 

0' = D[<f>, yjr] := (grad^, grad^), <j>, \fr e C“. 

We refer to D[ , ] as the Dirichlet energy integral. Complete C°° to Sj c relative 
to the metric 

(<t>, ir) c = \f,\ 4- (0, yj,) 

on CJ, and define the Friedrichs extension & = Sa, of A c on the domain 
c ~ C c CS c c Sj c . Henceforth, unless otherwise noted, the self- 

adjoint Laplacian on L 2 will be the Friedrichs extension J c . We will refer to $ c 
as the Friedrichs extension of the Laplacian on M. 

The identification of Sj c goes as follows: Let H denote the collection of C°° 

functions f on M for which both /, grad / e L 2 . Endow H with the inner 
product 

(/. g)H = D[f, g] 4- (/, g ), f,ge H, 

and complete H, with respect to the inner product (, ) H , to the Hilbert space fj. 
Then Sj c is the closure of C™ in fj. 

For the elements off) themselves, we consider weak derivatives. Namely, 

Definition We say that f e L 2 has a weak derivative if there exists an L 2 
vector field X such that 

(/, div Y) = -(X, Y) 

for all compactly supported C°° vector fields Y on M. The vector field X, should 
it exist, must be unique, and we denote it by X = Grad / [see (VII.2.1) above]. 



196 


Laplace and Heat Operators 

By the Meyers-Senin theorem, fjisthe Hilbert space consisting of functions 
/ e L 2 possessing weak derivatives, with the inner product (, given by 

(/, 8h = (Grad /, Grad g) + (/, g), f,gef). 

Until now, M was an arbitrary Riemannian manifold. Assume, now, that M 
has C°° boundary T and compact closure. Then we may consider the Laplacian 
acting on functions with prescribed boundary conditions, chosen so that the 
action is symmetric, from which we then determine the new Friedrichs extension 
for the domain of functions in question. The simplest is: 

Definition (Vanishing Dirichlet Boundary Conditions) Let 

Ddir = {/ e C°°(M) :f\r = 0}, A*, = AID*. 

Then - A*, is nonnegative symmetric, and has associated quadratic form and 
inner product given by 

Gdir(0. = D ^' (0> ^)dir = ^ + (^’ ^ 

for all 0 , 0 e D*. Complete the inner product (, )* to die subspace D*. and 
thereby determine the Friedrichs extension (?* of—Adir, on 2)dir> the Dirichlet 
Laplacian on M. 

linniiu VII.2.1 Let M have C°° boundary T and compact closure. Then given 
any a, 6 > 0, there exists a Junction p e C™(M) such that the support of p has 
distance from T greater than 8, that is, supp p C M \ [Dj, and 

p\M \[r] M = 1, P< 1+a, I grad pl < (1 + a)/8. 

Proof Since M is compact, it has a constant c and a finite covering [U,:i = 
1..... f}by charts, for which the Riemannian metric in any of die charts satisfies 

c -l £(^) 2 < £ < c £(*') 2 

j U J 

for all | = (£*.£"). Then there exists a constant K such that for every 

i — 1,.... f, and every C°° function F compacdy supported on U t we have 

(VII.2.5) ||F || W 2 + HgradFHw 2 < *{||F || R . 2 + ||gradF|| R . 2 }, 

where die subscripts R" and M refer to the respective L 2 spaces. Fix the cover 
W = {(/,: i = 1 . 1 }, with subordinate partition of unity {#>,}• 
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Now consider the function Qi : M R defined by 


I 1 ’ seAfUn*. 

Qi{q) = j d(q, D/S - 2, qe [D* \ [r]^, 
l °- q e [rjy. 

Then 

t 

Qt = £ V'Qt- 

i=i 

Subject each tp, Qi to molUfication by j (t , as in §1.3; namely, for the index 
e = (*i , • • •, €(), define 

i 

P(P) = Qs.e(p) = J2 U, *(.<P<Qi)ox l -')(x,(p)) 

t=\ 

l ^ r 

= X! J ~ x t(P))((<PiQs)°Xi~ i )(y,)dv H (y l ). 

Then one can easily use Theorem 1.3.3 and (Vn.2.5) to prove the lemma. ■ 


Lemma VIL2.2 Let M have_C°° boundary T and compact closure, and let 
f: M -»• R be Upschitz on M, with /|r = 0. Then, given any e > 0, there 
exist 8 > Oand a Junction 0 6 C?(M) such that the support off, has distance 
from T greater than 8, that is, supp 0 c M\ [r] a , and 

Wf~4>h<e. 


Corollary VIL2.1 The Dirichlet Laplacian 3*r on M coincides with the 
riedrichs extension $ c of A c on M. In particular, their associated quadratic 
forms coincide, possessing the common domain fj c . 


Proof of Lemma VH. 2 . 2 . Let p: M [0, oo) e C? satisfy the properties of 

Lemma VII.2.1, and let 0 = fp. Then 

11/ ~ 0II 2 = f f\ 1 — p ) 2 dV < const./S, 

^41 

by a standard calculation in Fermi coordinates based on T. Similarly, 


grad(/ 0 )_grad/(i -p) = (i - p)grad/-(-/grad(l _ p), 
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which implies 

lgrad(/ - <t>)\ 2 (p) < 2{|1 - p| 2 |grad /| 2 + |/| 2 Igrad p| 2 }(p) 

< const./ I 1 + — p — I 

[die d(p, T) 2 in the numerator of the second term of the parentheses follows 
from / vanishing on T]. But then calculation in Fermi coordinates, based on 
T, implies 

Hgrad/ — graded 2 = / |grad/(l - p)\ 2 dV < const./3, 

J r« 

which implies die proposition. ® 

Remark VII.2.1 We shall show in Theorem VII.4.2 below diat the Laplacian 
widi vanishing Dirichlet boundary condition is essentially self-adjoint. 

Definition A function / e L 2 on M has A/ acting as an L 2 distribution on 
M if there exists g e L 2 such that 

(g,*) = (/,A0) V*€C c °°. 

We write A/ for g. 

Theorem VII.2.1 If M is a complete Riemannian manifold, then fj c = fj. 
Given any function f e C 00 for which f, A / e L 2 , we also have grad / € L 2 
and 

(VII.2.6) (-A/, /) = (grad /, grad /). 

Finally, A c = A|C“ is essentially self-adjoint, so the Friedrichs extension 5 C 
of A c is the unique self-adjoint extension of A c . 

Corollary VII.2.2 Let M be a complete Riemannian manifold. Then M has no 
L 2 nonconstant harmonic function, that is, any function f in L 2 (M) satisfying 
A/ = 0 on all of M must be constant. Moreover, given any X < 0, there is no 
solution u 6 L 2 to the equation 

Au + Xu = 0 

except for u = 0 identically on M. 

Proof of Theorem VII.2.1. Assume / e Sj(M) n C°°{M). Fix o e M, and for 
each e, R > 0, consider the function f R = f<pR, where 4>r e C“(B(o; R + 3)) 


satisfies 
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fa|£(o;J?)=l, <f> R , |grad^| < 1 + *; 

such a function <p R is constructed in Lemma VII.2.1. Then 

11/ ~ /r\\ 2 = f f 2 { 1 -4>it) 2 dV < const, f f 2 dV -*■ 0 

J JM\B(o.R) 

as R —* oo, since / e L 2 . Similarly, 

J Igrad/ — grad/^l 2 dV 

= J Igrad /(I — 4>r)\ 2 dV 

<2 J {/ 2 |grad ^| 2 + |1 - 4> R \ 2 \gmd f\ 2 } dV 

= 2 1 {/ 2 |gradfo | 2 + |l — 0 *| 2 |grad/| 2 } dV 
J M\m<r,R) 

< const. / {/ 2 + Igrad/| 2 }dV 

Jm\B(o-.R) 

-> 0 

3 *R -*■ oo. Therefore f is atpproximated infj by functions in Sj c . Since f) D C°° 
is dense in fj (by definition), we obtain fj c = fj. 

Assume we are given the function / e C°° such that /, A / e L 2 . Then 

j div( 0 fl 2 /grad /) = 0 , 

which implies 

J 0 * 2 {|grad /| 2 + /A /} = -2 J 0 * / (grad 0 *. grad/) 

~lj ♦* 2 l««*/l 2 + 2/ / 2 Igrad fo| 2 , 

which implies 

r f Igrad f\ 2 <j-f fo 2 |grad /| 2 
L JB(o;R) 2 J 

< j 2/ 2 |gradfo| 2 -<f> R 2 fAf 

< const. / / 2 + l/A/| 


< +00 
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for all R. This implies grad / e L 2 . But 

j 0* 2 {|grad /| 2 + /A /} = -2 j 4>r f (grad <p R , grad/) 

= -2 1 0 * / (grad 0 *, grad/) 

J B(o:R+3)\B(o;R) 

< const, f l/llgrad/l. 

J B(o-,R+3)\B{o:R) 

As R -*■ oo we have 

j 0* 2 {lgrad /| 2 + / A /} -*■ j |grad /| 2 + / A /, 

f l/llgrad/l -► 0 . 

J B{o;R+3)\B(o;R) 

which implies (VII.2.6). 

For the essential self-adjointness of A c we consider L 2 to be a complex 
Hilbert space with inner product 

(/.*)=/ fgdV. 

Jm 

and with the Laplacian defined by operating on real and imaginary parts of a 
complex-valued function. It is standard that A c is essentially self-adjoint if and 
only if 

ker{A c ±/}* = 0, 

that is, the subspace of functions / e L 2 that satisfy 

(/,(A ±i)0) = 0 V0eC f °° 

is trivial. So assume {A c ± r }*/ = 0. Then (A ± i)f = 0 as an L 2 distribution. 
Elliptic regularity then implies that / e C°°, and A / in die classical sense is 
the L 2 -distributional Laplacian of /. Therefore 

A / ± if = 0 

on all of M. Multiply both sides of the equation by / and integrate over M. 
Then 

- [ jAfdV = f |grad/| 2 dV 
Jm Jm 

for all / e L 2 n C 00 for which AfeL 2 [the purpose of this comment is to 
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prove that (A/, /) is real]; therefore A / + if = 0 implies 

' / \f\ 2 =f |grad/| 2 , 

Jm Ju 

which implies / = 0. A similar argument applies to a solution of A / - if = 0, 
and the theorem is proven. ^ 


VII3 The Heat Equation and Its Kernels 

We are given a fixed Riemannian manifold M of dimension n > 1 , with associ¬ 
ated Laplacian A acting on C 2 functions on M. The heat operator L associated 
with the Laplacian acts on functions / = f(x, t) in C°(M x (0, oo)), and is 
given by 



where / is C 2 in the space variable x e M, and C 1 in the time variable t e 
(0, oo). The homogeneous heat equation, or heat equation, is given by Lu = 0 
that is. 



and the inhomogeneous heat equation is given by Lu = —F, where F :M x 
(0, oo) -» R e C°. 


The physical interpretation of the equation is given by considering the 
Riemannian manifold as a homogeneous isotropic medium (with conveniently 
normalized physical constants so that, for example, heat and temperature can 
be considered one and the same), and u(x, t) is the temperature of x e M at 
time t. Then the inhomogeneous heat equation describes the evolution of die 
temperature distribution, with F{x, t) the instantaneous rate with respect to 
time at which (by some external source) heat is supplied to, or withdrawn from, 
* at time t. The argument is predicated on Newtonian heat conduction, namely, 
given any domain in M with compact closure and C°° boundary, the instan¬ 
taneous change of the total temperature in Q with respect to time is equal to the 
total change due to the supply of heat to, or withdrawal of heat from, Q, added 

to the spatial rate of change of the heat distribution across the boundary of 
9S2. That is, 

Tt fL U(X ' t)dV(x) = fj a F <*'»dV(x) + f ^(w,t)dA(w). 
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By Green’s formula we have 


//J' v = // 0 |f+a “ w 


which implies 


{Lu + F)dV = 0 


for all such domains G in M . This then implies the inhomogeneous heat equation 
on all of M. 

Notation Henceforth, if there is no comment otherwise, given any function 
/: M x (0, +oo) -> R, we denote the spatial component of the gradient of / 
by grad /. 

Definition A heat kernel is a continuous function p:MxMx(0, oo) such 
that for every y e M die function u(x, t) = p(x, y, t) is a solution to the heat 
equation with initial data 

lim u(x, t) = & y (x), 

40 

the delta function concentrated at y, namely, 


lim f 

40 J u 


4>(x)p(x, y, t)dV(x) = 4>(y) 


for every bounded continuous 0 : M -> R. 

Intuitively, p(, y,) is the solution of the heat equation resulting from an ini¬ 
tial temperature distribution having total temperature equal to 1 concentrated at 
y. We use the linearity of the heat equation (otherwise known as superposition 
of solutions) as follows: If at time t = 0 the initial temperature distribution was 
concentrated at y with total temperature a, then the solution to the heat equation 
will be u = ap( , y,). If at time t = 0 the initial temperature distribution was 
concentrated at the points y and z with total temperatures a and p, respectively, 
then the solution to the heat equation will be u = ap( , y,) + , z, ). There¬ 

fore if at time t = 0 we are given the temperature distribution /(y), then by 
summing “spatially” the contribution of each point to the initial data, we obtain 

u(x,t)= f p(x,y,t)f(y)dV(y), 

Jm 

with 

lim«(;c, t) = lim f p(x, y, t)f(y)dV(y) = /(*)• 

40 40 J M 
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If, in addition, heat or refrigeration is supplied to M , as described by F(x t) 
above, then the contribution of F {, r), r € ( 0 , r), to the temperature distribution 
at time t is given by 

j^ P(*. y. t - T)F(y, r)dV(y), 

since we think of the function F (, r) as initial data for heat diffusion starting 
at time r and lasting for t - t time units. So the total contribution to the 
temperature distribution, at time t, by F is given by summing “temporally,” 
namely, 

L dr L p(x, y, t - r)F(y, r )dV(y). 

Therefore, we expect the solution to the inhomogeneous heat equation with 
initial temperature distribution / and external source F to be given by 

u(x ' ^ = L p( ' x ' y ' dV(,y) + jo dT f„ y ’ 1 ~ T)F( - y< T > dv (y)- 

Remark VIL3.1 Note that we have argued that p(x, y, t) is symmetric with 
respect to* and y as / ! 0, since p(x, ,t)-> S x , intuitively, and p{, y, t) -»• S y , 
by hypothesis, as t ± 0. We shall see shortly that in all cases that we study, we 
have the symmetry p(x, y, t ) = p(y, r) on all of M x M x ( 0 , -boo). 

VII.3.I The Heat Kernel of Euclidean Space 
In order to calculate the heat kernel on R", we first derive a candidate, using 
the Fourier transform. Then we check that our candidate is indeed legitimate. 

Given a function/:R» C in L'(R"), define its ^-dimensional Fourier trans¬ 
form, /, by 

m = {2jt)-^( f(x)e-*tdv n (x), 

J R" 

where 

x: =(x l .*"). «:=«*.n. 

The basic properties of the Fourier transform are: 

i- i?«)i < n/iii/(2^r /2 . 

2 . g(x) = f(x - y) => |(|) = «-'>•*/($); {*»>•*/} (I) = _ y)i 
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3. {/(Ajc)P(I) = *-"?( | A); {/ * gf($) = ?(l)g(£). where f*g denotes 

the convolution (normalized here to be) 

(/ * gX*) = ( 2 *)-" /2 J f(y - x)g(y) dv n (y). 

4. One also has die specific example 

4>(x) = e-^ 1 ' 2 => ?(*) = e-M' 12 . 

5 . Consider the collection 5 of functions on R" that, with all their partial 
derivatives of all orders, have rapid decrease on R". For functions / in 5 we 
have 

{3//3x'ftt) = (3?/3|'XI) = {-ix ; /f«). 

The Riemann-Lebesgue lemma implies, with these last two formulae, that 
the Fourier transforms maps S into S. 

6 . Finally, one has the Fourier inversion formula: 

fix) = ( 2 Jt)- H/2 f dvM). 

J if 

Now, consider a solution u{x, t) to the heat equation on R", with initial data 
4>(x). Since this is a formal calculation in search of a candidate solution, we 
treat all functions as though they were in 5, with respect to the space variable 
for every t. Let v(£, t) be the Fourier transform of u(x, t) in the space variables, 
that is, 

v(£, t) = ( 2 nT " /2 f u{x, t)e~ ix( dv n (x). 

Jr- 

Then 

^(|, t) = ( 2 n)- n/2 f t)e~ ,x ( dv n (x) 

at J r « at 

= (2n)~” /2 f A u(x,t)e~ lx * dv„(x) 

J R" 

n f o 2 „ 

= (2 

= £(/n 2 i;(*,/) 

7 = 1 

= -l*l 2 v«.0. 
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that is. 


OV 

—(*,r) = -|*| 2 u(*,r). 


For any fixed £, view the equation as an ordinary differential equation in r, from 
which one has 

tXS,r) = c(S)e H *i 2 '. 

To evaluate c(*), let t = 0. Then one obtains c(£) = £(*), the Fourier transform 
of the initial data of < p. We conclude 

u(|,r) = ^v -m2 '. 

If one now inverts the Fourier transform, to recapture u(x, t), one obtains 
Our candidate, therefore, for the heat kernel on R" is 


E (x,y,t)=- g-ly-'l 2 /* 

(4 nty/ 2 

One can directly verify that E is C 00 on R" x R" x (0, oo) and is a solution 
to the heat equation on R" in x and t. We now check that 

lim E(x, y, t ) = 5 y (x). 

First start with any nonnegative integrable function p : R" -»• R with 
/ p{x)dy n {x)= 1. and set p € ( J c) = €->(x/€). Then/ P< (x)dv B (x) = l.and 

it is standard that for any bounded continuous function f(x ) on R" we have 
/ fi * ( - x ~y')f( x ') dv '>(x)= f(y) 

[see Proposition 1(b), where we have j ( compactly supported on R "1 So for 
any fixed y, 

~y) = W- 


In our situation, we have 


p{x) = 7 r-"/^-W 2 , E(x, y, r) = p 2 ^ x - y), 

which implies the claim; so E is a heat kernel on R-. Two important properties, 
which we see repeatedly, are the symmetry and positivity of the heat kernel, 
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namely, 

(VII.3.1) E{x,y,/) = E(y,x,r) > 0, 

for all x, y e M and t > 0. 

For a function fix) on R", we have the following results for solutions to the 
initial value problem for the homogeneous heat equation : 

du 

(VII.3.2) Aji = —, lim u(x, t) = fix). 

at i io 

Proposition VIL3.1 

(a) If f(x) is bounded continuous, then the function 

(VII.3.3) u(x,t)= f E(x,y, t)f(,y)dv„(y) 

JR’ 

is a solution of (VII.3.2). 

(b) We always have 

(Vn.3.4) f E(x,y,t)dv n (y)= 1 

JR’ 

for all (x, t) 6 R" x (0, oo). If f is a function in L l , and uix, t) is given 
by (Vn.3.3), then 

(VII.3.5) [ u(x,t)dv n (x)= f f{x)dv n {x) 

JR" JR' 

for all t > 0. 

(c) If f e C° is supported on the compact set K, and u(x, t) is given by 
(VII.3.3), then 

l«(*. 01 < iAnty'^e-^-^ 4 ' | j |/(y)| dv n {y) J . 

(d) If f{x) is continuous on R", vanishing at infinity, that is, 

lim f{x) = 0, 

|jr|->oo 

andu{x, t) is given by (VII.3.3), then 

lim ji(x.O = 0, lim (graduXx, t) = 0. 

(e) If fix) is bounded continuous on R", then from among all functions vix, t) 
on R" x (0, oo) satisfying 


|u(x, 01 < const.. 
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h 'heretheconstantisindependentofix, t), the functional, t) given by iVW 3 3 ) 

ts the unique solution to the initial value problem (Vn.3.2). 

For the initial-value problem for the inhomogeneous heat equation we have 

Probation™ 3 - 2 F: R’ x [0. oo) -a R € c‘ such tin,, supp F c 
A x [0, oo )for some compact K in R\ then the function 

uix, t) = £ E(x, y, t)fiy) dv n iy) + f dr f E(x, y. t - r)F(y, r) dv„(y) 

*/R* 

satisfies 

(VII.3.6) A« - ^ = -f(x, t), Um uix, t) = fix). 


VII.3.2 Preliminary Principles 

Proposition VIUJ (DtUtumePs Principle) U, Mb'a Rumanian manifold 
with compact closure and C°° boundary ipossibly empty), and let u,v :~M x 
(0,0-^ReC'ie C 2 with respect to the space variable in M Then for any 
la,fi]ci0,t)wehave * 


JJ U {«(z, t - PMz, fi) - j i(z, t - a)viz, a))dViz) 

= L dX fL {LU{Z ' 1 ~ T)V(2 ’ T) ~ u(z ’ 1 ~ T)Lv(z ’ T) J dv M 


+ «(u>, t - T)—iw, z )} dAiw). 
OV w I 


Proposition VII3.4 (Strong Maximum Principle) Let u be a bounded con¬ 
tinuous function on Mx [0, T] that is C 2 on Mx (0, T) and that satisfies 

a bu 

A« - — > 0 

dt 

on M x (0, T) If there exists (x 0 , r 0 ) in M x (0, T] - note the half-open time 
interval - such that 


u(x 0 , to) = sup Jl, 
Wxio.ri 



208 


Laplace and Heat Operators 


then 


u\M x [0, (ol = u(xo,t 0 ). 

Furthermore,ifMhasC°°boundary,u e C°(M x [0, T]),artd(w, 1 1 ) e 3Af x 
(0, T ] satisfies 

u(w, tj) = sup u, 

*fx[o.n 


then 


- — (w,t 0 > 0. 

OVty 


Remark VII3J If one is given A u — du/dr < 0, then one has a correspond¬ 
ing minimum principle. For solutions of the heat equation, both principles are 
valid. 


VII. 3.3 Properties and Types of Heat Kernels 
Definition Given a Riemannian manifold with heat kernel p(x, y, t), we say 
that p(x, y, t ) is symmetric if 

p{x,y,t) = p(y,x,t) 

on all of M x M x (0, -l-oo). We say that p{x, y, t) is positive if 

p(x, y,t)> 0 

on all of M x M x (0, + 00 ). 

We say that p(x, y, t) satisfies the conservation of heat property, or that 
p(x, y, t ) is stochastically complete, if 

f p(x,y,t)dV(x)=l 

Jm , 

for all (y, t) e M x (0, + 00 ). 1 

For M noncompact, we say that p(x, y, t ) satisfies the Feller property if ■; 

lim p( x, y,t) = 0 

x-*oo 

for all (y, t) e M x (0, + 00 ). 

Remark VII33 If p is a heat kernel satisfying the symmetry property, then 
(A,pX*, t) = (A y p)(x, y, t). 

Definition Let M be a compact Riemannian manifold with no boundary, a 
closed manifold. Then any heat kernel on such a manifold will be referred to 
as a closed heat kernel. 
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Defimtion Let M be a Riemannian manifold with compact closure and C°° 
(nonempty) boundary. Then a Dirichlet heat kernel q: M x M x (0, 00 ) e 

is a heat kernel on M that can be extended to a continuous function on 
M x M x (0, 00 ) such that 

9(.y, f)|3Af = 0 

for all (y, t) e M x (0, oo>. Thus the vanishing Dirichlet boundary data will 
correspond to absolute refrigeration of the boundary. 

nieorem VIL3.1 Let p be either a closed or a Dirichlet heat kernel on a 
Riemannian manifold M. Then p is symmetric in the two space variables in M. 
One has uniqueness of heat kernels in both cases, that is, a closed Riemannian 
manifold has at most one heat kernel, and a Riemannian manifold with compact 
closure and C°° boundary has at most one Dirichlet heat kernel. 

Proof Fix one of the two cases. Let p,, Pl be two kernels on M, set 

«(z. T) = Pi (z, X, T), u(z, T) = P2(z, y, T ), 

and apply Duhamel’s principle. Then the boundary integrals in Duhamel’s prin¬ 
ciple (should the boundary be nonempty) vanish. Let a | 0, p f t. Then one 
obtains 

P2(x,y, t) = p\(y,x,t). 

If we apply the argument to any heat kernel p, = = p, then we have 

P(x, y, t) = p{y, x, t) 

for all x, y e M. So any heat kernel is symmetric in the space variables. But 
given arbitrary heat kernels p u pz, we may apply the symmetry to p, and 
thereby obtain pi = P 2 . H 

Theorem VH3.2 Let p be a closed heat kernel on a Riemannian manifold M. 
Then p satisfies the conservation of heat property. 

Proof Simply note that 

a7 f M p (X’ y 't)dV(x) = J" l p(x ^ y<t)dV(x) 

= / A x p(x, y, t)dV(x) = 0, 

Jm 


which implies the claim. 
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Given any Riemannian manifold M , set 

£(x, y, t) = (47ttr n,2 e- dHx -’ ,)/ *'. 

We do not presume that £ will actually be a heat kernel on M, but it should be 
some sort of approximate heat kernel. The question is in what sense, and with 
what validity. The answer, for our purposes, goes as follows: 


Proposition VII 3.5 Assume M is a closed Riemannian manifold. Then M has 
a closed heat kernel, which we know is unique. 

Similarly, assume M is a Riemannian manifold with C°° boundary and com¬ 
pact closure. Then M has a Dirichlet heat kernel, which we know is unique. 

In either case, the heat kernel is locally Euclidean in the sense that, for any 
compact K in M, 

(VII. 3 . 7 ) lim = 1 + 0 K (d(x, y)) 

40 £(x,y, t) 

uniformly for all x, y e K satisfying 


d(x, y) < min 


inj M d(K, 8 M) 
4 ’ 2 


Theorem VII 33 Assume p is a closed or Dirichlet heat kernel on a 
Riemannian manifold M. Then p is always positive. 


Proof From (VII.3.7) we know that the heat kernel p(x, y, t) assumes positive 
values, and moreover is unbounded from above on M x M x (0, T] for any 
T >0. 

If we are given the closed heat kernel p, and there exists (xo, yo, to) in 
M x M x (0, +00) such that p(xo, yo, fa) < 0, then, for fixed yo, u(x, t ) = 
p(x, y 0 , t) has a nonpositive minimum value on M x (0, / 0 ], which implies by 
the strong minimum principle that there exist t\ e (0, fa) and a nonpositive con¬ 
stant & such that u(x, t) = S on all of M x (0, 1 1 ], which implies a contradiction. 

If we are given the Dirichlet heat kernel p, then for any fixed yo in M, the 
function u(x, t) = p(x, yo, t) vanishes on the boundary 3 M. Therefore, if u is 
not positive everywhere on M, then there there exist (xo, fa) in M x (0, +00) 
such that p(xo, yo, fa) < 0. The argument is then the same as above. ■ 


Remark VIIJ .4 Let p be a Dirichlet heat kernel on M. Since p(x, y, t) > 0 , 
then 

dp 

^-(w,y,t) < 0 
3 V* 
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on all of 3 M x M x ( 0 , +00). In particular, 

J t J P(x,y,t)dV(x) < 0 , 

which implies 

(Vn.3.8) f p( x ,y,t)dV( x)<l, 

Ju 

on all of M x (0, +00). 


Definition Let M be an arbitrary noncompact Riemannian manifold. We say 
that the positive heat kernel p is the minimal positive heat kernel if, for any 
other positive heat kernel P(x, y,t) on M, we have p < P on all of M x M x 
(0, +00). 

Certainly, the minimal positive heat kernel is unique, by definition. For the 
existence of the minimal positive heat kernel one starts with domains £2 in 
M with compact closure and C°° boundary, and associates with each Q its 
Dirichlet heat kernel q n . An application of the maximum principle implies that 
for domains £2, cc £2 2 we have 

?Oi < on £2i x £2, x (0, +00). 

The minimal positive heat kernel of M, p(x, y, t), is given by 


P = sup q a , 
n 


where we set q a to be identically equal to 0 on the complement of £2 x £2 x 
( 0 , +00) m M x M x ( 0 , +00). For any exhaustion £ 2 ; f Af by relatively com¬ 
pact subsets of M, we have the monotone convergence of q a f p uniformly 
on compel subsets of M as j 00. AH derivatives of q U/ converge to those 
of p uniformly on compact subsets of M as j 00. 

Then p is positive on all of M x M x ( 0 , +00), it is the minimal positive 
heat kernel of M, it is symmetric, and it satisfies 

(VII.3.9) f p(x, y,t)dV(x) < 1 

Jt 4 

forall(y, t) e M x ( 0 , +00). So, for <p bounded continuous, the function u (x t) 
given by v ’ ' 


«(x, t) 



P(.x, y, t)<Hy)dV(y) 
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satisfies the heat equation, with 


lim u(x, t) = <p(x) 
40 


for all x e M. 


Definition Given a Riemannian manifold M, we say that M satisfies the unique¬ 
ness property for the heat equation if for any bounded continuous function / 
on M there is at most one bounded solution to the heat equation on M satisfying 

lim u(x, t) = f(x). 

40 

Remark VII3.5 Of course, if M satisfies the uniqueness property, then M has 
a unique heat kernel. 

Remark VII .3.6 Assume M satisfies die uniqueness property. Since for any 
bounded continuous f(x) the function 


(Vn.3.10) 


M)= f 

Ju 


P(x,y,t)f(y)dV(y) 


is a solution to the initial value problem for initial data /, we conclude that every 
solution to the initial value problem for the heat equation on M with bounded 
continuous initial data / admits the representation (VII.3.10). In particular, die 
solution u(x, t) = 1 admits the representation 

1 = /* P(x,y,t)dV(y), 

JM 

which implies M is stochastically complete. 

Theorem VII.3.4 Let M be a compact Riemannian manifold. Then M satisfies 
the uniqueness property. 

Also, if M has compact closure and C°° boundary, then given the boundary 
data 

u(w,t) = l/(w,t) V (iy,/) e 3Af x (0, 00 ) 
for some function U(w, t), t > 0, M satisfies the uniqueness property. 


Proof Let u(x, t) be a solution to die heat equation on M, in either of the two 


cases. 
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'd,Ii *V/WCx> 

= //„ (“!)<"•'WV W 
= IIm (mA V(jc) 

= -[[ IgradupU.OdVW-f f (up-)( w , 

JdM \ OV w / 

~ ~IL •* IBd “l 2 ( JC » # )rfV(Jc) 


t) dA(w) 


Therefore, if we have two solutions u,, ^ to the same initial-boundary value 
problem, namely, 3 

u, (jc, 0) = ujfjt, 0) = <t>( X ) V x e M 

and (if there are nonempty boundary data) 

u i(u>, t) = V 2 (w, t) V (lu, t) e BM x (0, 00 ), 

then the solution « = u, - ^ has both vanishing initial and boundary data. But 
its L integral does not increase with respect to time. So it stays constandy equal 

to 0 . So u, _ V 2 . Therefore, solutions to the initial-boundary value problems 
are unique. 


Remark VIL3.7 If M has C°° boundary and compact closure, then the 

Dmchlet heat kernel of M is equal to the minimal positive heat kernel of M 
that is, p = qu . 


Proposition ¥^.6 Assume M is Riemannian complete, with Ricci curva¬ 
ture bounded from below. Then M has the uniqueness property and the Feller 
property. 


bo^7fJ! U hf M is Riemanni ™ complete, with Ricci curvature 

bounded from below. Then M is stochastically complete. 


Remark VIU.8 If M does not satisfy the uniqueness property, then the coun¬ 
terexample to uniqueness cannot come from the minimal positive heat kernel 
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and solutions of the form (VII.3.10), because (VII.3.9) implies there is only one 
solution of the initial value problem with initial data / of the form (VI1.3.10). 
Indeed, (VII.3.10) and (VII.3.9) imply 

l«0*. 01 < ll/lloo f p(x, y, t)dV(y) < ||/||oo- 
Jm 

So / = 0 implies u = 0, which is uniqueness. 

Note the remark applies to any positive heat kernel P on M satisfying the 
inequality (VII.3.9) for all (x, t) e M x (0, oo). 

On the other hand, if the minimal positive heat kernel p of M is stochastically 
complete, then p is the unique heat kernel among all positive heat kernels on 
M satisfying (VII.3.9). Indeed, if P is a positive heat kernel on M satisfying 
(vn.3.9), then P > p on all of M x M x (0, oo), which implies 

1 =f P(x,y,t)dV(y) < f P(x, y, t)dV(y) < 1, 

Jm Jm 

which implies the claim. 

Definition Let M be a Riemannian manifold that satisfies the uniqueness prop¬ 
erty for the heat equation. Then to every bounded continuous function <fi on M 
one assigns the heat flow t H,<j> of <t>, defined by 

x) = u{x, t), 

where u(x, t) is the solution of the initial value problem with initial data <f>. 

Theorem VII3.5 Let M be a Riemannian manifold that satisfies the unique¬ 
ness property for the heat equation. Then the heat flow H, is given by 

( H,4>)(x)= f p(x,y,t)<t>(.y)dV(y), 

Jm 

where p is the unique heat kernel ofM. Furthermore, the heat flow H, satisfies 
the semigroup property, namely, 

H l+S = H,oH, 

for all t,s > 0. 

Proof Given a bounded continuous function /, both 

u(x, r) = H r+1 f(x), u(x, r) = H r oH,f(x) 

are solutions to the heat equation. Both have the same initial values u(x, 0) = 
v(x,0) = H,f(x), which is bounded continuous. The uniqueness then 
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fapU«s D = »(,. r) fori, <„, r , e „ x (0 , +0o) , which , mplies ^ 

■ 

“ Riemamian cempec, closert end 

L, ?' *"■* "* *««*«"» H »:He c^rain, 

that the solution vanishes on 3 M x (0, oo). Then Q, is given by 

(Qi<t>)(x)= I q{x,y,t)4>{y)dV(y), 

J M 

wAere q is the Dirichlet heat kernel of M. Furthermore, theheatftow Q, satisfies 
the semigroup property. ^ 

Proof The same as the previous theorem. H 

Definition Given a Riemannian manifold M with heat kernel p. For any / > 0 
the heat kernel defines an integral operator P, by 

( r.fXx) = L P(x, y, t)f(y)dV(y) 
for any bounded continuous function / on M. Then 

Km (/>,/)(*) = f(x) 

for all x e M. 

Vnj ’ 7 ^ ,P ^ aC/0 ^' DiriMet ’ or minimal positive heat kernel 

on the Riemannian manifold M. Then p satisfies 

(VII.3.11) p(x , y<t+s)= f p{x,z,t)piz,y,s)dViz) 

for all x, y andt,s. 

w sa,,sfi “ ^ unique “ ss ^ which 

M 0 , o „ , . “? usnes tvn.3.11). Next, for an arbitrary noncompact 

. an exhaustion Q , of M by domains with compact closure and C°° 
undary possessing Dirichlet heat kernels q Jy one obtains (VII 3 11 ) f or n bv 
passing to the limit of (VII.3.11) for iirorpby 
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VII.4 The Action of the Heat Semigroup 

Theorem VH.4.1 Let M be a Riemannian manifold with minimal positive heat 
kernel p (this includes closed and Dirichlet heat kernels). We denote by C the 
space of functions C“(Af). Then for each positive k, the action of P, on C 
extends to a contractive, continuous semigroup on L k (M). Furthermore, P, is 
positive self-adjoint on L 2 (M). Thus, any eigenvalue of P, must be positive, 
with C°° eigenfunction. 


Proof First, (VII.3.9) and the symmetry of p imply 


(VII.4.1) 


p(x, y, t)dV(y) < 1 


for all (jc, t) e M x (0, +oo). For / e C we have 

l|P//lli = J u dV ^\f M P^'y'OfWdViy) 

< f dV(x) f p(x,y,t)\f(y)\dV(y) 

JM JM 

= f I f(y)\dV(y) f p(x, y,t)dV(x) 

JM JM 

< [ \f(y)\dV(y) 

JM 

= ll/ll., 

that is, HP,/Hi < ||/||i; in particular, ||P,||i_>i < 1. Similarly, Hdlder’s 
inequality and (VII.4.1) imply 

IIP//II** = f I f p(x, y, t)f(y)dV(y) dV{x) 

JM I JM 

< f dV(x) f P (x,y,t)\f(y)\ k dV(y) 

Jm Jm 

< [ \Ay)\ k dV(y), 

JM 

that is, ||P,/||* < ||/||* for all k e [1, oo), / e C. ■ 


Because the subspace C is dense in L k , for each k e [1, oo), we may extend 
the bounded operator P, :C —► C°° to a bounded operator on L k satisfying 

IIP,II*-* < 1 


for all k e [1, oo] (the case k = oo is in Remark VII.3.8). 
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Next, given k e [1, oo), we approximate / e L k by <f> e C. Then 
Pif~f = P,{/ — 0} 4- P,d> — <p 4 - ip — f, 

which implies 

lhruup IIP,/ - /II* < limsup {||P,{/ - *)|| 4 + ||/>^ - 0|| t + ||^ _ /|| t} 
= 0 (||/-^||*) 

as d> -> f m L k . Thus P,/ -»• / in L k for all k 6 [1, oo). Therefore P, is 
continuous at / = 0. 

The semigroup property 

P,oP, = P, + , 

remains valid on L k for all k. 

Because P, is bounded, with symmetric kernel, P, is self-adjoint on L 2 . 
Next, consider P, acting on L 2 , t fixed. Then 

(P,/, /) = (P, /2 P, /2 /, /) = (P, /2 /, P l/2 f) = \\P„ 2 f\\ 2 > 0 

(we mean L 2 norm unless otherwise indicated). If there exists / such that 
P>f = Q' the above shows that P,/ 2 / = 0. One uses the continuity of 
the semigroup to show that this implies that / = 0. Therefore the quadratic 
form associated with P, (as a self-adjoint operator) is positive definite, and all 
eigenvalues of P, must be positive. Moreover, any eigenfunction of P, must 
be C°°. 

As discussed in §Vn.l.3, the semigroup P, :L ( -> L l has generator A, 
defined by 

A,/ = lim 

40 t 

with domain T>( A e ) consisting of functions for which the limit on the right hand 
side exists in L l . Then 

P,: T>(E. t ) —> T>(A(), 

T)(At) is dense in L l , and 2?(A*) is complete with respect to the norm 
Uit = II/Hr 4- IIAf/H,. 

Notation We shall write A for A 2 . 

Henceforth we shall fix P,:L 2 -*■ L 2 . Since P, is self-adjoint for all t > 0, we 
have A is self-adjoint. It remains to identify A. We know that it is a self-adjoint 
extension of A c , the Laplacian acting on C^°. 
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Theorem VI1.4.2 Assume M has compact closure with C°° boundary, Q, the 
heat semigroup associated with the Dirichlet heat kernel ofM. Then A is equal 
to the Friedrichs extension $ c of A c , the Laplacian acting on C“(M). 

Proof Let I>dir consist of those functions / e C°°(M), which satisfy /| 3 M = 

0, so Vi* determines the Laplacian associated with vanishing Dirichlet 
boundary data, with Friedrichs extension foir = & (see Corollary VII.2.1). 
Since Q.CD&t) 9 2><hr for all / > 0, Proposition VII.1.3 implies that A*, is 
essentially self-adjoint. So, when M has compact closure and C°° boundary, 
is the unique self-adjoint extension of A*,. In particular, the Fnednchs 

extension & = A. 

Remark VII.4.1 It is worth noting that once we have die self-adjoint Dirichlet 
Laplacian realized as the Friedrichs extension of the function space C“(Af), 
we have removed any mention of the boundary, its regularity, and the associated 
boundary data from the characterization of the self-adjoint extension. There¬ 
fore, for an arbitrary Riemannian manifold M one may refer to the Friedrichs 
extension of C°°(M) as the Dirichlet Laplacian. So one is always speaking of a 
specific self-adjoint extension of the Laplacian. The issue of genuinely identi¬ 
fying the domain of the Dirichlet Laplacian is then a separate question, should 
one be interested in it, or should one require the specific information. Then the 
details of the geometry of M and its boundary would come to the fore. 

Assume M is a complete Riemannian manifold. Then, by Theorem vn.2.1, 
A is the unique self-adjoint extension of A c . In particular, A agrees with die 

Friedrichs extension 

Theorem VII.43 Let p denote the minimal postive heat kernel of an arbitrary 
Riemannian manifold M, with associated semigroup P,. Then 

(Vn.4.2) Hgrad P,0H 2 = _ (*W* 

for all 0 6 C“, t > 0. 

Proof (Here, A still denotes the pointwise Laplace operator.) 

Start with an exhaustion of M, D, f M, consisting of relatively compact 
domains with C°° boundary, and their attendant Dirichlet heat kernels q, - 
q Di t p. Associate with each q } its semigroup Q J ,. Then for any function 0 e 

C“(Af), we have 

qJq p t <p , grad Q J ,4> -*■ grad AP td>< 
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**J-+<*>• uniformly on compact subsets of M. This implies 
U grad 2 / 0 1 2 = -(e/ 0 ,AO/ 0 ) 

= -(e/0, e/A0) 

= a 4 >) 

-*■ ~(P2i<t>, A 0 ) 

= -(P,0, AP, 0 ) 

[the fourth line follows from qj f p, and the fifth line follows from Proposition 

VII.1.2(a)]. For any compact K in M and <r > 0 there exists y 0 such that for all 
y > y'o we have 

J K lgradP,0| 2 dV < \gnd Q]4>\ 2 dV + € 

~ L l gradG '^| 2<iv ' + e - 

which implies 

J K Igrad P,0| 2 </V < liminf L |grad Q J ,4>\ 2 dV + e 
= -(P,0. AP, 0 ) + e . 

In particular, letting e J. 0 and K f M , we obtain 

||gradP,0 || 2 < -(P,0, AP,0). 

So grad P,0 e L 2 . 

Therefore, given 0 e C“, we have P ,0 e Sj = V(A'S 2 ), the domain of the 
quadratic form associated with A. Next, we note that the sequence C,V is a 
Cauchy sequence in fj. Indeed, we certainly have <2/0 a Cauchy sequence in 
L . As above, we also have 

I grad Q J ,4> - grad G,*0 | 2 = -(<2/0 - <2,*0, A <2/0 - A 0/0) 

= - Q k ,4>, G/A0 - G,*A0) 

-► 0 

as y, k -> oo.So g /0 is Cauchy in 5). Therefore, there exists 4 > e 5 ) such that 

Q' 0 ®} n £ as y -► oo. Then 4> has an L 2 weak derivative, that is, there 

exists an L 2 vector field ♦ on M such that 


(♦, X) = -(4>,divX) 
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for all C°° vector fields X on M with compact support. But then for such a 
vector field X we have 

(grad P,4>, X) = -(P,<t>, div X) 

— lim -(g/ 0 , divX) 

j -¥OO ' 

= lim (grad Q J ,<t>, X) 

j—¥QO 

= lim (V, X), 
j-* oo 

which implies 'I' = grad P,4>, which implies Q J ,<p -> P,4> in Sj. Therefore 
||grad / > ,^|| 2 = lim ||grad fi/0 | 2 = ~{P t <p, A P, 0 ), 

J-tOO 

which conludes the proof of the theorem. ■ 

Theorem VII.4.4 Let M be an arbitrary Riemannian manifold, y c the 
Friedrichs extension of A c , and p the minimal positive heat kernel, with asso¬ 
ciated semigroup P, and infinitesmal generator A. Then 

A = 5c 


Proof Let T, be the 1-parameter semigroup generated by &, 0 e C“(Af), and 
set 

v(x,t) = (T,4>)(x)-(P l <t>)(x). 

Then v is a solution of the heat equation with vanishing initial data. We want 
to show that u vanishes on all of M x (0, oo). 

The spectral theorem, Lebesgue’s dominated convergence theorem, and the 
estimate 

e*-l „ 

-< 2 , 0 < x « 1 , 

x 

combine to imply that we may differentiate f v 2 (x, t) dV(x), under the integral 
sign, with respect to t. Then (see the proof of Theorem VII.3.4) 

13 /* , f dv 

2 g ~ J v 2 (x,t)dV( x) = J —(x,tMx,t)dV(x) 

= j A v(x,t)v(x,t)dV(x). 

By Theorem VII.4.3, for each t > 0, P t <t> is in the domain of and therefore 
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v is in the domain of , which implies 

1 3 f 2 r 

2 3 ~ t j v ( x <t)dV{x) = J Av(x,t)v(x,t)dV(x) 

= ~j \&*dv\ 2 (x,t)dV(x) < 0, 

which implies the claim. 


Notation We henceforth write, when there is no confusion, A for A = 
Thus, if {£*: A. > 0} is a spectral family for A, then 

A—rwft. 

Jo 

with associated quadratic form 


£>[/. /] = (-A/, /) = f X (■ dE k f, f) 
Jo 


possessing domain T>((-A ) 1/2 ) 2 V(A); and 


P,= e~ x, dE x . 
Jo 


Theorem VII.4.5 Let p be a closed or Dirichlet heat kernel on a Riemannian 
manifold M. Then - A has discrete spectrum, and p(x, y,t)hasthe absolutely, 
uniformly convergent Sturm—Liouville expansion 

(VII.4.3) P ( X> y,t) = jr e- x ''4>j(x)4>j(y), 

7=1 

where ...) is a complete orthonormal basis of L 2 (M) consisting of 

eigenfunctions of—A, with the eigenvalue of<f>j equal to A... Also, <p, e C°° 
for all j. 


Proof Indeed, under these hypotheses, for every fixed/, p(x, y, t) is a Hilbert- 
Schmidt kernel (that is, symmetric and square-integrable on Mx M), 
which implies the discreteness of the spectrum and the expansion (VII. 4 . 3 ) 
in L (M x M). The stronger statement of convergence of (VII.4.3) follows 
from Mercer’s theorem (Riesz and Nagy, 1955, p. 245). ■ 


Remark VII.4.2 Let p be the heat kernel of a compact Riemannian manifold 
M. The constant functions clearly are annihilated by A, so A, = 0. On the other 
hand, if A <f> = 0, then 0 = (— A 0 , 0 ) = ||grad 01 | 2 , which implies 0 = const. 
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This implies X 2 > 0. In particular, 


which implies (using L 2 -L°° estimates of eigenfunctions, as in Li (1980) for 
example) 

lim p(x,y,t) = —!—. 

»t+°° ^ V{M) 

So the heat is evenly distributed throughout a compact manifold as f f + 00 . 

Notation For any Riemannian manifold Af we let 

X(Af) = inf spec — A. 

Proposition VII.4.1 Assume X(Af) has an L 2 eigenfunction. Then the eigen¬ 
function never vanishes, and the eigenspace ofk(M) is I-dimensional. 

Proposition VIL4.2 Given two domains ft) c in a Riemannian manifold 
Af. let— A] and — A 2 denote their respective Laplacians; then A(SI 1 ) > A.(J22). 
When CC S ?2 then the inequality is strict. In particular, A.(£2) > \{M) for 
any relatively compact S2 in M. 


VI 1.5 Simplest Examples 
Example VII .5.1 If Af = R", then 

n 

ds 2 = Y,(<*x i ) 2 = \dx\ 2 , dV = dx' ■ ■■dx n , 
J =1 




-|x->| 2 /4/ 


as discussed in §VII.3.1. 


Example VII.5.2 Let Af = H" = M_i, the n-dimensional hyperbolic space 
of constant sectional curvature -1, and x e Af . Then any point y e Af is de¬ 
termined by its distance r from x, together with the unit tangent vector £ at 
x of the unique geodesic from x to y. So (r; £) determine geodesic spherical 
coordinates on all of Af, relative to which 

ds 2 = dr 2 + sinh 2 r \dl-1 2 , 

where |</£| 2 denotes the Riemannian metric on S, (the unit tangent sphere to 
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Matx) with its standard metric. The volume element is given by 
dV = sinh" -1 rdrdp x (t;), 


givenby^*^ dCnotes ^ ~ 1) ' vo,ume element of S x . The Laplacian is 

(A/)(r;£) = _/ + („ _ 1)coth r ^ + S i nh -2 r A ? (/ f ), 

where A f denotes the Laplacian on S„ and f r denotes the restriction of / to 
the metric sphere in Af centered at * with radius r, viewed as a function on S 
The simplest explicit formula for the heat kernel is when « = 3, namely on H 3 
the heat kernel is given by 


P(x, y, t) 


-LL _ j-—d(x. v) 3 fit 

(4n’t) 3 / 2 sinh d(x, y) 


xample VIIJ3 If Af = Af, x Af 2 is the Riemannian product of Af, and Af 2 
then for any chart x = (x,, x 2 ) on Af, where x } is a chart on Af,, j = 1,2 we 
have for the matrix G* of the product Riemannian metric 



where Gj denotes the matrix of the Riemannian metric on A#.-. For F • Af ->• R 
given by 


F (<1 \. $ 2 ) = f\ iq\ )/ 2 (? 2 ), (q 1 , q 2 ) 6 Af, x Af 2 , 


we have 


A F{q\,q 2 ) = A,/,^,)/^) + f{q x )& 2 f 2 (q 2 ) 
(with obvious notation). For the heat kernel we have 

P((*i. * 2 ). (yi, y 2 ), 0 = p,(x, , y,, t)p 2 (x 2 , y 2 , t). 


Example VII.5.4 If p is a closed or Dirichlet heat kernel on Af, then by 

eorem 1.4.5, p(x, y, t) has the Sturm-Liouville eigenvalue-eigenfunction 
expansion 

00 

(VII.5.1) p(x> y,t) = J2 e-^'tjixWjiy), 

J~ 1 

where (X, < X 2 < • • • t +00) denotes the spectrum of-A on Af (it is discrete), 
with eigenvalues repeated according to their multiplicity, and [ 4 >j :j = 1, .} 
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is a complete orthonormal basis of L 2 such that 4>j is an eigenfunction of \j 
for each j. 

Example VII.5.5 The 2-dimensional jungle gym JG 2 as described in Example 
V.2.4. We shall see that for sufficiently large time one has 

p(x, y, t ) < const./- 3 / 2 ^ 2 ^ ^” 0 " '. 
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In this chapter we present the main result of this half of the book - Theorem 
VIII.5.4 - that, in a complete Riemannian manifold of bounded geometry, a 
positive modified isoperimetric constant 3 V , P implies an upper bound for the 
minimal positive heat kernel p of the type 

P(x, y, t ) < const.r _l,/2 Vr > T 0 > 0, 

or, equivalently, 

(VIII. 0 . 1 ) limsup t v/2 p(x, y, t ) < +oo 

rf+oo 

for all x, y e M. So the result states that if M is “u-dimensional” in the sense 
of isopenmetric inequalities, then it is at least “u-dimensional” in the sense of 
heat diffusion. The method of proof is to pass from the geometric inequality 
v.p > 0 to a modified Nirenberg-Sobolev inequality, which is then shown to 
be equivalent to the large time upper bound (Vm. 0 . 1 ). 

The transition from 3 V , P > 0 to the modified Nirenberg-Sobolev inequality is 
achieved by shifting the problem to any discretization of the manifold (Theorem 
VIII.5.2). A by-product of this argument is the invariance of (VIII.0.1) under 
compact perturbations of M, of the type discussed in Theorem V. 3 . 1 . 

The final section of the chapter closes the book with an alternate proof of 
Theorem Vffl.5.4 (see Example VI.3.1 and Example VIII.6.1 below) using 
Grigor yan s replacement of the Nirenberg-Sobolev inequalities with Faber- 
Krahn isopenmetric inequalities as the primary tool for establishing upper 
bounds on the heat kernel. The full possibilities of this method seem to go 
well beyond the result presented here; so the best may be yet to come. 

We assume, throughout this chapter, that M is a Riemannian manifold and p 
its minimal positive heat kernel, with attendant semigroup P, acting on L 2 (M), 
which is contractive, continuous, and self-adjoint. The infinitesimal generator 
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of the semigroup is the Friedrichs extension of A c , the Laplacian acting on 
C™(Af) considered as a dense subspace of L 2 (M). 

The semigroup P, also has an action on L k , k > 1, which is contractive 
and continuous. Since L k O L 2 is dense in L k , we shall be able to study the 
norms of 

P,: L k n L 2 -> L l n L 2 

as though they were mappings from L k to L e , with their associated norms 

WP.W^e- 


VIII.l The Main Problem 

Proposition VIIL1.1 Assume x e M such that the exponential map exp is 
defined on the closed disk B(x; R) in M x . Then for 

d(x,w)<R/2, 0 <r < d( ' x ^ w \ 

we have 


(Vni. 1.1) p(x,w,s) < const. 


5 -"/2 +ir -(«+2) 


.-[dlxM-Tr) 1 /* 


where 3 n (B(z\ p)) denotes the n-dimensional isoperimetric constant ofB{z\p). 


Recall that, for any Riemannian manifold M, we set 

£(x, y, t) = (4 nt)~ n,2 e~ d2(x ' y)l * 1 . 


Theorem Vffl.1.1 Assume M is a complete Riemannian manifold. Then for 
every compact K CC M there exist positive constants (depending on K) such 
that 

(VIII.1.2) limsup — 1 < const.d(x, y) 

40 £(•*. y, t) 

is valid for all x,y e K. 


Proof We already know the result for M compact, so we assume that M is 
complete and noncompact. 

Given x and y in M, let £2 be any domain in M, with C°° boundary and com¬ 
pact closure, containing x, y, and let q denote the Dirichlet heat kernel of £2. 
Then p{x, y,t) > q(x, y, t) by the maximum principle, which implies by 
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in 


Proposition VII.3.5 that 


To prove 




p(x, y,t) 

lim sup —-- < 1 + const.d(*. y) 

40 £(*,y, 0 


we argue as follows: Let £2 and q be as above. Then Duhamel’s principle implies 


P(x,y,t)-q(x,y,t) 


= -f ds f P (x,w,s)p-(w,y,t -s)dA(w) 

Jo Jdii ov w 

= {.«?■%,„ {■ - 1 ‘‘‘Jl Kt-y.ww J 


< sup p(x,w,s). 

w€dCl, J€[0,/] 

But one has, for any r e (0, d(x, w)/ 2), the upper bound (VIII. 1 . 1 ). Therefore 
pick £2 so that d(x, 3£2) is very large compared to d{x, y), fix r very small, and 
let t l 0. Then one has, for some a e (0, 1 ), 

fim sup j*' y ' f) < limsup 
40 £(x,y,t) ,|o £(x,y,t) 


+ lim sup 

40 


const.i.anr - "/ 2 ^ -0-0 ^ 2 ^*^)/^ 


£(*, y, t) 


< 1 -I- const.d(x, y), 


which is the claim. 


Remark Vm.1.1 One can see (VIII. 1.2) explicitly in both the example of H 3 
(Example VII.5.2) and the product metrics (Example VII.5.3), in the sense that 

if one has this asymptotic behavior on each of the factors, then one also has it 
on the product. 


Remark VIII.1.2 The theorem remains valid even if M is not complete, but 
one must formulate it differently. Namely, given any £2 CC M, x e £2, the 
inequality (VIII.1.2) will be valid for y sufficiently close to x. 
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For large time considerations the behavior of the heat diffusion takes into ac¬ 
count the large scale structure of the manifold, and then anything can happen. 
Hyperbolic space displays an example of when the heat kernel decays expo¬ 
nentially with respect to time, and Euclidean space when the rate of decay with 
respect to time is given by the dimension of the manifold. For M compact, one 
has p(x, y, t ) —► l/V(Af)asr f -foo. Therefore, for M — S"~* x R*, the heat 
kernel decays at the rate t~ k/2 , slower than that indicated by the dimension n of 
M. Finally, we have examples of polynomial rate of decay that are faster than 
that indicated by n, the dimension of M, namely, the jungle gym of Example 
VH.5.5. 


Main Problem Study the large time decay of the heat kernel, as a consequence 
of geometric hypotheses on M . 


Except for Theorem VIII. 1.4 (which is included for motivation), we shall restrict 
ourselves to the study of upper bounds. 

In general, upper bounds on the heat kernel are studied in two stages: The first 
is referred to as on-diagonal upper bounds, namely, upper bounds for p(x,x,t). 
By the semigroup property, the Cauchy-Schwarz inequality, and the symmetry 
property we have 


t,y,t)= I 
Jm 


p(x, z, t/2)p(z, y, t/2)dV(z) 


< {/ p 2 (x,z,f/2)dV(z)J | j p 2 (z,y,t/2)dV(z ) 


= y/p(x,x,t)y/p(y,y,t). 


that is, 
(Vm.1.3) 


P(x, y, t) < y/p(x,x,t)yjp(y,y,t). 


Therefore, as soon as we have any upper bound valid for p(x , x , t) for all x, we 
automatically have an upper bound on p(x, y,t ). But this upper bound could 
not contain a Gaussian term of the form 

e ~d 2 (x.y)/coasu 


Then the second stage is to produce new arguments to sharpen the upper bounds 
based solely on the on-diagonal upper bounds. The introduction of the Gaussian 
correction to the upper bounds is also referred to as the off-diagonal correction. 
We shall not pursue this second stage here. It has recently been definitively 
established that the correction in upper bounds does not depend on the specific 
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geometry of the manifold; rather, ,t i s characteristic of the heat equation that 

upper on-diagonal bounds on the hem kernel automatically imply off-diagomd 
corrections. 6 


VIII. 1 .1 General Considerations 
Theorem VIII. 1.2 For on-diagonal upper bounds have 


(VIII. 1.4) 


SU P P(X,X, t) = ||/ > ; || 1 _a. 00 . 


Proof First, given f e L\ we have 


IP, /!(■*) — p(x,y, t)fiy)dV(y) < sup P(x, y,t)\\f\\ u 


which implies 

sup UP//K*) < sup p(x, y, f)||/||, 

x x.y 

< ll/ll 1 sup Jp(x, X, t)y/p(y , y, t ) 

x.y 

= ll/lli supp(.x, x, r). 

X 

Therefore, || P, ||!_»«, < sup, p(x, x, t). For the opposite inequality, recall that 
an approximate identity at x e M is a family of nonnegative functions <b h 
h> 0, satisfying 

J 4> h dlV = l Vh >0, hm f <t> h dV =0 

for all e > 0. Then <#> h ^ S x> the delta function concentrated at x, as h | 0 For 
such an approximate identity <fi h at x we have 

jf P(x, y, t)d>h(y)dV(y) = />0 A(jt ) 

< IIP/^lloc 

< IIP,IIl^oc||0 a||, 

= IIP, II 1 ^ 00 - 

Sii%m.L 4 r n we obtain **• *- 0 - ' p ' h ~ foraiix * m ^ 


Recall that k(M) demotes the infimum of the spectrum of the Laplacian - A 
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Theorem Vm.lJ For all x e M we have that t h+ e k(M)l p(x, x, t) is a 
decreasing function oft. 

Proof Let D be a relatively compact domain in M with C°° boundary and 
Dirichlet heat kernel q. Then the Sturm-Liouville eigenvalue-eigenfunction 
expansion of q, and X(D) > X(M) combine to imply e^ M), q(x, x, t ) is a de¬ 
creasing function of t. 

Now pick an exhaustion of M, Dj f M as j \ + 00 , by domains that are 
relatively compact in M and that possess C°° boundary. Let qj denote the 
Dirichlet heat kernel of Dj. Since qj f p, the lemma follows immediately. 


Corollary VIII. 1.1 The norm || P, || i-^ decreases with respect to time. 

Proposition V1II.1.2 Let X = X(M). For all x, y in M we have the existence 
of the limit 

(VIII. 1.5) lim e u p(x, y, t) := x , y), 

/t +00 

for which we have the following alternative: Either T vanishes identically on 
all of M x M, in which case X possesses no L 2 eigenfunctions ; or T is strictly 
positive on all ofMxM, in which case X possesses a positive normalized L 2 
eigenfunction 4> (normalized in the sense that its L 2 norm is equal to 1) for 
which 

(VIII. 1.6) lim e u p(x ,y,t) = 4>(x)d>(y) 

1 1+00 

locally uniformly on all of M x M. 


The simplest example of the case T = 0 is R", n > 1 , discussed above — 
just note that X = 0, so e*p(x, y, t ) = p(x, y, t) -> 0 as t \ + 00 . When M is 
noncompact with compact closure and smooth boundary, then one always has 
T strictly positive, and (Vm.1.6) follows from the Sturm-Liouville expansion 
(VII.5.1) of p. 

We note some easy consequences of the proposition. 
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locally uniformly on M x M; and when M has finite volume V, we have 

lim p(x,y, t) = 1 / V 
locally uniformly on M x M. 


Proof We wish to show 

lim >•'> _(, 

't+OO t 

If the limit function T is positive, then the result is obvious. So we are only 
concerned with the situation where T is identically equal to 0. For any domain 
DmM, let q D denote the Dirichlet heat kernel of D, and X D the lowest Dirichlet 
eigenvalue of D. Then, of course, we have 

In e^q D {x, y, t ) ^ In e u p(x, y, t ) 
t ~ t ‘ 


We let t t + 00 . Then 


't+OO t 


Now let D \ M. We conclude that 


0 < lim inf 

't+OO 


In e*'p(x,y,r) 


But since T = 0, we have In e k 'p{x. y, r) < 0 for large r, which implies 

In e^p(x,y,t) 
lim sup- — — ZL-L < 0 , 

/t+OO t 

which implies (Vm.1.7). 

When M has fin ite volume then A. = 0 with normalized Z. 2 -eigenfunction 
4>(x) = 1 / s/V(M) (for all x), which implies (VIII. 1.8). ■ 


Corollary Vm.lJ For any M we have 
(VIII.1.9) Um p(x, y, t) = 0 

't+OO 

if and only if M has infinite volume. 


Proof If M has finite volume, then (VIII. 1.8) implies that Um p, as t f + 00 , 
is nonzero. If, on the other hand, M has infinite volume, then (a) for X > 0 
simply use (VIII. 1.5); and (b) for X = 0, if T were positive, we would have the 
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existence of an L 2 harmonic function on M, which is impossible by Corollary 

vn. 2 . 2 . ■ 

Corollary Vm.1.4 Suppose M noncompact is a covering of a compact 
Riemannian manifold. Then T is identically equal to zero. Consequently, if 
the covering is nonamenable - by Brooks ( 1981 ), X > 0 - then p tends to 0 
faster than e~ u . 

Proof If X = 0, one uses the above corollary, because M has infinite volume. 
If X > 0 and T > 0, then, as mentioned above, the L 2 eigenspace of X, which 
is nontrivial, is 1-dimensional (by Proposition VU.4.1). But this is impossible, 
by the invariance of the eigenspace under the action of the deck transformation 
group. ■ 

Remark VTII.l J A fundamental distinction emerges between the cases X = 0 
and the cases X > 0. If one subjects the complete Riemannian manifold M to 
a compact perturbation, then in the case of bounded geometry (that is, Ricci 
curvature bounded from below and positive injectivity radius) X = 0 remains 
invariant under the perturbation. Moreover (Theorem VIII.5.2 below) the rate 
of polynomial decay of the heat kernel also remains invariant under the per¬ 
turbation. However, in the case X > 0 the value of X does not necessarily 
remain invariant under the perturbation. Simply consider H", /i-dimensional 
hyperbolic space of constant sectional curvature -1, with X = (n — l) 2 /4, and 
subject it to a compact perturbation in which it has a flat disk with lowest 
Dirichlet eigenvalue strictly less than (n - l) 2 /4. Then the new Riemannian 
metric has X < (n — l) 2 /4 with appropriately slower heat kernel decay for large 
time. 

Our interest in what follows will usually involve polynomial decay with 
respect to time. So we will be interested in the case X = 0. 

Vlll.1.2 Volume Growth Considerations 
Hie most elementary geometric intuition is that, because the total amount of 
heat in the space cannot increase with respect to time, the larger the space, 
the quicker its heat kernel decays. Indeed, if M is compact, then 1 /V(M) is 
the limit if the heat kernel as t \ +oo. In general, the intuition is valid, if not 
sufficiently precise. Most, if not all, of our geometric results will aim toward a 
deeper understanding of the effect of volume growth of a Riemmanian manifold 
on heat kernel decay. 
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Theorem VIH.1.4 Given o e M and 0 > 0, for which 
lower bound 


one has the heat kernel 


(Vm.1.10) p(o, x, t) > comt.t~ v/2 e~ d2(o,x)/fil 

forallxeMandt>T >0, then one has the volume growth upper bound 
(Vm. 1.11) V(o,r) < const ./- v 

for sufficiently large r > 0. 


Proof The heat kernel lower bound implies 

/ P(o,x, t)dV(x) > const.t~ v/ 2 e~ l/p V(o ■*//'! 
which implies the volume upper bound. 


Kemanc Vlll.1.4 There are results for a partial converse (Coulhon and 

Gngor’yan, 1997): If (VIH.1.11) is valid for a given o € M and sufficiently 
large r, then 3 


(Vm.1.12) p(o, o, t ) > const.(r In t)~ v/2 

for large t. Examples exist to show the estimate is sharp. Also, one can improve 
(VIII. 1.12) to 


p(x,x, t) > const .t~ v/2 
assuming one is also given the upper bound 

p(x,x,t) < const./ -11/2 

for large /. [See earlier versions in Benjamini, Chavel, and Feldman (1996)]. 

Example Vffl.1.1 Does a volume growth lower bound imply a heat kernel 
upper bound? No. Endow M = R 2 with the Riemannian metric 

ds 2 = <(>(y)[dx 2 + dy 2 }, 

where 


0 < 4>(-y) = 4>(y) e C°°, 4>(y) = y- 2 for | y | > J. 

Then one easily sees that M has exponential volume growth. But general con¬ 
siderations show, since the metric is conformal to the Euclidean plane (this is 
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just for the 2 -dimensional case), that 

/ 00 

p(x,x,t)dt = + 00 , 

which precludes a rate of decay of the form t~ v/2 , v >2. 

We shall need the following heat kernel upper bound in the sequel. 


Proposition VIIL13 Let M be complete with Ricci curvature bounded from 
below by the constant —K, K > 0. Then for any a > 1, one has the upper 
bound 

* 0 ' v'/V;^'W) " P I ¥ToT + ^ )' 

(VIII. 1.13) 

where the constant C(e) —► +oo as e —> 0. 


Remark VIIL1.5 An application of Holder’s inequality implies that for any 
k, £ and respective conjugates k', V we have 

II fill*-* = llfi’llf-*'. 

Because P, is self-adjoint for all r, we have 
(Vm.1.14) llfilU^ = llfil|^*'. 

We shall use this repeatedly throughout our arguments. 


VTII.2 The Nash Approach 

Theorem VTII.2.1 Assume there exists v > 0 such that the Nash-Sobolev 
inequality 

(Vffl.2.1) ||grad /|| 2 > const.||/1| 2 1 + 2 /l> II/IIi -2/l ’ 

is valid for all f e C“. Then 
(VIH.2.2) IIfill 1^00 < const./- 1 ’/ 2 , 

for all t > 0. 

Proof Set u(t) = || fi/|| 2 2 . We then obtain 

\u'(t) = (fi/, ^fi/) = (fi/, A fi/) = -1| grad fi/ll 2 , 
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by Theorem VII.4.3. Then 


that is, 


-«'(/) = -||gradfi /|| 2 2 

< —const. || fi /1| 2 2+4 / v (I fi/|| | — 4 /*' 

< -const.«(r) 1 + 2 /v ||/||,- 4 /v > 
u'jt) 

../.\l4.2/u > const. ||/1| r 4 ^, 


which one integrates to obtain u(t) < const. \\fh 2 r v l 2 . 

So || fi II i -» 2 < const./which implies, by duality (VIII. 1.14) ||p,ii, < 

const./ l,/4 , which implies (VIH.2.2). m 

Remark VIII. 2.1 One can pass from u(t ) < const. \\f\\i 2 r v l 2 to (VIII2 2 ) 
without using duality (m.2.5). Namely, for any / € C 00 we have 

ns y. 0/(y)dV(y)J dV(w) < const.Il/ll, 2 / -11 / 2 , 


that is, 


const .||/|| 1 2 /~ v/2 > j J J p(w,y,t)f(y)dV(y )J dV(w) 

-ns p(”,y,t)f(y)dV(y) J 

x {/ P(w,z,t)f(z)dV(z )J dV(w). 


Given any x e M, let <f> h be an approximation of the identity concentrated at x 
and let / = fa . Then, letting h | 0, we obtain 




P(W, x, t)p(w,X, t)dV(w) = P(x ,X, 2/), 


which implies the theorem. B 

Theorem Vm.2.2 Conversely, assume (VUl.2.2) for all t > 0. Then (VIII 2 1) 
is valid on C®. ‘ 

Proof Let <f> e C“. Then the spectral theorem implies 

(P,4>,<t>) = f e~ u (dE k <j>,<f>) 

Jo 

rOO 

- J 0 (1 -kt)(dE k 4>,4>) = || 0|| 2 2 -/||grad 0 || 2 2 . 
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which implies 

|| 0 || 2 2 <r||grad*|| 2 2 + (/>,*. 0 ) 

</||grad0|b 2 + l|/>,0IUI0||i 
< r||grad 0 || 2 2 + const.r l,/ 2 || 0 ||i 2 

for all t > 0. Now minimize the right hand side with respect to t . The minimum 
is achieved at to = const.||0||i 2 /llgrad0lb 2 . which implies the Nash-Sobolev 
inequality (VIU.2.1). ■ 

Remark VTIL2.2 Here is a proof without using the spectral theorem. One 
simply has 

^I|/ > , 0 ll 2 2 = -|lgrad/>, 0 || 2 2 
and 

^||gradP f 0|b 2 = -^(P,0, AP,0) = -2||AP,0|| 2 < 0, 
which implies t !-► ||grad P,4>\\i 2 is nonincreasing, and 

1101 b 2 = IIP, 01 b 2 + r llgradP, 0 || 2 d/. 

Jo 

The Riesz-Thorin interpolation theorem (see Proposition Vm.3.1 immediately 
below) implies, from (Vm.2.2), || P, || i _*2 < const ./ -v/4 for all t > 0. Therefore 

|| 01| 2 2 < const./ -v/ 2 1 |P, 01|, 2 + r||grad 01| 2 2 < const./ _,,/ 2 1 | 01|! 2 + r||grad 0 |b 2 , 

and we minimize as above. 

Vm J The Varopoulos Approach 
We first state some background results. 

Proposition VIH3.1 (Riesz-Thorin Interpolation Theorem) LetT.L 2 -*■ 
L 2 satisfy 

3/0=117-11^, 

T : L p ' —> L q ', Mi = ||7-|| w _»„, 

where po, 9o. Pi, qi € [0, oo]. Fork e (0, 1), set 

1 1 - k | k 1 1 - A A. 

Pa Po Pi £a Qo 9i 
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117 - 11 ^ = 

Proposition VIII.3.2 (Maximal Theorem) Let T ,: L 2 -* L 2 be a self-adjoint 
contraction semigroup. To every function f e L 2 associate the function 

/*(■*) = sup |7-,/|(x). 

/>0 


II f*\\p ^ const., II/Up 
for all f eLPHL 2 , pe[ 1 , +oo]. 

Definition Let T, be a self-adjoint contraction semigroup with generator - A 
(so A is nonnegative). We define 

1 1 f 00 

(where {£*} is a spectral family for A) with domain consisting of those 0 e L 2 
for which 


The definition is motivated by the fact that 


fOO 

/ A - 2 M (d£x 0 , 0 ) < +oo. 

Jo 

ted by the fact that 

fOC 

/ dt = r (p)* - *, 

Jo 


for any given fi € ( 0 , 1 ). 

Theorem VIIU.1 Let M be a Riemannian manifold, A = — A. Then 

A-„ = A~p 

if and only if M has infinite volume, if and only if p(x,y,t) 0 as t ^ +oo. 


Proof We have 


l r 00 

A^A* =- / t^ 1 dt / k^e^dEi 

F(fi) Jo J 0 e 

= ml 


r OO 

= / dE k 
Jq+ 

= 1 - E 0 , 
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where £o is the eigenspace of X = 0, either the line of constant functions (Propo¬ 
sition V1I.4.1) or the origin in L 2 . If M has infinite volume, then L 2 has no 
nontrivial constant function. If M has finite volume, then the constant functions 
are all in L 2 . ■ 

Theorem VIII3.2 Let v > 2. Then (VIII.2.2) is valid for all t >0 if and only 

if 

(Vffl.3.1) ll/|l 2 v/(.- 2 ) < const.||grad/|| 2 

for all f e C“, equivalently, if and only if 
(Vm.3.2) ||(-A)- , / 2 /B 2 ./(.- 2 ) < const.||/|| 2 

for all f e 2?((-A) -1/2 ). 


Proof Certainly, given (VIH.3.1) on C“ we have (VIII.2.1) by the proof 
Lemma VI. 1.2, which implies (VIII.2.2) for all t > 0. For the converse, set 
A = —A, and assume (VIII.2.2) on L 2 . By Theorem VIII.3.1 we have the 
representation 


A -l/2f 


1 r 

Jo 


rtf dt 


for all / e P((— A) 1/2 ), which implies, for any T > 0, 

\A~ ll2 f\{x) < {sup |P,/|(x)l -J= f t~ l/2 dt 
l/>o J V* Jo 

+ -LJ*r'' 2 tP,ft x dt 

<^n, )+ L 

*JTt y/7t J T 

Now use the Riesz-Thorin interpolation theorem, with 

Po = 1, qo = oo, pi = q x — oo, k = 1/2. 


Px =2, q,. = oo, 


which implies 


||P,lb-»oo < Mo l ~ k Mi k < const.f- ,,/4 . 
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which implies 

Or 1/2 

l^" ,/2 /IU) < -y=-/*C*) + c v 7’ ,/2 - 1 ’/ 4 1|/|| 2 . 

Minimize the right hand side with respect to T. Then the minimum is 
realized at 


which implies 


To = const.{/*U)}- 4 /»||y|| 2 4/, i 


\A~ m f\{x) < c v |/*| 1 - 2/v 0c)||/|| 2 2/ ‘\ 


which implies 


J u \A~ ll2 f\ 2vRv - 2 \x)dV(x) < c v ||/*|b 2 ||/|b 4/(, '- 2) 


< c v \\fh 2+4/(v - 2) 

= c v lfl 2 W-*>. 


We therefore have (Vffl.3.2). 


Remark VIIIJ.l We could have easily used Theorems VI. 1.1 and Vm.2.2 to 
prove the above theorem. But the method is useful for other considerations, as 
well. For example, the proof of the theorem also implies a short time result: 


Theorem Vmjj Let v > 2. Then (VIII.2.2) is valid for all t e (0, 1] if and 
only if 

(vm.3.3) ll/lbv/(v— 2 ) < const.(||grad/|b + ||/|| 2 } 

for all f e C“, equivalently, if and only if 
(vm.3.4) ||(—A) -1/2 /|bv /( p- 2) < const.{||/|b + ||(-A)“ 1/2 /|| 2 ) 
for all f e I>((—A) -1/2 ). 


Proof Assume || P, ||< ct^ 2 for all re (0,1], Consider the semigroup 

T, = e-'P t . 

Then, by Theorem VIII. 1.1, ||P ; ||,_* 00 decreases with respect to time, which 
implies T, satisfies || T, H,^ < ct~^ 2 for all t > 0. Now the infinitesimal gen¬ 
erator of T, is A — /, which implies (VHI.3.3) by the previous theorem. The 
converse is similar. _ 
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A direct consequence of the Li-Yau upper bounds (Proposition VIII. 1.3) and 
Crake’s inequality (V.2.15) is 

Proposition VUIJ 3 lfM is n-dimensional Riemannian complete with bound¬ 
ed geometry, then 

IIP/II 1-00 < const ./~ nf2 

for all t € (0, 1]. 

In particular, when n > 2, we have 
(Vffl.3.5) l|/ll 2 */(n- 2 ) < const.{||grad /||2 + II/II 2 ) 

for all f e C f °°. 

VIII.4 Coulhon’s Modified Sobolev Inequality 

What if we are only given (Vm.2.2) for all t > 1? 

Theorem VIII.4.1 If (VIII.2.2) is valid for all t > 1, then for each 
f e T>((—A)~ l/2 ) we have, instead o/(VHI.3.2), 

(-A )~' /2 f = g + h, 

where g e L 2 and h € L 2v/iv ~ 2 \ with 

||g|| 2 < const.II/II2, ||A||2 v/(v- 2) < c0nst.il/H2. 

Proof First, set A = — A, and write 

A' 1/2 = Pt A“ 1/2 + (/ - P\)A~ in . 

Certainly, 

PiA~' /2 = f r l/2 p l+ idt = A~ l/2 p lt 

Jo 

which implies (using the proof of Theorem VIII.3.2), 

lIPl A _1/2 /|| 2l) /(v—2) < COnSt.il/lb; 

so we pick h — P\A~ 112 and g = (/ - Pi)A _1/2 . Now 
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and 

P ’ AU1 = So XU2e ~ ktdE ^ = s ~ l/2 f^i^e-^dE,. 

This implies, for / e V(P s A l/2 ), 

||/ > ,>4 i/2 /|| 2 < j-‘ f (dE k f /) < const.j _1 ||/|| 2 2 , 

JO 

that is, 

( Vm . 4 . 1 ) || p s a '! 2 || 2 ^ 2 < consts-'/ 2 , 

which implies 

ll(J ~ Pi)A - 1/2 || 2 -2 < const. g 

What about a converse? We first have 


Theorem VIII.4.2 (Extrapolation Theorem) Given l < a < B < +00 for 

which J 

l|P/lla-0 < const./ - * 

for all t > 1. Then 

IIPII1-00 < const./ 

where & = e{ a - 1 - for all t > 1 . 


Proof Fix 6 such that 


a 0 


e = 


a -1 -p~ l 


so d, 1 - e e (0, 1). Fust note that, for / > 2, 


IIP//II* = l|P,/2P,/2/ll* 

< const./-*II P, n f\\ a 

< const./"* \\P,i2f\\i 0 1 | P.afWp '- 6 

< const./'*||/|| 1 e ||P, / 2 /||^ 1 - e 

< const./-*||P, / 2|| 1 V - 9 ||/|| 1 
— the third line is Holder’s inequality, applied to 

0 = (P//2/)“ e , P=\fa6, 

* = (P/^/r 0 ^, q = P/a(l - 0) 
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- which implies 

llfilli-* < const!^||IV2II 

which, in turn, yields 

t (,e II P, II 1 -+p < const. {(//2 )' /9 1| P , ;2 ||,_„} 1-9 . 

So we wish to solve the inequality 

o(t) < const.{o(// 2 )} 1-9 , t > 2. 

Well, we have 

o(2 k t) < (const.) 1+ +(1-e) * 

for all t > 1. Therefore, if we vary t € [1, 2] and k = 0, 1, 2,..., we obtain 
a(t) < const., t > 1 , which implies 

(VIII.4.2) IIP, II 1^5 < const./ -7 ® 

for all t > 1 . 

Next, duality then implies 

TO'-oo < const./ -7 ® 

for all t > 1, where fi' = 0/(0 - 1) denotes the conjugate of 0. Now duality 
also implies 

WP.h'^a- < const./ - ' 
for all / > 1. Then for 0 given by 

■ —o 1 

0' a' 

we have (using Holder’s inequality applied to \P,f\ = |P,/| e |/ > ,/| I-e ) 

WP.fW? < l|/ > ,/lli e ||/ > ,/||^ 1 - e < ||/ 1 | 1 6 const./ - ' (1 - 6 ) ||P// 2 /11 ^' 1 -e 
(VIII.4.3) 
for all / > 2. So 

Hfl/lli-* < const./ - ' (,-6) || P,p.f\ i_>^ ,-e 
for all / > 2. Set t' = t(l - ©). Then the argument for (VIII.4.2) also implies 
\\P t II < const./ - ' 76 , 

which implies 

IIP/lli-oo < ll^lli^ll^ll^oc < const./ 77 ®"* 76 *, 
which implies the theorem. ■ 
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Theorem VIII.4.3 Let M have infinite volume. Suppose we are given 
(VIII.4.4) (-A ) -1/2 : L 2 L 2 + L 2v/(l,-2) , 

i* boundedinthe sense ofTheorernVmAX and : L l - L°° is also bounded. 

Then (VIII.2.2) is valid for all t > 1 . 

Proof We first have by the Riesz-Thorin interpolation theorem [with a = 2 

2)1 2 ^ a Uf! : Jt ' 2 ^ 2 ‘' Av - 2> « bounded, which implied 
P\{ A) L > L v 2) is bounded, which implies 

llP/+lll 2 ^ 2 v / (v - 2 ) = ||P,(-A) - 1 / 2 (-A) 1 / 2 P,|| 2 - 2 i. /(l .- 2 ) 

< l|P.( — A) -1/2 ||2_,2i> /( v-2 ) ll(—A ) 1 / 2 / > ,|,2_*2 

< const ./ -72 

by (VIH.4.1), which implies, by the extrapolation theorem [with a = 2 
P — 2v/(v — 2), t = 1/2)], 

l|P/+illi-»oo < const ./ -72 

for all / > 0 . 

VIH-5 The Denouement: Geometric Applications 

Let G be a graph with vertices Q. Recall that for every £ e Q, we denote its 
collection of neighbors by N(£), and its valence by m(£) = card N(£). The 
collection of edges of G is denoted by Q t , with oriented edges denoted by [£, /;] 
where/? € N(£). The measure of functions on £ is given by </V(£) = m($)dt($) 

and of functions on Q. by dA([£, /?]) = d t ([£, /?]), where di always denotes’ 
counting measure. 

Lemma VIII.5.1 For any function f on Q we have 

£ /(*)«(?) = I m+m. 

L [t.ijleft. 

Proof We have 

g /«)»,{, = ££ /<» = £ m=\ £ /({) + /(,). 


which is the claim. 
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Definition We define the Laplacian of the function /:£->• R, denoted by 
Ac /, by 

Ac/(£) = -Jr- </(*?)- /(f)}- 

m(?) 4«t> 

So Ac / is a function on Q. 

Then for functions / and h we have 


- f fA G hdV=-J2'£, /($){*(!?)-*«)} 

JQ f neN(() 

= )**<»») ~ *«)» + /<»»){*«) - *(!?)} 

= ^ £(/(»») ~/(f *«)} 

= {!Df,X>h)dA, 


that is, 
(VIII.5.1) 


-/ fA G hdV=]-[ { X>f,Dh)dA ; 


- f /A c / </V = 1 I/O?) - /(£)| 2 < / 2 (»?) + / 2 (£) = 2 f f 2 dW. 

JG If.-il [*.,] JQ 


We conclude 


Theorem VIII.5.1 Ac is self-adjoint nonpositive bounded operator on 
L 2 (Q, dV), with heat semigroup 

P, = exp t A c , 

with associated heat kernel p(£, r), t). 

Remark VIII.5.1 Note that we are using two definitions of |D/| 2 . In §VI.5 
we defined |S /| 2 as a function on Q, the vertices of G, namely, 

vl»/l/«):= £ |»/([f. ij])|' 

for the vertex^ e Q. Here |D/| 2 is viewed asafunction on the oriented edges £/* 
of G. But as noted at the very beginning of §VI.5, the definitions are equivalent. 
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deflation “*“**** inV ° ,Ving Sobolev inec l ualities - we may work with either 

Exmnple VIII.5.1 Consider the integer lattice Z* in R*. The graph structure 

Z rs given by: n € N(f) if and only if \r, - f | = 1 in R*. Then the heat 
kernel p on the associated graph is given by 

p(£, »M) = e-'n I*, 

where I„(z) = e~‘ v */ 2 J v (i z ) denotes the modified Bessel function. 

Proof JVeonlyconsiderthecase* = l.The higher dimensional case is similar. 
^ J — /OO. n e Z. The Laplacian here is given by 

(a 0 /x») ,+ _ /w 

For « = n(n, r). where n ranges over die integers and r ranges over positive 
time, consider the heat equation 

(VID.5.2) ica = p, , > 0 . 

ot 

with initial values given by 

limtfn, 0 = 0 ( 10 , 

where *00 is a given function on the integers. Consider the function on the 
circle, having time t as parameter, 

i/(0 ,r)= u(n,t)e in9 ; 

n»-oo 

then (VIII.5.2) becomes 
W 

—(0,0 = {cos 0 - 1 \U(d,t), 

which implies 

1 /(0. r) = g-c-eos ev £ <f>(n)e in9 . 

oo 

One now uses the integral representation 

i r 
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to show 

00 

u(n,t) = e~' <P(m)i~ (n ~ m) J„- m (it) 

m=-oo 

for the solution to the initial value problem, which implies the claim. Note that 
lv(0 = ( 2 jrr) - 1 / V{l - O v (r')h t t +oo, 
which inches, on Z k , 

IIP/II1-00 ~ const./ _i/2 , / t +00. 

Remark VIIL5.2 The Varopoulos and Coulhon criteria apply as well to graphs 
with heat diffusion with continuous time, and with “heat diffusion” with discrete 
time, namely, random walks on graphs. 

Theorem VIIL5.2 Let M be Riemarmian complete with bounded geometry, 
and let v > 1 . Then (VIII.4.4) is satisfied on M if and only if the discrete 
NirenbergSobolev inequality (VIII.3.1) is valid on every discretization ofM. 
In particular, the heat semigroup P, of M satisfies 


(VIII.5.3) 

HP,lll-oc = 0 (/-' V2 ), 

t t +00 

if and only if 

(VUI.5.4) 

IIP/lli-oc = 0 (r v ' 2 ), 

t t +00 


for the heat semigroup P, of any discretization G of M. 

Also, the estimate (VIII.5.3) remains invariant under compact perturbations 
ofM. 

Proof First, because M has bounded geometry, one knows, by Proposition 
VIII.3.3, that Pj: L l -> L°° is bounded. 

Next, assume that v > 2. Let G be a discretization of M, and assume the 
Nirenberg-Sobolev inequality (VIII.3.1) is valid on G. Consider the associated 
discretization operator V and smoothing operator 5 on functions defined on M 
and Q, respectively. 

Given any smooth function F : M -*■ R, consider d> = (-A W )' 1 / 2 F, and 
write 

<t> = {<t>- SV<t>) + SV<t>. 

Then (see §VI.5.5) 

||d> - 52?d>||2 < const.||grad d >||2 = const.||F|| 2 , 
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and (by X>:iii of§VI.5.1) 

||«5>2?d > '|| 2 ii/( v — 2 ) < const.||T>d>|| 2 v/(v- 2 ) 

< const.||SPd>|| 2 

< const. || grad d> || 2 
= const. || F || 2 . 

TTierefore, if one starts ’with the discrete Nirenbeig-Sobolev inequality 
(VIII.3.1) on G, one also has the inequality (VIII.4.4) on any discretization 
of M. 

Conversely, assume (VHI.4.4) on M; and note that SV : L l (M) -► L°°(M)is 
bounded, which implies by Proposition VIII.3.1 (the Riesz-Thorin interpolation 
theorem), that 

ST ): L\M) -► L 2v ^~ 2 \M) 

is bounded, which implies [with (VIII.4.4)] 

5P(-A m )-'/ 2 : L\M) -► L 2vKv ~ 2 \M), 

is bounded. Therefore, given <p : Q -► [0, +oo) then [by («S:ii) of §VI.5 2 and 
(VS: ii) of §VI.5.3] 

H0ll2v/(v-2) £ comst.||<51 > 50||2 l ,/(i,_2) 

< coast.||5I>(—A M ) -1/2 (—A«) 1/2 50||2v/(i.-2) 

< const.||(-A M ) 1/2 50|| 2 
— const. || grad 501| 2 

< const. || S01| 2) 

which is the discrete Nirenberg-Sobolev inequality on G for nonnegative func¬ 
tions. For arbitrary functions, one has 

II V\4>\ || 2 < ||S0||2, 
and now can easily obtain the result for general 4>. 

By Theorem VIII.3.2 (applied to graphs) and Theorems VIII.4.1 and Vm.4.3, 
we obtain the equivalence of the large time upper bounds on the heat semigroups 
of M and G when v > 2. 

How assume 1 < v <2, auid let M\ denote the Cartesian product of M with 
R . Then the upper bounds for the heat kernel and the Coulhon criteria are 
to be considered for v\ = v + 2, for which the theorem is valid. For (x, y) e 
M x R 2 := Mi (with obvious notations) we have 

p(x, X, t ) = const.r 2/2 p,(U, y), ( x , y), t) 
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and for (£, 17 ) e G x Z 2 we also have 

p(£, £, t ) ~ const.r 2 / 2 pi((£, 17 ), (£, 17 ), t) as 1 1 + 00 . 

So 

P(x,x,t) <t~ v/2 <=► Pi((JC,y),(ac,y),f) < f /2 , 

ptf,S,t)<r v ' 2 <=► P i((^. i 7 ),(^,i 7 ), t)<r v,/2 . 

One can now use the above argument for vj to obtain the result for v. 

Finally, the estimate (VIII.5.3) remains valid under compact perturbation 
of a manifold of bounded geometry since any discretization of M remains a 
discretization under compact perturbation. ■ 

Theorem VIIL53 Let M satisfy 3, ,{M) > 0 for some v > 1. Then (VIII.2.2) 
is valid for all t > 0. 

Proof Let v > 2. By Theorems VI. 1.1 and VI. 1.2, the hypothesis implies the 
Nash-Sobolev inequality (VIII.2.1), which implies, by Theorem Vm.2.1, the 
upper bound (VIII.2.2) for all t > 0. 

For v 6(1,2), one argues as in the similar case of the above theorem. ■ 

Corollary VIIL5.1 For the 2-dimensional jungle gym in R 3 we have 
II P t II l-^oo < const.f _3/2 V t > 0. 

For the 3-dimensional Heisenberg group with left-invariant Riemannian metric, 
we have 

II Pi II i-*oc < const. t~ A/2 V t > 0. 

Proof Indeed, 3j is positive for the 2-dimensional jungle gym in R 3 , since one 
has a simultaneous discretization of R 3 and the jungle gym. Also, 3 4 is positive 
for the 3-dimensional Heisenberg group (see Pansu (1982)). ■ 

Theorem V 1113.4 If M is Riemannian complete with bounded geometry, 
and 3 y ,p(Af) > 0 for some v > 1 and p > 0 , then we have the upper bound 
(VIII.5.3). 

In particular, for every complete Riemannian manifold with bounded geom¬ 
etry we have 


(VIII.5.5) 


IIfilll^oc = 0 (f-'/ 2 ), t t+OO. 
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Proof First assume that v > 2 . Then, by Theorem V. 3 . 1 , for any discretization 
G of M we have L(G) > 0, which implies (Vffl.5.4) by the discrete version of 
Theorem VIII.3.2. But this then implies (VIII. 5 . 3 ). 

If v < 2, then consider M x = M x R 2 . This implies \ +lp {M x ) > 0 by 
Proposition V.3.6, which Implies I y+ 2 (G,) > 0 for the discretization G, = 
GxZ of A/, (where G is a discretization of M), which implies (Vffl. 5 . 4 ), 
which implies (VIII.5.3) far M\. But this then implies (VIII.5.3) for M. ■ 


Vni.6 Epilogue: The Faber-Krahn Method 

Recall (§VI.3) that, given a positive increasing function g(v), v > 0, we say that 

a domain ft in a Riemannian manifold M satisfies a geometric g-isoperimetric 
inequality if 

MBD) > g(V(D)) 

for all D CC ft. 

Also, given a positive decreasing function A(v), v > 0, we say that a do¬ 
main ft in a Riemannian manifold M satisfies an eigenvalue A-isoperimetric 
inequality if 

HD) > A(V(D)) 

(where A. denotes the lowest Dirichlet eigenvalue) for all D c C ft. 

Proposition VI.3.2 stated that if ft satisfies a geometric g-isoperimetric in¬ 
equality, with g(v)/ v adecreasing function of v, then ft satisfies an eigenvalue 
A-isoperimetric inequality with 



Definition Given a positive decreasing function A(v) on [0, -f 00 ), define the 
function £(r) by 


(VIII. 6 . 1 ) 


r«<'> dv 

’0 vA(v) 


So we must assume that v (vA(v)) 1 is integrable near v = 0. Equivalently, 

<£(f) is defined as the solution! to the initial value problem 


<£' = <EA(<£), <£(0) = 0. 


Lemma VIII. 6.1 Suppose ft? satisfies the eigenvalue A-isoperimetric inequal¬ 
ity, u e C“(ft), u > 0. Then Jor any S 6 (0, 1 ) we have 


||gradn ||| 2 2 

IMI2 2 ' 


> (1 -S)A 
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Proof For any z > 0 we have 


which implies 


which implies 


f u 2 - 2zu -f r 2 = f (u - z) 2 
Ja Ja 

-/ +/ 

JU>T JU <T 

< f (u-z) 2 + f z 2 

Ju> T Ju< T 

< f (u-z) 2 + f z 2 , 

Ju>T JU 

NI 2 2 -2t||«||i = f u 2 — 2zu < f (u-z) 2 , 

•/ft Ju>r 

f |grad«| 2 > f |grad«| 2 
•fft Ju>T 

>k({u>z])f (u-z) 2 

Ju> T 

> A(V([u > z))) f (u-z) 2 . 

Ju> T 

V({« > z})<- f u < - f u, 
z Ju>x z Ja 


which implies 


f Q lgrad «| 2 > A(Mi/z)J (u-z) 2 > A(||«|| 1 /t){||«|| 2 2 - 2 t||u|| 1 }. 

Pickr = 3 ||k|| 2 2 / 2 ||m||i, and the claim follows. ■ 

Theorem Vm.6.1 If M satisfies the eigenvalue A-isoperimetric inequality, 
then 


(VIII.6.2) 
for all t > 0 . 


I ft 1 1-00 < 


C(const.r) 


Proof Fix y e M , and define 


u(x,t) = p(x,y,t); 
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then f M u(x, t)dV(x) < 1. Define 


»= f u 2 (x, 
Ju 


t)dV(x). 


3'(0 = -2||grad«|| 2 2 < - 2(1 - 3XJ(r)A(2/i3(r)) 


by the previous lemma. Therefore, 

[*'> do 
Jzuo) trA(2/Str) 

which implies, letting t 0 i 0 , 


< -2(1 - S)(t - t 0 ), 


hit) <?A(2/Sa) 


Now substitute v = 2/So; then 


f 2/W(0 dv 
5 vA(v) 


> 2(1 - S)t. 


> 2(1 - S)t, 


which implies 


which is the theorem. 


3(0 < 


i£(2(l -S)t)’ 


Example VIIL 6 .I (Example VI.3.1 continued.) Let M satisfy a geometric g- 
isoperimetric inequality, with g(v) given by 

-(v) = ( avl_1/ "' v - v °- 

where arvo'-’/" = /3v 0 1_1/l ’. Then Theorem VI.3.2 implies that M satisfies a 
eigenvalue A-isoperimetric inequality, where 

A(v) = - | av_2/ "’ v - v °' 

AW 4|fy-^, v>v 0 , 

Therefore, one has the existence of to > 0 such that 


<S(r) = I a ''" /2 ’ ' * '<>• 

() XP'^ 2 , t > to. 
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which implies, by Theorem VIII.6.1, that 


ip,nwo,< co^t 


that is, we have an alternate proof of Theorem VIII.5.4 above. 

Example VIII.6.2 (Example VI.3.2 continued.) Let M satisfy a geometric g- 
isoperimetric inequality, with g(v) given by 


8(v) = 


av 1_I/ ", v < vo, 

fi, v > v 0 , 


where av 0 1_1/ " = fi. Proposition VI.3.2 implies that M satisfies a eigenvalue 
A-isoperimetric inequality, where 

a(v)=|“ v " 2 '7 4 ’ v - v »- 

1 V = 0 2 /4, v > v 0 , 

Therefore, one has the existence of r 0 > 0 such that 


<£(,)= I"''"' 2 ’ l - t0 ’ 

() [W, t > to, 


which implies, by Theorem VIII. 6 . 1 , that 


II II l—oo < const. ’ ~ 0, 

U t > to. 


which corresponds qualitatively to hyperbolic space [note that 17 is not neces¬ 
sarily k(M) — which is the sharp result, by Proposition VIII. 1.2], 

Definition We say that a function /: (0, 00) — > (0, 00) has at most polynomial 
decay if there exists a >0 such that for all t > 0, fi e [1 , 2 ] we have 

fm > a/(r). 

An example would be a function / satisfying /'(r)//(r) > -N/t for all t. 

Theorem VIII.6.2 Given M, consider the ) unctions A(v) and <£(/) related by 
(VIII.6.1), and assume that <S'(t)/(.(t) has at most polynomial decay. If we are 
also given that 


\r,h^ < ^ 


for all t > 0 . then 


k k (Q) > const.A(V(£2)/*) 
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for all k = 1,2,..., where A.*(D) denotes the k th Dirichlet eigenvalue of thm 
domain O. J 

Proof Fix O. From the Sturm-Liouville eigenvalue-eigenfunction expansion 
we have 1 

00 

q(x, y, t) = «“ A ''*;C*)*yOO. 

j= 1 

where q is the Dirichlet heat kernel of D, and ...} is a complete or. 

thonormal basis of L 2 (fl) consisting of eigenfunctions of -A dir with the eigen, 
value of <pj equal to kj . This implies 

00 f t 

ke X ‘' = J a ( li x ^x, , )dV{x)< J^p{x,x,t)dV{x)< V(0)/g(r), 


which implies 


tk k > In 


for all t >0. Pick r such that <£(r) = V(D)/Jt, and pick t = 2r. Then 
2r V(D) 

rf/_\ 


2t €(t) 


2 \dt 


> a g,(T) 

“ 2 <£(t) 

= |a((£(t)) 

= |a(V(D)/*), 


€(t) J for some 0 € ( 0 , 1 ) 

Jf-T+0 


which implies the theorem. 


VIII.7 Bibliographic Notes 

§VIIL1 Proposition VIII. 1.1 is from Cheeger, Gromov, and Taylor (1982); also see 
Chavel (1984, §VUI.4). Theorem VIII. 1.2 was first proved in Chavel and Karp ( 1991 ), 
and Corollary VIII.1.2 was communicated privately by P. Li. (See also Li 1986a) 
Example VIII. I. I is from Varopoulos (1989). 

The arguments we use in subsequent sections all revolve around semigroup 
theory, in one way or another, namely, the isoperimetric inequalities lead to Sobolev 
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inequalities, which give upper bounds on ||/*,|| t < for good choices of t and k. 
The arguments can also yield off-diagonal corrections - see Davies (1987, 1989), 
Fabes and Stroock (1986), and Carlen, Kusuoka, and Stroock (1987). Davies’s argu¬ 
ments (1987,1989) emphasize log Sobolev inequalities, instead of the Sobolev inequal¬ 
ities of the type considered here. 

A different method, using parabolic Hamack principles for Riemannian manifolds, 
also gives strong results, including lower bounds on the heat kernel. The early funda¬ 
mental paper is Li and Yau (1986b). In fact. Proposition VOL 1.3 is from that paper, but 
our use of the result gave no hint of its ultimate power. More recent fundamental papers 
in parabolic Hamack inequalities are Grigor’yan (1991) and Saloff-Coste (1992), as 
well as the very recent Yau (1994,1995) and Bakry and Qian (1999). For arguments not 
relying on global uniformity of Hamack inequalities, see Davies (1997). 

Still another method for producing on-diagonal upper bounds is the use of the isoperi- 
metric function of a manifold. It has been used to date on compact manifolds (see § V.4); 
one can find a heat kernel comparison theorem, based on comparison of iso perimet¬ 
ric functions, in B<rard and Gallot (1983). See also the discussion in B<rard (1986, 
Chapter V). The discussion there includes a Schwarz symmetrization argument for the 
heat kernel, in the spirit of the original Faber-Krahn argument. See the original version 
of this argument in Bandle (1980, Chapter IV). Finally, see an abstract version of the 
Schwarz symmetrization argument for the heat kernel, based on Kato's inequality, in 
Besson’s appendix to B6rard (1986). 

§ VIII.2 Theorem VIII.2.1 is from Nash (1958), and Theorem VIII.2.2 from Carlen, 
Kusuoka, and Stroock (1987). 

§VHL3 Proposition VIH.3.1, the Riesz-Thorin interpolation theorem, can be found 
in Reed and Simon (1980, Vol. I); Proposition VIII.3.2, the maximal theorem, in Stein 
(1970). Theorem VIII.3.2 is from Varopoulos (1986). 

§VIII.4 Theorem VHI.4.2 is from Coulhon (1990). 

§VHL5 Lemma VIU.5.1 is from Dodziuk (1984), and Theorem VIII.5.2 from 
Coulhon (1992). 

Theorem VIII.5.4 was first proved in Chavel and Feldman (1991), although we 
preferred here to give the proof of Coulhon (1992). The estimate (VHI.5.5) gives the 
best rate of decay possible, for such generality. The first such result was proved by 
Varopoulos, in Varopoulos (1984), with exponent -j + < for any € > 0. Our result 
confirms Varopoulos’s conjecture, there, that one can sharpen the result to e = 0. 

§VIII.6 This section is from Grigor’yan (1994c). See also Grigor’yan’s article in 
the 1998 Edinburgh Lectures (Davies and Safarov, 1999). The methods of Grigor’yan 
have been developed to give very strong results on off-diagonal corrections - strictly as 
consequences of on-diagonal upper bounds alone (see Grigor’yan, 1994a). 

All of our results on upper bounds were unobtainable as consequences of lower bounds 
on volume growth alone (recall Example VIII. 1.1). More recently, Barlow, Coulhon, and 
Grigor’yan (2000) have shown that merely postulating V(x ;r) > const.r* as r f +00 
only implies a rate of decay given by p < /-*/<*+•> as f f + 00 . Furthermore, the result 
is sharp! 
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kinematic, of geodesic flow, 127 
locally finite. 16 
outer, 101 

Bonel regular, 101 
metric, 101 
regular, 16, 101 
Radon. 16 
regular, 16 

volume, on graphs, 142 
metric 

combinatorial, 140 
Riemannian, 118 
word, on group, 141 
model space. 124 
isoperimetric inequality in, 4 
isoperimetric problem in. 4,29 
modifier, 17 

natural basis of tangent spaces 
118 

norm 
on group 
displacement. 141 
word, 141 

orthogonal projection, 187 

perimeter. 88 
geometric, 81 
set with locally finite, 88 
point, critical, 18 
principle 
Cavalieri. 14 
Duhamel's, 207 
strong maximum 
elliptic, 19 
parabolic. 207 

product Riemannian structure, 118 
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Subject Index 


quasi-isometry 
of metric spaces, 140 
of Riemannian manifolds, 128 

Riemann normal coordinates, 123 
Riemannian 

distance between points, 119 
manifold, 118 
discretization of. 147 
length of path in, 119 
metric. 118 

length of vector in, 118 
rough isometry 
of metric spaces, 142 

semigroup, one-parameter, 190 
contractive, 190 
generator (infinitesmal), 191 
domain of, 191 
sesquilinear form, 190 
nonnegative, 190 
semibounded from below, 190 
set 

Cacciopoli, 88 
f-separated, 146 
partition of, IS 
Sobolev constant 
alternate, 180 
in compact case, 162 
of graphs, 173 
of R", 44,45 

of Riemannian manifold, 131 
Sobolev spaces, 23 
surface area, 2, 3, 17,25, 31 
symmetric decreasing rearrangement of 
functions, 70 
symmetrization 
Schwarz, 69 
Steiner, 59 


tensor 

curvature, 121 
Ricci, 122 
theorem 

Alexandrov’s, 42,51 
Bishop’s comparison, 126 
Bishop-Gromov comparison, 

126 

Blaschke selection, 55 
Carathdodory’s, 101 
Coulhon extrapolation, 241 
divergence 
Riemannian, 32,193 
2-dimensional, 9 
Fedeicr-Fleming, 45,51 
in Riemannian manifolds, 131 
Helly selection, 73 
Lebesgue density, 17 
Liouville’s, 127 
maximal, 237 
Mercer’s, 221 
Meyers-Serrin, 196,224 
Rademacher, 20 
Radon-Nikodym, 16 
Riesz representation, 16 
Riesz-Thorin interpolation, 236 
Sard, 18 
spectral, 187 

value 
critical, 18 
regular, 18 

vanishes at infinity, function that, 69 
vector field 
admissible, 82 

divergence of, on Riemannian manifold, 
192 

radial, 128 
volume growth, 143 



